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Series Editors’ Foreword

The series Advances in Industrial Control aims to report and encourage technology
transfer in control engineering. The rapid development of control technology has an
impact on all areas of the control discipline. New technology, new controllers, actu-
ators, sensors, new industrial processes, computer methods, new applications, new
philosophies..., new challenges. Much of this development work resides in industrial
reports, feasibility study papers, and the reports of advanced collaborative projects.
The series offers an opportunity for researchers to present an extended exposition of
such new work in all aspects of industrial control for wider and rapid dissemination.

When advances are made in industrial control technology, for example, sensors,
actuators, controllers, communications, and computing power, there are at least
three possible consequences for system control. The control engineering may de-
cide to use the new hardware to make an existing control system perform better.
Another possibility is that the new hardware advances make a proposed but pre-
viously impractical control method feasible. Alternatively, it may be necessary to
devise a completely new control technique in order to exploit the new hardware.
However, in many cases, it is often economically impossible to advance an aspect
of the system’s control hardware until there is a major upgrade of the system and
the industrial control engineer has to grapple with the limitations of the system as it
exists. (This is where control engineering science becomes an art!) Underactuated
marine vessels are a case in point. In most configurations, a vessel’s main actuators
are propellers and rudders, yet a marine vessel has six degrees of freedom in its mo-
tion, and the marine control engineer simply has to work with the control surfaces
and sensors available. One area that may advance control performance is the use of
better control designs, and recently control engineers have become more interested
in what nonlinear control might have to offer.

Researchers Khac Duc Do and Jie Pan have published a sequence of journal and
conference papers on new control algorithms for underactuated systems. Most of
this work has used models of marine systems (surface ships and underwater vehi-
cles), but some of the work has been with other mechanical system models (wheeled
mobile robots, vertical take-off and landing (VTOL) aircraft). Now they have taken
the opportunity to capture this research and development work in a monograph en-



X Series Editors’ Foreword

titled Control of Ships and Underwater Vehicles: Design for Underactuated and
Nonlinear Marine Systems for the Advances in Industrial Control series. This will
enable industrial control engineers and control researchers to read and study a sys-
tematic presentation of their ideas and work. The book opens with chapters that
introduce the appropriate nonlinear control theory and marine vessel models used
in the research, proceeds to controller derivation and development, and finally de-
tails simulation results for a series of nonlinear control schemes devised for ma-
rine vessel control problems like point-to-point navigation and path-following. Also
presented are some field results of a laboratory-scale vessel on a local river. In one
chapter other applications fields are considered and the nonlinear control results for
a simple wheeled robots and a simple VTOL aircraft model are given. Each of the
applications chapters contains illustrative simulation studies and control results.

The monograph will interest control researchers, graduate students, and indus-
trial control engineers alike, particularly those involved in marine and wheeled
robotic motion control problems. The Series Editors, being based in Glasgow, Scot-
land, have always had an interest in marine control problems and have endeavoured
to ensure that the Advances in Industrial Control series has useful volumes from
this field of control application. Past volumes have included: Ship Motion Control
by Tristan Perez (ISBN 978-1-85233-959-3, 2005), Compressor Surge and Rotat-
ing Stall by Jan Tommy Gravdahl and Olav Egeland (ISBN 978-1-85233-067-5,
1998), and Robust Control of Diesel Ship Propulsion by Nikolaos Xiros ISBN 978-
1-85233-543-4, 2002), and we are pleased to welcome this new volume, Control of
Ships and Underwater Vehicles into the series.

Industrial Control Center M.J. Grimble
Glasgow M.A. Johnson
Scotland, UK

2009



Preface

Control of ocean vessels including ships and underwater vehicles is an active field
due to its theoretical challenges and important applications such as passenger and
goods transportation, environmental surveying, undersea cable inspection, offshore
oil installations, and many others. Most ocean vessels are underactuated meaning
that they have more degrees of freedom to be controlled than the number of in-
dependent control inputs. Ships do not usually have an independent sway actuator
while for underwater vehicles there are often no independent sway and heave ac-
tuators. As a result, motion control of underactuated ocean vessels opened a new
territory in applied nonlinear control, and attracted special attention from both ma-
rine technology and control engineering communities.

If classical motion control systems designed for fully or overactuated vessels
are directly used on underactuated vessels, the resulting performance of controlled
systems is very poor or control objectives cannot be achieved. For example, the tra-
ditional approach, in which a combination of a conventional autopilot and a line-of-
sight algorithm is used to steer an underactuated ship from one point to another on a
straight line, does not impose on minimizing the lateral distance. Consequently, the
shortest traveling distance is not achieved. Another example is that underactuated
ocean vessels cannot be stabilized by any time-invariant continuous state feedback
controllers although they are open loop controllable. This fact resulted from a direct
application of the Brockett necessary condition to feedback stabilization of under-
actuated ocean vessels.

Inspired by progress in the field, we present this monograph on control of un-
deractuated ocean vessels including ships and underwater vehicles to senior and
postgraduate students, researchers and practitioners of marine technology, control
engineering, mechanical engineering, electrical engineering, and mechatronics. This
is the first book in the literature that offers various solutions to advanced feedback
control topics of practical importance including stabilization, trajectory-tracking,
path-tracking, and path-following for underactuated ocean vessels. In the control
development and stability analysis of the controlled systems, practical motivations
as well as nontrivial techniques are carefully detailed. The techniques presented in

xi



xii Preface

the book can be readily applied to other underactuated mechanical systems such as
aircraft, spacecraft, mobile robots, and robot arms.
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Chapter 1
Introduction

The subject of this book is the application of nonlinear control theory to control
underactuated ocean vessels and to analyze stability of their controlled systems.

A vessel is said to be underactuated if it has more degrees of freedom to be
controlled than the number of independent control inputs. Many ocean ships are
equipped with propellers and rudders for surge and yaw motions only, but without
any actuators for direct control of their sway motion. The control of underactuated
ocean vessels has become an active area of research in recent years not only because
it poses many challenging questions in applied nonlinear control theory, but also
because of its practical importance.

This chapter starts with a brief review of the development in nonlinear control
theory and its applications. Next, difficulties in control of underactuated ocean ves-
sels are discussed. The chapter ends with a description of the organization of the
book.

1.1 Overview of Nonlinear Control Developments

Over the last two decades nonlinear control theory has received considerable re-
search effort and has undergone a period of significant progress. This is motivated
from the fact that real world problems are often inherently nonlinear. Conven-
tionally, control engineers studied a nonlinear system by using a linearized model
around selected operating points, and suitable techniques for linear control systems
founded on the basis of the superposition principle. A fundamental limitation of
this linearization approach is that stability and performance can only be guaranteed
in the neighborhood of the selected operating points. Consequently, studying non-
linear systems based on linear models is severely limited since real world systems
are usually required to operate over a large humber of operating points. In addition,
many phenomena such as the existence of multiple equilibria or operating points,
periodic variation of state variables or limit cycles, finite escape time, and bifurca-
tions cannot be described or predicted by using linear models. The above-mentioned
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limitations led control researchers to directly study nonlinear systems. Moving from
linear to nonlinear systems, we are faced with a much more difficult situation. The
superposition principle no longer holds and analysis tools involve more advanced
mathematics. In addition, the separation principle does not hold for nonlinear sys-
tems in general.

Currently, the techniques that are available for nonlinear control system design
include linearization and gain-scheduling techniques, feedback linearization, cir-
cle Popov criteria, small-gain theorems, passivity, averaging, singular perturbation,
sliding mode control, Lyapunov design and redesign, backstepping and forward-
ing, adaptive control, input-to-state stability, integral input-to-state stability, and
differential geometric approaches. For details of the above-mentioned approaches,
the reader is referred to [1-10]. Nonlinear control methods are increasingly im-
plemented in practice with great success such as electrical motors, diesel engines,
ocean vessels, jet engine compressors and electromechanical systems. For some of
these applications, the reader is referred to [3, 11-15].

1.2 Difficulties in Control of Underactuated Ocean Vessels

The main difficulty in the control of an underactuated system is that the system has
more degrees of freedom (outputs) to be controlled than the number of independent
actuators (inputs). A direct application of the Brockett necessary condition indicates
that an underactuated system cannot be stabilized by any time-invariant continuous
state feedback controllers although it is open loop controllable. This topic is detailed
in Section 2.7.4. Moreover, if classical motion control systems designed for fully
or overactuated systems are directly used on the underactuated ones, the resulting
performance of the controlled systems is very poor or the control objectives cannot
be achieved. The above observations are also true for underactuated ocean vessels.
Below we illustrate the aforementioned difficulties through a simple example.

In Chapter 3, the equations of motion of an underactuated ocean vessel without
environmetal disturbances are given by (see (3.31)):

n=Jm,
Mv=—-C@v—D@v—g(n) +, (1.1)
where

n= [X,y,Z,¢, 9’ W]T’
v=[u,v,w,p,q, r]T (1.2)

are the vectors of position/Euler angles and velocities, respectively. The matrices
M, C (v), and D(v) denote inertia, Coriolis, and damping, respectively, g (y) is
the vector of gravitational/buoyancy forces, T € R® is the vector of the forces and
moments provided by the actuators. Depending on the vessel’s configuration, several



1.2 Difficulties in Control of Underactuated Ocean Vessels 3

elements of T are zero. For example, for the case where an underwater vehicle does
not have independent actuators in the heave and sway axes, the second and third
elements of ¢ are zero. This gives an underactuated situation. We will show that an
underactuation causes serious problems for classical control design techniques.

We now assume that we want to design the control input vector = to force the
vector of position/Euler angles 7 to track a reference vector of position/Euler angles
nq With bounded 54 and #j4. As a standard application of the control design tech-
niques in [3, 6] for such a strict feedback system like (1.1), we define the tracking
error vector », as

Ne =1—1Nd (1.3)

and differentiate 5, twice along the solutions of the system (1.1) to obtain

iie = J o+ I MM (= C@-DEW—gm) +7)—ia. (14

Letting

J o+ M~ (~C@w—D@v—gn)+7)—iia = —K1ne — Kzilc.
(15)

where K; € R%*® and K, € R®* are positive definite symmetric control gain ma-
trices, results in

fie = —Kine — K2ije (1.6)

where 3, = J ()v — 14, which is globally exponentially stable (GES) at the origin.
We now need to solve (1.5) for ¢ for implementation. From (1.5), we have

v =MJ '(n)(— Kine — K2ije —J (n)v +ija)+C (v)v + D (v)v + g (n)
=Y (a,0d,id,n,v). (1.7

Let us assume that the actuators available are independent and assume that they
number m., where m. < 6. Consequently we can propose a decomposition of t as:

H1. 7, € R, where 7, has zeros in the element positions identifying that there
are no actuator inputs and where z, contains the elements of = associated with
actuator locations.

H2. 7,, € RS. This vector complements 7, by having zeros in the locations
associated with actuator inputs and contains the elements of ¢ in the locations
associated with no actuator inputs.

H3. Similarly, the vector ¥ (-) can also be decomposed into vectors ¥, (-) and
¥,,(-) according to the rules of schemes (H1) and (H2).

Thus, the computed control vector = can be decomposed as

T=T4+Tna = ¥a() +¥na() € RS (1.8)
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and

T, =W,() € RG,
Tna = Yna() € RC. (1.9)

In practice the actuator configuration only allows z, to be implemented, and the
response of the vessel (system) will result from this input alone.
If the vessel response is given by 5, where

n=H(7), (1.10)
the full response would have been sy, where
niun = H(t) = H(Tq + Tna), (1.11)
but the actual response is fpartial, Where
Npartial = H (tq) = Hg(Trq) (1.12)

and 7, € RS, ypartia € RS, H(-) : R® — RS but ,, is the m. vector of nonzero
actuator inputs, z,, € R™c, and Hg(-) is the reduced functional representation with
Hg :R™ — RS,

Therefore the fully actuated vessel is represented by H (-) and the underactuated
vessel is represented by Hg(-). These two representations may have very different
properties. The implications of not being able to implement the control action z,,,
and having a vessel whose representation is Hg(-) are potentially:

1. Degraded performance achieved by nparia When compared to gy

2. Total loss of performance and inability to meet the control objectives in any use-
ful way.

3. Loss of guaranteed properties like closed loop stability with possible catastrophic
system failure.

Ways to overcome these problems include:

1. Reduction of performance specification as a control objective that can be achieved
bY Dpartial -

2. Modification of the control design procedure to accommodate the reduced de-
grees of freedom available for control.

3. Procedures to use the available actuators to minimize the deleterious effects

caused by not being able to implement the t,, component.

. The use of advanced control procedures like those described in this book.

5. The installation of additional actuators able to create access to effect and control
the missing degrees of freedom.

I



1.3 Organization of the Book 5

1.3 Organization of the Book

The rest of the book is organized in 14 chapters, see Table 1.1. A brief summary of
each chapter is given below.

Chapter 2 presents mathematical tools like Lyapunov stability theory, Barbalat-
like lemmas, and the backstepping technique to be used in control design and sta-
bility analysis in the book.

Chapter 3 sets out the basic material that will be used in the subsequent chapters.
Basic motion control tasks for ocean vessels and modeling of vessels are given.

Chapter 4 presents control properties of ocean vessels. Then, the existing litera-
ture on the control of underactuated ocean vessels is reviewed. Through the review
of the previous work in the area of stabilization, trajectory-tracking, path-following,
and output feedback control of underactuated ocean vessels, challenging questions
are raised. These questions motivate contributions of the book to new solutions for
the motion control of underactuated ships and underwater vehicles.

Chapter 5 addresses the problem of trajectory-tracking control of underactuated
ships. These ships do not have independent actuators in the sway axis. The refer-
ence trajectory is generated by a suitable virtual ship. The control development is
based on an elegant coordinate transformation, Lyapunov’s direct method, and the
backstepping technique, and utilizes passivity properties of the ship dynamics and
their interconnected structure.

Chapter 6 examines the problem of designing a single controller that achieves sta-
bilization and trajectory-tracking simultaneously for underactuated ships. In com-
parison with the preceding chapter, a path approaching the origin and a set-point
can also be included in the reference trajectory, i.e., stabilization/regulation is also
considered. The control development is based on several special coordinate trans-
formations plus the techniques in the preceding chapter.

Chapter 7 presents global partial-state feedback and output feedback control
schemes for trajectory-tracking control of underactuated ships. For the case of
partial-state feedback, measurements of the ship sway and surge velocities are not
needed, while for the case of output feedback, no ship velocities are required for
feedback. Global nonlinear coordinate changes are introduced to transform the ship
dynamics to a system affine in ship velocities to design observers to globally ex-
ponentially estimate unmeasured velocities. These observers plus the techniques in
Chapters 5 and 6 facilitate the controllers’ development.

Chapter 8 deals with the problem of path-tracking control of underactuated ships.
In comparison with Chapters 5, 6, and 7, the requirement of the reference trajectory
generated by a suitable virtual ship is relaxed. Both full state feedback and output
feedback cases are considered. The control development is based on a series of
nontrivial coordinate transformations plus the techniques in the previous chapters.

Chapter 9 addresses the problem of way-point tracking control of underactuated
ships. Both full state feedback and output feedback controllers are designed. The
controllers in this chapter can be considered as an advanced version of the conven-
tional course-keeping controllers in the sense that in addition to maintaining the
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desired heading, both the sway displacement (lateral distance) and sway velocity
are controlled.

Chapter 10 develops full state feedback and output feedback controllers that force
underactuated ships to follow a predefined path. The control development is moti-
vated by an observation that it is practical to steer a vessel such that the vessel is
on the reference path and its total velocity is tangent to the reference path, and that
the vessel’s forward speed is controlled separately by the main thruster control sys-
tem. The techniques in the previous chapters plus the use of the Serret-Frenet frame
facilitate the results.

Chapter 11 presents a different approach from Chapter 10 to solve a path-
following problem for underactuated ships. Unlike in Chapter 10, here the control
development is based on the method of generating reference paths by the helmsman.
The path-following errors are first interpreted in polar coordinates, the techniques
used in the previous chapters are then used to design path-following controllers.
Interestingly, some situations of practical importance such as parking and point-
to-point navigation are covered in this chapter as a by-product of the developed
path-following system.

Chapter 12 addresses the problem of trajectory-tracking control of underactuated
underwater vehicles. These vehicles do not have independent actuators in the sway
and heave axes. The control development is built on the techniques developed for
underactuated ships in Chapters 5, 6, and 7. Due to complex dynamics of underwater
vehicles in comparison with that of the surface ships, the control design and stability
analysis require more complicated coordinate transformations and techniques than
those developed for underactuated ships in Chapters 5, 6, and 7.

Chapter 13 extends the results of Chapter 11 to the design of a path-following
control system for underactuated underwater vehicles. A series of path-following
strategies for the vehicles is first discussed. A practical approach is then chosen to
facilitate the control development. We also address the parking and point-to-point
navigation problems of the vehicles in this chapter.

Chapter 14 illustrates several applications of the observer and control design
techniques developed in the previous chapters to control of other underactuated me-
chanical systems, which are common in practice. These systems include mobile
robots and VTOL aircraft. For mobile robots, a global exponential observer is first
designed based on the observer design for underactuated ships in Chapter 7. Out-
put feedback simultaneous stabilization and trajectory-tracking and path-following
controllers are then developed using the control design techniques proposed for un-
deractuated ships in Chapters 5 and 10. For VTOL aircraft, the observer and control
design strategies used for underactuated ships in Chapters 5 and 6 are utilized to
design a global output feedback trajectory-tracking controller.

Finally, Chapter 15 concludes the book by briefly summarizing the main results
presented in the previous chapters and presenting related open problems for further
investigation.
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Chapter 2
Mathematical Preliminaries

This chapter presents mathematical tools, which will be used in control design and
stability analysis in the subsequent chapters. Some standard theorems, lemmas and
corollaries, which are available in references, are sometimes given without a proof.

2.1 Lyapunov Stability

Stability theory is important in system theory and engineering. For a controlled
system to be usable in practice, the least requirement is that the system is stable
under unknown disturbances or noise. There are various types of stability prob-
lems that arise in the study of dynamical systems such as input—output stability,
Lyapunov stability, absolute stability and stability of periodic solutions. These sta-
bility concepts have been studied extensively over the last 100 years. For control
design and stability analysis in this book, Lyapunov stability plays an important
role for the following reasons. First, Lyapunov’s direct method uses an energy-like
function called the Lyapunov function to study the behaviors of dynamical systems
analytically. This function reflects physical properties of the systems under study.
Second, Lyapunov’s second method is applicable to both linear and nonlinear sys-
tems. Third, many results in input—output stability can be obtained directly using
Lyapunov stability theory. Lyapunov stability theory generally includes Lyapunov’s
first and second methods. The first method and the center manifold theory developed
later are techniques based on the lowest-order approximation around a given point
or a nominal trajectory. The stability results obtained using these two approximation
methods are inherently local, and the stability regions are hard to estimate and often
quite small. Since the objective of this book is to study nonlinear dynamics of ocean
vessels, we omit the aforementioned two approximation techniques. Our primary
interest is in stability based on Lyapunov’s second method for systems described by
ordinary differential equations.

This section is concerned with stability of equilibrium points in the sense of
Lyapunov. An equilibrium point is stable if all solutions starting at nearby points

11
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stay nearby; otherwise it is unstable. It is asymptotically stable if in addition, all
solutions tend to the equilibrium point as time approaches infinity. These notions
will be made mathematically rigorous in this section.

Consider the following nonautonomous system:

x =f.t;x/; (2.1)

where T : €0; 00/ x D — R" is piecewise continuous in t and locally Lipschitz in x
on t0; 00/ x D and D € R” is a domain that contains the origin x = 0.

2.1.1 Definitions

Definition 2.1. The origin X = 0 is the equilibrium point of (2.1) if
f.t;0/=0; Vt>0: (2.2)

Definition 2.2. A continuous function _ : £0;a/ — R is said to belong to class K
if it is strictly increasing and _ .0/ = 0. It is said to belong to class Ko, if a = 0o
and ,.r/—ooas r — oo.

Definition 2.3. A continuous function ~ : £0;a/ x Rt — R7 is said to belong to
class KL if, for each fixed s, the mapping ~.r;s/ belongs to class K with respect
to r and, for each fixed r, the mapping ~.r;s/ is decreasing with respect to s and
T.r;s/ — 0ass — oo. Itis said to belong to class KL if, in addition, for each
fixed s the mapping ~.r;s/ belongs to class K, with respectto r.

Definition 2.4. The equilibrium point x = 0 of (2.1) is

1. stable if, for each " > 0, there is 1 = 1.";ty/ > 0 such that
[X-to/[| <1 = [X.t/]| <" V=19 >0; (2.3)
2. uniformly stable if, for each " > 0, there is 1 = 1."/ > 0 independent of t, such

that (2.3) is satisfied,
. unstable if it is not stable,
4. asymptotically stable if it is stable and there is a positive constant ¢ = c.to/ such
that x.t/ — 0 ast — oo, for all ||X.to/|| <c;
5. uniformly asymptotically stable if it is uniformly stable and there is a positive
constant ¢, independent of to, such that for all ||x.to/| <c, X.t/ - 0ast — oo,
uniformly in ty; that is, for each [ 0, there is T = T . [Z3> 0 such that

w

IX.t/|| < CFt=>to+T.LLV ||X.1/]| <cC; (2.4)

6. globally uniformly asymptotically stable (GUAS) if it is uniformly stable, 1."/
can be chosen to satisfy lim,_, », 1."/ = oo, and, for each pair of positive numbers
[ahd c, thereis T = T . d/ > 0 such that
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IX.t/|| < C¥t>t,+T.5d/; V|X.to/| <cC: (2.5)

Definition 2.5. The equilibrium point x = 0 of (2.1) is exponentially stable if there
exist positive constants ¢, k, and [Csilich that

Ix.t/]] < K[|x.to/[| e+ Vi =ty = 0; V | X.to/| <c (2.6)

and GES if (2.6) is satisfied for any initial state x.to/.

Definition 2.6. The equilibrium point x = 0 of (2.1) is K-exponentially stable if
there exist positive constants ¢ and [Cahd a class K function _ such that

[X.t/]| <. .[IX.to/|[/e *C70): vt >ty > 0; V ||X.to/[| <C (2.7)

and globally K-exponentially stable if (2.7) is satisfied for any initial state X.ty/:
Definition 2.7. The solutions of (2.1) are as follows:
1. Uniformly bounded if there exists a positive constant ¢, independent of ty > 0,
and for every a € .0;c/, there is ™ = ~.a/ > 0, independent of ty, such that
IX-t/[| <@ = [Ix.t/] <7 Vt = to: (28)

2. Globally uniformly bounded if (2.8) holds for an arbitrarily large a.

3. Uniformly ultimately bounded with ultimate bound b if there exist positive
constants b and c, independent of ty, > 0, and for every a € .0;c/ there is
T =T.a;b/ > 0, independent of ty, such that

[X.to/|| <a = ||x.t/| <b; Vt >ty +T: (2.9)

4. Globally uniformly ultimately bounded if (2.9) holds for an arbitrarily large a.

2.1.2 Lemmas and Theorems

The following lemma provides equivalent definitions of uniform stability and uni-
form asymptotic stability by using class K and class KL functions.

Lemma 2.1. The equilibrium point X =0 of (2.1) is

1. uniformly stable if and only if there exist a class K function
constant C, independent of ty, such that

and a positive

<

Xt/ <. .lIX-to/|l/; Yt =1t = 0; VX.to/| |X.to/|| <c; (2.10)

2. uniformly asymptotically stable if and only if there exist a class KL function ™
and a positive constant C, independent of ty, such that

It/ <7 X to/|l;t—to/; Yt =1to = 0; VX.to/|[IX.to/|| <c;  (2.11)
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3. GUAS if and only if inequality (2.11) is satisfied with ~ € KL, for any initial
state X .tol.

Proof. See [6]. (1

Lemma 2.2. Assume that d : R" — R” satisfies

ed] red1”, _ .
p[@_x]+[@_x] P>0;VxeR" (212)

where P =P T > 0. Then
X—y/TP.d.x/—d.y// >0; VX;y € R" (2.13)

Proof. See [16]. 1

Lemma 2.3. The following nonlinear interconnected system:

X1 = Fr.t;xq; X/ + g1 -t; X1, X/ U

! (2.14)
X = Fp.t; X1, X2/ 4 021, X1, X2/ U;

where X; € R; 1 = 1;2; F;.t;X1; X2/ are locally Lipschitz in X; and piecewise con-
tinuous in t; U € R is the control input, and g, .1;X1;X2/ #0; V1 > 0; X; € R, can
be transformed to the following system

71 = Otz %0/,

, (2.15)
Xo = [t z1; %2/ + "2 1,215 X2 /U:

Proof. Define
Z1 = X1 + LI X1 %/; (2.16)

where 1] Xy; X5/ is to be determined. Differentiating both sides of (2.16) along the
solutions of (2.14) yields

X/
) = (w+l)f1.t;xl;x2/+

0x4
X/ X/
OLDXiXol o o gy QETIXEX (2.17)
@x; ot
X/ X!
[(@Eﬂm X2 +1)gl_t;X1;X2/+mQZ-t;XI;XZI]U:
@X] @X2
Now choosing the function ] x;; X,/ such that
X/ ol
(@Eﬂxl Xo +1)gl_t;X1;X2/+mgz_t;xl;lezo (2.18)
@X1 @XZ

results in (2.15), where the functions [ t;z;; X/, [31t;z1;X%,/, and "5.t;2; X,/ are
defined as
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Xl
Lt 215 %0/ = (@Et@l)# +1) .60 %/ +
1

OEIOX1Xo g ooy o LETIX1iX2/
@X2 @t

Lodt; zi; X2/ 1= T, X1, Xa/s "2.0,21, X0/ 1= Q2.1 X1 %o/

(2.19)

with x; being solved from (2.16) and substituted in. 1

Remark 2.1.

1. The success of the above lemma depends on whether a solution to the partial
differential equation (2.18) can be found. Solving this partial differential equation
is difficult in general but might be possible in some specific cases such as the
vehicle systems in this book.

2. In some cases, designing a control input u for the transformed system (2.15) is
simpler than that for the original system (2.14).

The main Lyapunov stability theorem, which has a number of applications in
studying stability of (2.1), is given below.

Theorem 2.1. Let D = {x € R"|||x|| < r} and X = 0 be an equilibrium point of
(2.1). Let V : D x R" — R* be a continuously differentiable function such that
Vt>0;VxeD,

CAx|I/ < V.x;t/ < Bx|I/;
v ev _ .. .
@—t+@—xf.t,x/§—|zl||X||/. (2.20)

Then the equilibrium point X = 0 is

1. uniformly stable, if [ ind [z hre class K functions on t0;r/ and 3 0 on t0;r/,

2. uniformly asymptotically stable, if [1]) b and Gare class K functions on t0;r/,

3. exponentially stable if [ZIE=k; ®on t0;r/; k; >0;_, >0;i=1;2;3

4. globally uniformly stable if D = R”", [land [lare class Koo functions, and
G 0onRT,

5. GUAS if D =R", [ hind L hre class Koo functions, and [33s a class K function
onRt,

6. GES, if D =R, [LJ=k; ®on Rt ;k; >0;, >0;i=1;2;3.

Proof. See [3]. [

Theorem 2.2. Let X = 0 be an equilibrium point of (2.1) and suppose that T is
locally Lipschitz in X and uniformly continuous in t. Let V : R" xRT — RY be a
continuously differentiable function such that

CA x|/ < V.x;t/ < |x|/;

.o eV, _
V=gt T =W/ =0 (2.21)
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for all t > 0 and X € R", where [dand [Zare class Koo functions, and W is a
continuous function. Then all solutions of (2.1) are globally uniformly bounded and
satisfy

lim W.x.t// =0: (2.22)

—>00

In addition, if W .X/ is positive definite, then the equilibrium point X = 0 is GUAS.
Proof. See [3]. [

The following Lyapunov-like theorem is useful for showing uniform bounded-
ness and ultimate boundedness.

Theorem 2.3. LetV :£0; 00/ x D — R be a continuously differentiable function and
D C R” be a domain that contains the origin such that

c1-IXI < Vaxst/ < o X
%—\: + %—\)/(f.t;x/ <-W .x/; V|x]| > =10 (2.23)

forallt >0 and X € D where _1 and _, are class K functions, and W is a contin-
uous positive definite function. Take r > 0 such that B, C D and suppose that

=5t .r/l (2.24)

Then, there exists a class KL function ™ and for every initial state X .to/, satisfying

[X.to/|| < .5 t..1.r/1, there is T > O (dependent on X.to/ and [Lduch that the

solutions of (2.1) satisfies

[X.t/]] <7 .X.to/|l;t—to/; Vip <t <to+T,
[xt/| < 7' 2. OOVt >t +T: (2.25)

Moreover, if D = R" and _ 1 belongs to class Koo, then (2.25) holds for any initial
state X .t/ with no restriction on how large [isl

Proof. See [6]. (1

2.1.3 Stability of Cascade Systems

Consider the following cascade system:

2y =F.4,20/+9.1,21;2,/25;

. (2.26)
2, =15.1,2,/;

where z; € R";z, € R™; f,.t;z,/ is continuously differentiable in .t;z;/, and

f,.t;2,/ and g.t;zy;z,/ are continuous and locally Lipschitz in z, and .z;;z,/,

respectively.
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If we set z, = 0, then the first equation of (2.26) becomes 2, = f;.t;z,/. There-
fore we can view the first equation of (2.26) as the system

—

1:21 =T1.5;24/; (2.27)
which is perturbed by the output of the system
"2 12y = fz.t;Zz/: (228)

Now assume that the systems " and ™, are asymptotically stable at the origin,
i.e., (2.27) and (2.28) yield lim; o, z1.t/ = 0 and lim; o, z5.t/ = 0, respectively.
Based on these assumptions, it is plausible to conclude that the system (2.26) is
asymptotically stable at the origin in general. In many cases, the solution z,.t/ of
the system (2.26) goes to infinity in finite time as can be seen from the simple
cascade system:

21 = —kyz; +232,;

2.29
2 = —Ka2; ( )

where k; and k, are strictly positive constants. It is obvious that the subsystems
721 = —k;z; and z2, = —k,z, are GES at the origin. It is straightforward to show
that the solution of (2.29) is

Z1.t/. kK1 +ka/ .
Z1 .to/Zz.to/e_kZ(t_tO) +.K1 +ky—124 .t0/22.t0//ekl (t=10)’
25t/ = 2, .tole k2 t—10); (2.30)

Z].t/ =

It can be seen from (2.30) that if z{ .to/z, .to/ < k; + k3, then both z, .t/ and z, .t/
are bounded and converge exponentially to zero, respectively. If z; .to/z5.to/ =k +
ko, then z, .t/ is still bounded and converges exponentially to zero but z; .t/ tends
to infinity exponentially fast. If z; .to/z,.to/ > k; + k>, the situation is catastrophic,
that is z; .t/ tends to infinity when t — to + ty with

1 Zl.t()/Zz.t()/
tr = | : 2.31
S ki + ks n(Z].t()/Zz.t()/—.kl +k2/) ( )

The following theorem gives sufficient conditions of stability of the cascade
system (2.26) based on stability of (2.27) and (2.28), and the connected term
g.t;z1;22/.

Theorem 2.4. Consider the following assumptions:
1. The systems (2.27) and (2.28) are both GUAS and we know explicitly a C! Lya-

punov function V .t;z1/, two class-Ky functions 1 and _,, a class-K function
. 4, and a positive semidefinite function W .21/ such that

-zl =V.az < o lzlf;
ev ev ov

£t W.z,/ [ — . : 2.32
o +_@21 1.4z < z,/; ” 0z, ” < .a-llzill (2.32)
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2. For each fixed z,, there exists a continuous function R — R™ such that

lim Cs¥ =0;
ov
@g.t;zl;zzl < Czy ||/W .2,/ (2.33)

3. There exist continuous functions [ZIRY — R and _ 5 : Rt — R such that
lg-t;zi; 22/ = Tz ll/ o5 |z / (2.34)

and a continuous nondecreasing function _¢ : Rt — RT, and a nonnegative
constant a such that

c6.8/>_a(.7hs) s (.1tsl);

7 0 _ (2.35)

(_6-5/ -

a

4. For each r > 0, there exist constants [H0and [Z 0 such that for allt > 0 and
all |zo]| <r

”gTvg.t;zl;zzl < DWL.z,/;V ||z, || = 3 (2.36)
1

5. There exists a class K function Tshich that the solution 2.t/ of (2.28) satisfies
o0
/||22.t/||dt < zy-to/)/: (2.37)
to

Then we can conclude that if

o Assumptions 1 and 2, or
o Assumptions 1, 3 and 4, or
o Assumptions 1, 3 and 5

hold then the cascade system (2.26) is GUAS.

Proof. See [17]. 1

2.2 Input-to-state Stability

Definition 2.8. The system
x = F.t;x;u/; (2.38)

where T is piecewise continuous in t and locally Lipschitz in x and u, is said to be
input-to-state stable (ISS) if there exist a class KL function ™ and a class K function
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[ 3uch that, for any x.ty/ and for any input u.-/ continuous and bounded on £0; oo/,
the solution exists for all t > t, > 0 and satisfies

[X.t/]] <~ .|IX.to/|;t —to/ + Iié sup ||u.II||): (2.39)

o=<t<t

The following theorem establishes the equivalence between the existence of a
Lyapunov-like function and the input-to-state stability.

Theorem 2.5. Suppose that for the system (2.38) there exists a C function
V :RT xR" — R™* such that for all x € R" and u € R™,

CAlIx |/ < V.t;x/ < B|x||/;
v @V

x|l = Cull/ = o @—Xf.t;x;u/ < -Gx|I/; (2.40)

where [l [aland Ldlre class Koo functions and [31s a class-K function. Then the
system (2.38) is 1SS with [= I:I1 olLb [

Proof. If X.tp/ is in the set

Ry, = {x € R”||Ix|| < CEup [[U. D e>4 )} ; (2.41)
then x.t/ remains within the set
Sip = {x e R"||Ix|| = G o b CBUp |u. Dl r24) }; (2.42)

for all t > ty. Define B = {ty; T/ as the time interval before x.t/ enters R, for the
first time. In view of the definition of R, we have

V<-GbT.V/, VieB: (2.43)

Then, there exists a class-KL function ™, such that V.t/ < 7,.V.to/;t —to/; Vt €
B, which implies

Ix.t/] < G177, . X to/|l;t —to// := "Xt/ |;t —to/; Yt €B:  (2.44)
On the other hand, by (2.42), we conclude that
Ix.t/]| < G o b CSUp [[u. Dlesre/ 1= CI0p[|U. Dlexgo/s  (2.45)
forall t € tty; coyB. Then by (2.44) and (2.45),
Xt/ = 711X to/|l;t —to/ + CIup[lu. Llc4/; Yt =19 =0 (2.46)
By causality, we have

[X.t/]| < 7. to/|l;t —to/ + CIup||u. I sp<c<e/; VE>19>0: (2.47)
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A function V satisfying conditions (2.40) is called an ISS Lyapunov function. 1

2.3 Control Lyapunov Functions

This section presents an extension of the Lyapunov function concept, which is a
useful tool to design an adaptive controller for nonlinear systems. Assuming that
the problem is to design a feedback control law , .x/ for the time-invariant system:

x=Ff.x;u/; xeR*;, ueR; £.0;0/ =0; (2.48)
such that the equilibrium x = 0 of the closed loop system:
x =Ff.x;_.x// (2.49)

is globally asymptotically stable (GAS). We can take a function V .x/ as a Lyapunov
candidate function, and require that its derivative along the solutions of (2.49) satisfy
V .x/ < —W.x/, where W.x/ is a positive definite function. We therefore need to
find _ .x/ to guarantee that for all x € R” such that

@V .x/
@x

This is a difficult problem. A stabilizing control law for (2.48) may exist but we
may fail to satisfy (2.50) because of a poor choice of V.x/ and W .x/. A system for
which a good choice of V .x/ and W .x/ exists is said to possess a control Lyapunov
function (CLF). For systems affine in the control:

f.x;, . X/ <—-W.x/: (2.50)

X =f.x/+g.x/u; £.0/=0; (2.51)
the CLF inequality (2.50) becomes

ov v .

@—Xf X+ @—Xg.x/‘ X/ < —W.x/: (2.52)
If V.x/ is a CLF for (2.51), then a particular stabilizing control law _ .x/, smooth
for all x # 0, is given by

ov ov 2 v 4
@_xf'X/+\/(@_xf'X/) +(@—Xg.x/) | @l

ox
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It should be noted that (2.52) can be satisfied only if

o eV ,
and that in this case (2.53) gives
(v N\ v Nt L .

The main drawback of the CLF concept as a design tool is that for most nonlinear
systems a CLF is not known. The task of finding an appropriate CLF may be as
complex as that of designing a stabilizing feedback law. The backstepping technique
[3] presented in the next section gives a constructive way to construct an appropriate
CLF for various systems.

2.4 Backstepping

Assumption 2.1. Consider the system
x =f.x/+g.x/u; .0/ =0; (2.56)

where X € R" is the state and U € R is the control input. There exist a continuously
differentiable feedback control law

u=_.x/; _.0/=0 (2.57)

and a smooth, positive definite, radially unbounded functionVV : R" — R such that

%—\)/((Ef X/ +g.x/_ xX/ITK -W.x/ <0;Vx € R"; (2.58)

where W : R" — R is positive semidefinite.

It should be noted that under this assumption, the control law (2.57) applied to the
system (2.56) guarantees global boundedness of x.t), and the regulation of W.x/ :
lim; 0o W.x/ = 0. If W.x/ is positive definite, the control law (2.57) renders the
global asymptotic stable equilibrium of (2.56).

Theorem 2.6. Let the system (2.56) be augmented by an integrator:

):<:f.x/+g.x/lil

o (2.59)

and suppose that the first equation of (2.59) satisfies Assumption 2.1 with Uds its
control.



22 2 Mathematical Preliminaries

1. If W .X/ is positive definite then
1
V, =V.x/+§EEEL‘ X/ (2.60)

is a CLF for the system (2.59), that is, there exists a feedback control law U =
. a-X; ) which renders X = 0; (3= 0 the GAS equilibrium of (2.59). One such
control law choice is

V
u=—-c.3F_ .x//+ g—;ﬁf.x/+g.xlﬂ]—%—xg.x/; c>0: (2.61)

2. If W.x/ is only positive semidefinite, then there exists a feedback control law
that renders \l; < —W,.X; [11< 0, such that W, .X; (17> 0 whenever W .x/ >0 or
(% _ .X/. This guarantees global boundedness and convergence of tx.t/ [/
to the largest invariant set M, contained in the set

Eaz%[ﬂ eR"™ W .x/=0; [F=_,.x/}:

Proof. We only prove the first part of the theorem. Proof of the second part is trivial.
Introducing an error variable
z=013_ .x/ (2.62)

and differentiating with respect to time, (2.59) can be written as

X =F.x/+g.x/t_.x/+z[]

2=u—g—;EEf.x/+g.x/.‘.x/-|-z/D (2.63)

Using (2.58), the first time derivative of (2.60) along the solutions of (2.63) satisfies
. 0. ov )

Vo <—-W.X/+2z|u— ix T xl/4+g.x/.  xlI+zll+ @—Xg.x/ : (2.64)

Any control law, such as (2.61), which renders V, < —W,.x; [Zl< —W .x/, with W,
positive definite in z, guarantees global boundedness of x and z, and regulation of
W.x/andz.t/. 1

Corollary 2.1. Let the system (2.56) satisfy Assumption 2.1 with _ X[ = _¢.X/ be-
ing augmented by a chain of K integrators so that U is replaced by [i] the state of
the last integrator in the chain is

X =F.x/+g.x/]
(0= ]

: (2.65)
Gl = 0
L= u:
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For this system, repeated application of Theorem 2.6 with [1]:::; [das virtual con-
trols, results in the Lyapunov function

k
Vo X 0300 m:v.x/+%Z(EE—‘,-_1.x;IIj:::; 1,/ (2.66)

i=1

Any choice of feedback control which renders Vu < -W,.x;0d:::; O <0, with

largest invariant set M, contained in the set

E, = HXT;IIJ:::;I;ﬂTeR”“"W.x/:O; L= o1 0di G/

Proof. See [3]. (1

2.5 Stabilization Under Uncertainties

The power of adaptive control is exhibited in the presence of uncertain nonlinearities
and unknown parameters. Such uncertainties in linear systems make the control
design procedure difficult and become more serious in control of nonlinear systems.
For nonlinear systems, the states can easily escape to infinity in a finite time. The
following theorem introduces the use of a term in the control law called nonlinear
damping to stabilize the system (2.56) in the presence of disturbance.

Theorem 2.7. Consider the system (2.56) satisfying Assumption 2.1 which is per-
turbed as

X =f.x/+g.x/[u+'.x/T Ij;lu;t/]; (2.67)

where = .X/ is a .p x 1/ vector of known smooth nonlinear functions, and [LX3u;t/
is a .p x 1/ vector of uncertain nonlinearities, which are uniformly bounded for all
values of X, U, and t. If Assumption 2.1 satisfies with W .X/ being positive definite
and radially unbounded, then the control

V
u=. .x/—k%—x.x/g.xln " x/|*; k=>0; (2.68)

when applied to the system (2.67) renders the closed loop system ISS with respect to
the disturbance input [ XJUu;t/ and hence guarantees global uniform boundedness
of X.t/ and convergence to the residual set
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={x: x| < Gto Ebt;l‘(”':@», (2.69)

where [ 5] Ghre class Koo functions such that

CAIx[I/ < V.x/ < G|/,
GIIx|I/ = W.x/: (2.70)

Proof. By using (2.68) and (2.70), the first time derivative of V .x/ is
v v

_— o
V _@X(Ef+guEHr @Xg —1
_ v o\, 8V L
ook ) N +—Xg -
<-—W.x/— k(@v ) 1*1?+-—g"T (2.71)
S—W.x/—k(@@v ) 112+ ”'3133,

. 2
From (2.71), it follows that V is negative whenever W .x/ > %. Combining this
with the second equation of (2.70), we conclude that

Ix.t/] > GT (%) =V <0 (2.72)
This means that if [[x.0/|| < G (”A”w) then
vXt//<gb[;|1<”E@), (2.73)
which implies that
Ix.t/]| < G o b 1 (” 'qm)- (2.74)

If, on the other hand, ||x.0/|| > 1 (”A”“’) then V .x/ <V .x.0//, which implies

.t/ < G o 1||x.0/|/: (2.75)
Combining (2.74) and (2.75) leads to global uniform boundedness of x.t/:

e maxg 71 o b 51 (” mi') o @||x.0/||/§ @)
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while (2.72) and the first equation of (2.70) prove the convergence of x.t/ to the
residual set defined in (2.69). 1

Combining the above theorem with Theorem 2.6 leads to the following corollary.
Corollary 2.2. Consider the following system
X =Ff.x/+g.x/u+F.x/ [ X;u;t/; (2.77)

where X € R"; u € R; F.X/ is an .n x q/ matrix of known smooth nonlinear func-
tions, and L X;u;t/ is a .q x 1/ vector of uncertain nonlinearities, which is uni-
formly bounded for all values of x, u and t. Suppose that there exists a feedback
control law U = _ .X/ that renders X .t/ globally uniformly bounded, and that this is
established via positive definite and radially unbounded functions V .x/, W .X/, and
a constant b such that

V
%—X(Ef.x/—kg.x/L X+ Fox/ R u; t/T —W . x/ + b (2.78)

Now consider the augmented system

X = F.x/+g.x/[F F.x/ [ X;u;t/; 2.79)

(Fu+ "7 .x DX Gt/ '
where " .X; [Lis a .p x 1/ vector of known smooth nonlinear functions, [L3;u; G1/
is a .p x 1/ vector of uncertain nonlinearities, which are uniformly bounded for all
values of X, U, Ldnd t. For this system, the feedback control law

u= —C.E-‘.X//-Fg—;(ﬁf.X/—Fg.X/D:H-

@—‘F.x/

ov -
@—Xg.x/—k.E—k‘.xllgn x; O +‘@x

2
} (2.80)

guarantees global uniform boundedness of X .t/ and [/ with any ¢ > 0 and k > 0.

Proof. See [3]. [

2.6 Barbalat-like Lemmas

This section presents lemmas that are useful in investigating the convergence of

time-varying systems.

Lemma 2.4. (Barbalat’s lemma) Consider the function [TIRT — R. If [3¥ uni-
t

formly continuous and lim;_, o [ I8 Cévxists and is finite, then
0
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lim CV = 0: (2.81)

t—>00
Proof. See [6]. (1
Lemma 2.5. Assume that a nonnegative scalar differentiable function T .t/ enjoys

the following conditions

d
1. |—F. ki F.t/;
‘dt t/| <k, F.t/;

2: / f.t/dt <ko (2.82)
0

for allt > 0, where Ky and Ky are positive constants, then lim;_, o, .t/ = 0.

Proof. Integrating both sides of 1) in (2.82) gives
t
f.t/< f.0/+k1/ f.s/ds < .0/ +kiky;
0

t
f.t/> f.O/—k1[ T.s/ds > £.0/ —k;Kkz: (2.83)
0

These inequalities imply that F .t/ is a uniform bounded function. From (2.83) and
the second condition in (2.82), we have that f.t/ is also bounded on the half axis
10; coli.e., F.t/ < k3 with k3 a positive constant. Hence |d%f /| < kiks. Now as-
sume that lim;_, ., T .t/ # 0. Then there exists a sequence of points t; and a positive
constant [Cduch that F.t;/ > It; — oo; | — oo; |t; —t;—1| > 2[=lk, k3/ and more-
over f.s/ > [2R; s e L; = {t; — [E12k k3/;t; + [E12k; k3/[ISince the segments L;
and L; do not intersect for any i and j with i # j, we have

() T 1
f f.t/dtz/ f.t/dt > Z[ f.t/dt > = M.T/ (2.84)
0 0 nrlLi 2 kiks

where M. T/ is the number of points t; not exceeding T. Since limy oo M. T/ = 00,
the integral .[0°°f.t/dt is divergent. This contradicts Condition 2 in (2.82). This
contradiction proves the lemma. 1

Remark 2.2. Lemma 2.5 is different from Barbalat’s lemma 2.4. While Barbalat’s
lemma assumes that .t/ is uniformly continuous, Lemma 2.5 assumes that |%f .t/
is bounded by k; f .t/.

Lemma 2.6. Consider a scalar system
X =—CX+p.t/; (2.85)

where ¢ > 0 and p.t/ is a bounded and uniformly continuous function. If, for any
initial time ty > 0 and any initial condition X .ty/, the solution X .t/ is bounded and
converges to 0 as t — oo, then
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lim p.t/=0: (2.86)

t—>00

Proof. See [18]. (1
Lemma 2.7. Consider a first-order differential equation of the form
X =—.a.t/+ . L3/ Ix +F,. 3/, (2.87)

where Ty and T, are continuous functions, and [1€0; 00/ — R™ is a time-varying
vector-valued signal that exponentially converges to zero and, for all t >ty > 0,
satisfies

[f; . CX//] < 0| T/ ||/ e 01 10D, (2.88)

where [+ 0; 1 = 1,2 and [ e class-K functions. If a.t/ enjoys the property that
there is a constant 3 kuch that

%)

n
then there exist a class-K function Udnd a constant = 0 such that
IX.t/| < C).X.to/; e/ ||/ =0 C—10); (2.90)

Proof. See [19]. [

2.7 Controllability and Observability

2.7.1 Controllability and Observability of Linear Time-invariant
Systems

This section deals with the controllability and observability properties of systems
described by linear time-invariant state-space representations. In particular, consider
a linear and time-invariant system defined by the state—space representation:

X.t/ = Ax.t/+ Bu.t/,
y.t/ = Cx.t/+ Du.t/, (2.91)

where A has n distinct eigenvalues 51055t ::; G, lwhich define the poles and the
corresponding modes e*i?.
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2.7.1.1 Controllability

Conditions for controllability of the system (2.91) are given in the following lem-
mas.

Lemma 2.8. The system (2.91) is controllable if and only if any one of the following
(equivalent) conditions holds:

1. The controllability matrix
C.:=(B;AB;:::;A" 'BO] (2.92)

has full rank n.

2. The n rows of e4! B, where e4! represents the unique state transition matrix of
the system, are linearly independent over the real field R for all t.

3. The controllability Grammian

iy

Gc.to;tf/::/ e~4 ppTe~4"7dO] (2.93)

to

is nonsingular for all ty > to.
4. The nx .n+ m/ matrix CCI}+ A; BThas rank n at all eigenvalues T_bf A or
equivalently, (I A and B are left comprime polynomial matrices.

Proof. See [20], Chapter 8. 1
Since the solution to the system (2.91) is given by
x.t/ =eAU=0x o/ + /t eAt=9 pu. 8] (2.94)
)
it follows that the controllability Grammian-based control input
u.t/ = BTe_AT’Gc_l.to;tf/[e_A’-/x.tf/—e_A’Ox.tO/] (2.95)

transfers any initial state x.to/ to any arbitrarily chosen final state x.t;/ at any
arbitrary ty > 0. This observation is consistent with the more traditional definition
of controllability.

2.7.1.2 Observability

Conditions for observability of the system (2.91) are given in the following lemmas.

Lemma 2.9. The system (2.91) is observable if and only if any one of the following
(equivalent) conditions holds:

1. The observability matrix
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C
cA

Coi=| (2.96)
CA.n—l

has full rank n.

2. The n columns of C ed? where eA? represents the unique state transition matrix
of the system, are linearly independent over the real field R for all t.

3. The observability Grammian

7
Gy .to;tp/ == f ed"TcT Cced™d] (2.97)

to
is nonsingular for all ty > t,.

4. The .n+ p/ x N matrix |: Ai| has rank n at all eigenvalues L_bf A or

C

equivalently (I A and C are right comprime polynomial matrices.
Proof. See [20], Chapter 8. [1

If the system (2.91) is observable, it then follows that the system initial state can
be determined by

Ly
X.to/ = eA0G, 1 1t /e 10 / ed" (=0 CTF t/dt; (2.98)
o
where .
f.t/:=y.t/—C/ eA=9 Bu. W3 Du.t/: (2.99)
)

This observation is consistent with the more traditional definition of observability.

2.7.2 Controllability and Observability of Linear Time-varying
Systems

This section deals with controllability and observability properties of the following
n-dimensional linear time-varying system

X.t/ = A.t/x.t/+ B.t/u.t/,
y.t/ = C.t/x.t/+ D.t/u.t/ (2.100)

We assume that the matrices A4.t/, B.t/, C.t/, and D .t/ are at least continuous
functions of t.
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2.7.2.1 Controllability

The system (2.100) is said to be controllable on the interval tto;ts[Iwhere t; >
to > 0, if for any states X, and Xy, a continuous input u.t/ exists that drives the
system to the state X.t;/ = X, at time t = t starting from the state x.to/ = Xo
at time t = to. Conditions for controllability of the system (2.100) are given in the
following lemma:

Lemma 2.10. Assuming that the matrix A .t/ is n—2 times differentiable and B .t/
is N—1 times differentiable, a sufficient condition for the system (2.100) to be con-
trollable on the interval tto;tr Us that the following matrix has rank n for at least
onet €ty tr[]

K.t/ =tKy.t/ Ky.t/ ::: K,,_1.t/[] (2.101)

Kit/=—At/Ki_ .t/ + K.t/ (2.102)

Moreover, if the matrix K .t/ has rank n for all t € tto,tr Lthen the system (2.100)
is uniformly controllable on the interval to;ty L]

Proof. See [20], Chapter 25. 1

2.7.2.2 Observability

Now suppose that the control input is zero, i.e., the system (2.100) is given by

X.t/ = A.t/x.t/;
y.t/=C.t/x.t/: (2.103)

The system (2.103) is said to be observable on the interval Eto; t, Gif any initial state
X.to/ = Xp can be determined from the output y.t/ for t € tto;tr L1Conditions for
observability of the system (2.103) are given in the following lemma.

Lemma 2.11. Assuming that the matrix A .t/ is n— 2 times differentiable and B .t/
is N —1 times differentiable, a sufficient condition for the system (2.100) to be ob-
servable on the interval by;ty Us that the following matrix has rank n for at least
onet €lbty;tr 0

Lo.t/
L.t/

Lt/= : (2.104)

L, .t/
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Lo.t/ =C .t/
Lit/=L,_yt/At/+L;_.t/: (2.105)

Moreover, if the matrix L .t/ has rank n for all t € tto;tr[then the system (2.100) is
uniformly observable on the interval tto;ts []

Proof. See [20], Chapter 25. 1

2.7.3 Controllability and Observability of Nonlinear Systems

2.7.3.1 Controllability

This subsection deals with controllability of the following nonlinear system

m
X =F.x/+ Zgi X/ug; xe T, CR" (2.106)

i=1

controllable if there exists an admissible input vector u.t/ such that the state x.t/
can travel from an initial point x.to/ = Xo € ~ t0 X.tr/ € 7, within a finite time
interval T =ty —to. The controllability reveals whether the control system has a
set of “healthy” input channels through which the input can excite the states effec-
tively to reach the destination Xy. Based on this interpretation, the controllability
of (2.106) should clearly depend on the function forms of all ¥.x/ and g;.x/. The
controllability of the nonlinear system (2.106) is based on a useful mathematical
concept called Lie algebra, which is defined as follows.

Definition 2.9. A Lie algebra over the real field R or the complex field C is a vector
space G for which a bilinear map .X;Y / — €X;Y [s defined from G x G — G such
that

1.EX;Y O= —tY; XEIX; Y € G;
2.0KEY; ZIB-tY;6Z; X [B-tZ;eX; Y M= 0 for X;Y;Z € G:

According to this definition, a Lie algebra is a vector space where an operator &:;:[]
is installed. Such a general operator, conventionally called a Lie bracket, can be de-
fined arbitrarily as long as it satisfies the preceding two specified conditions simulta-
neously. The first condition is often called a skew symmetric relation and obviously
implies that £X; X 3= 0. The second condition is called the Jacobi identity, which
reveals a closed loop cyclic relation among any three elements in a Lie algebra.

Let us now define a special Lie algebra E that collects all n-dimensional differ-
entiable vector fields in R” along with a commutative derivative relation: For any
two vector fields ¥ and g € R”, which are functions of x € R”,
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0g,. of
tFglx= —f ——q: 2.107
It can be immediately shown that this Lie bracket satisfies the two conditions of a

Lie algebra.

To extend the above Lie bracket between two vector fields to higher order deriva-
tives, a more compact notation may be defined based on an adjoint operator, that is,
tf; g= adyg. This new notation treats the Lie bracket tF;g[Chs vector field g op-
erated on by an adjoint operator ady = &f;:L1Therefore, for an n-order Lie bracket
.n > 1/, one can simply write

tF;, o Fg0O D:adfg.

n n

For a general control system given by (2.106), we now specifically define a con-
trol Lie algebra E., which is spanned by all up to order .n— 1/ Lie brackets among
f and g; through g,, as

E. = span{gl;:::;gm;adfgl;:::;adfgm;:::;ad}_lgl;:::;ad;i_lgm}: (2.108)

With the control Lie algebra concept, we can show that the following theorem is
true and is also a general effective testing criterion for system controllability.

Theorem 2.8. The control system (2.106) is controllable if and only if dim.E./ =
dim.” ./ =n.

Proof. See [2]. (1

Note that because each element in E. is a function of x, the dimension of E. may
be different from one point to another. Thus, if the preceding condition of dimension
is valid only in a neighborhood of a pointin ™", C R”, we say that the system (2.106)
is locally controllable. On the other hand, if the condition of dimension can cover all
of region "7, then it is globally controllable. Moreover, it is not hard to show that
Theorem 2.8 covers the controllability condition for a linear time-invariant system
(2.91).

2.7.3.2 Observability

We address the observability for the following nonlinear system

X =T.x/,
y = h.x/; (2.109)

wherey € 7, C R? is the output vector. This system is said to be observable if for
each pair of distinct states x; and X,, the corresponding outputs y; and y, are also
distinguishable. Clearly, the observability can be interpreted as a testing criterion
to check whether the entire system has sufficient output channels to measure (or
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observe) each internal state change. Intuitively, the observability should depend on
the function forms of both ¥.x/ and h.x/.

We now introduce a Lie derivative, which is virtually a directional derivative for
a scalar field X/, with x € R” along the direction of an n-dimensional vector field
T .x/. The mathematical expression is given as

X/
L= 8% 0 (2.110)
@x
Since 222 is a 1 x n gradient vector of the scalar [X/ and the norm of a gradient

vector represents the maximum rate of function value changes, the product of the
gradient and the vector field ¥.x/ in (2.109) becomes the directional derivative of
[/ along T .x/. Therefore, the Lie derivative of a scalar field defined by (2.110) is
also a scalar field.

If each component of a vector field h.x/ € R? is considered to take a Lie deriva-
tive along f.x/ € R”, then all components can be acted on concurrently and the
result is a vector field that has the same dimension as h.x/; its ith element is the Lie
derivative of the ith component of h.x/. Namely, if h.x/ = th;.x/;:::;;h, .x/C0 and
each component h;.x/; i = 1;::;;p is a scalar field, then the Lie derlvatlve of the
vector field h.x/ is defined as

th] X/
Lrh.x/ = : : (2.111)
thp.X/

With the Lie derivative concept, we now define an observation space ™, over R" as
o = spanth.x/; Leh.x/;: L hox/y: (2.112)

In other words, this space is spanned by all up to order .n— 1/ Lie derivatives of the
output function h.x/. Then, we further define an observability distribution denoted
by d™,, which collects the “gradient” vector of every component in ™. Namely,

— 0 1.
d 0=span{@—xl__l—b o%. (2.113)

With these definitions, we can present the following theorem for testing the ob-
servability.

Theorem 2.9. The system (2.109) is observable if and only if dim.d ™,/ =n.
Proof. See [2]. 1

Similarly to the controllability case, this testing criterion also has locally observ-
able and globally observable cases, depending on whether the condition of dimen-
sion in the theorem is valid only in a neighborhood of a point or over the entire state
region.
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2.7.4 Brockett’s Theorem on Feedback Stabilization

The following theorem, which is due to Brockett [21], gives a necessary condition
for the existence of a stabilizing control law for the system

x =TF.x;u/ (2.114)

at an equilibrium point xo with x being the state and u being the control input.

Theorem 2.10. Let the system (2.114) be given with ¥ .Xo;0/ = 0 and ¥ .-;-/ con-
tinuously differentiable in a neighborhood of .Xy;0/. A necessary condition for the
existence of a continuously differentiable control law that makes .Xo;0/ asymptoti-
cally stable is that

1. the linearized system should have no uncontrollable modes associated with
eigenvalues whose real part is positive,
2. there exists a neighborhood =~ of .Xg;0/ such that for each & ~ there exists
a control Ug.-/ defined on t0;00/ such that this control steers the solution of
X =T.x;ug/ fromx = Ldtt =0to X = Xp att = oo,
3. the mapping
[JAxR"™ — R"

defined by [1.x;ul — T .X; U/ should be onto an open set containing 0.
Proof. See [21]. [1
Remark 2.3. If the system (2.114) is of the form

X =F.x/+) uigi.x/; x.t/e CRY (2.115)

i=1

then condition 3 of Theorem 2.10 implies that the stabilization problem cannot have
a solution if there is a smooth distribution D containing .-/ and 9;.-/;:::;Qm .-/
with dim D < n. One further special case: If the system (2.114) is of the form

m
X=Y uigi.x/; x.t/e  CR" (2.116)
i=1

with the vectors g; .x/ being linearly independent at X, then there exists a solution
to the stabilization problem if and only if m = n. In this case, we must have as many
control parameters as we have dimensions of x.

2.8 Conclusions

This chapter briefly provides the fundamental tools that will be used for control de-
sign and stability analysis of underactuated vehicles in the coming chapters. The
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interested reader is referred to [3-6, 22—24] for a detailed and comprehensive cov-
erage of the topics discussed in this chapter.



Part 11

Modeling and Control Properties of Ocean
Vessels



Chapter 3
Modeling of Ocean Vessels

In this chapter, we classify the basic motion tasks for ocean vessels and their math-
ematical models, which will be used for the design of various control systems in the
subsequent chapters.

3.1 Introduction

In automatic control, feedback improves system performance by allowing the suc-
cessful completion of a task even in the presence of external disturbances and initial
errors, and inaccuracy of the system parameters. To this end, real-time sensor mea-
surements are used to reconstruct the vehicle state. Throughout this study, the latter
is assumed to be available at every instant, as provided by local/global position and
orientation measurement sensors. In some cases, we also assume that the vehicle
velocities are measurable or constructible from position measurements.

We will concentrate on the case of a vessel workspace free of obstacles. In fact,
we implicitly consider the vessel controller to be embedded in a hierarchical ar-
chitecture in which a higher-level planner solves the obstacle avoidance problem
and provides a series of motion goals to the lower control layer. In this perspective,
the controller deals with the basic issue of converting ideal plans into actual mo-
tion execution. The nonholonomic nature of the ocean vessels is related to the fact
that the vessel does not usually have independent actuators in the sway and heave
axes. This implies the presence of a nonintegrable set of second-order differential
constraints on the configuration variables. While these nonholonomic constraints
reduce the instantaneous motions that the vessel can perform, they still allow almost
global controllability in the configuration space. This feature leads to some chal-
lenging problems in the synthesis of feedback controllers, which parallel the new
research issues arising in nonholonomic motion planning. Indeed, the ocean vessel
application has triggered the search for innovative types of feedback controllers that
can be used also for more general nonlinear systems that describe the motion of

39
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more complicated vessel systems such as ocean vessels and air vehicles working in
a group.

3.2 Basic Motion Tasks

In order to derive the most suitable feedback controllers for each case, it is conve-
nient to classify the possible motion tasks as follows:

e Point-to-point motion: The vessel must reach a desired goal configuration start-
ing from a given initial configuration, see Figure 3.1a.

e Path-following: The vessel must reach and follow a geometric reference path in
the Cartesian space starting from a given initial configuration (on or off the path),
see Figure 3.1b.

e Trajectory-tracking and path-tracking: The vessel must reach and follow a ref-
erence trajectory/path in the Cartesian space (i.e., a geometric path with an as-
sociated timing law) starting from a given initial configuration (on or off the
trajectory/path), see Figure 3.1c. Trajectory-tracking is referred to as the case
where the reference trajectory is generated by a suitable virtual vessel whereas
the reference path is not required to be generated by a virtual vessel for the path-
tracking.

The above tasks for an ocean vessel are sketched in Figure 3.1. Execution of these
tasks can be achieved using either feedforward commands, or feedback control, or
a combination of the two. Indeed, feedback solutions exhibit an intrinsic degree of
robustness.

Using a more control-oriented terminology, the point-to-point motion task is a
stabilization problem for a (equilibrium) point in the vessel state space. When us-
ing a feedback strategy, the point-to-point motion task leads to a state regulation
control problem for a point in the vessel state space. Posture stabilization is another
frequently used term. Without loss of generality, the goal can be taken as the ori-
gin of the n-dimensional vessel configuration space. Contrary to the usual situation,
trajectory-tracking, path-tracking, and path-following are easier than regulation for
a nonholonomic vessel. An intuitive explanation of this can be given in terms of a
comparison between the number of controlled variables (outputs) and the number
of control inputs. For the ship or underwater vehicle moving in a horizontal plane,
two input commands are available while three variables (position and orientation)
are needed to determine its configuration. Thus, regulation of the surface ship or
the underwater vehicle in a horizontal position to a desired configuration implies
zeroing three independent configuration errors.

In the path-following task, the controller is given a geometric description of the
assigned Cartesian path. This information is usually available in a parameterized
form expressing the desired motion in terms of a path parameter, which may be in
particular the arc length along the path. For this task, time dependence is not relevant
because one is concerned only with the geometric displacement between the vessel



3.2 Basic Motion Tasks 41

Reference path

Reference trajectory/path

Figure 3.1 Basic motion tasks for an ocean vessel

and the path. In this context, the time evolution of the path parameter is usually free
and, accordingly, the command inputs can be arbitrarily scaled with respect to time
without changing the resulting vessel path. It is then customary to set the vessel
forward velocity (one of the inputs) to an arbitrary constant or time-varying value,
leaving the other input variables for control. The path-following problem is thus
rephrased as the stabilization to zero of a suitable scalar path error function using
only the rest of the control inputs.

In the trajectory-tracking and path-tracking tasks, the vessel must follow the
desired Cartesian path with a specified timing law. Although the reference trajec-
tory/path can be split into a parameterized geometric path and a timing law for the
parameter, such separation is not strictly necessary. Often, it is simpler to specify
the workspace trajectory as the desired time evolution for the position of some rep-
resentative point of the vessel. The trajectory-tracking and path-tracking problems
consist then in the stabilization to zero of the Cartesian errors using all the available
control inputs.

The point stabilization problem can be formulated in a local or in a global sense,
the latter meaning that we allow for initial configurations that are arbitrarily far
from the destination. The same is true also for path-following, trajectory-tracking,
and path-tracking, although locality has two different meanings in these tasks. For
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path-following, a local solution means that the controller works properly, provided
that we start sufficiently close to the path; for trajectory-tracking and path-tracking,
closeness should be evaluated with respect to the current position of the reference
vessel and a current reference point, which moves on the reference path with a spec-
ified time law, on the reference path, respectively. The amount of information that
should be provided by a high-level motion planner varies for each control task. In
point-to-point motion, information is reduced to a minimum (i.e., the goal configu-
ration only) when a globally stabilizing feedback control solution is available. How-
ever, if the initial error is large, such a control may produce erratic behavior and/or
large control effort, which are unacceptable in practice. On the other hand, a local
feedback solution requires the definition of intermediate subgoals at the task plan-
ning level in order to get closer to the final desired configuration. For the other mo-
tion tasks, the planner should provide a path that is kinematically feasible (namely,
that complies with the nonholonomic constraints of the specific vessel), so as to
allow its perfect execution in nominal conditions. While for a fully or overactuated
vessel in which any path is feasible, some degree of geometric smoothness is in gen-
eral required for nonholonomic vessels. Nevertheless, the intrinsic feedback struc-
ture of the driving commands enables it to recover transient errors due to isolated
path discontinuities. Note also that the infeasibility arising from a lack of continuity
in some higher-order derivative of the path may be overcome by appropriate motion
timing. For example, paths with discontinuous curvature (like the Reeds and Shepp
optimal paths under maximum curvature constraint) can be executed by choosing an
appropriate point on the vessel provided that the vessel is allowed to stop, whereas
paths with discontinuous tangent are not feasible. In this analysis, the selection of
the vessel representative point for path/trajectory planning is critical. The timing
profile is the additional item needed in trajectory-tracking and path-tracking control
tasks. This information is seldom provided by current motion planners, also because
the actual dynamics of the specific vessel are typically neglected at this level. The
above example suggests that it may be reasonable at the planning stage to enforce
requirements such as “move slower where the path curvature is higher”.

3.3 Modeling of Ocean Vessels

Modeling of the ocean vessels is usually based on mechanics, principles of statics
and dynamics. Statics is concerned with the equilibrium of bodies at rest or mov-
ing with a constant velocity. Dynamics deals with bodies having accelerated mo-
tion resulting from disturbances or/and control forces. Since we are interested in a
mathematical model of the ocean vessels for the purpose of designing the control
systems, this section focuses on dynamics of the vessels rather than statics. The fol-
lowing briefly presents the ocean vessel equations of motion based on the results
in [11]. The resulting nonlinear model presented in this section is mainly intended
for designing control systems in the next chapters. For a detailed and comprehensive
derivation of the model, the reader is referred to [11,12,25]. The physical and control
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properties of the model are also presented for control design and stability analysis.

In this section, we use the notation, see Table 3.1 and Figure 3.2, that complies with
the Society of Naval Architects and Marine Engineers (SNAME) [26].

Body-fixed frame

Figure 3.2 Motion variables for an ocean vessel

For an ocean vessel moving in six degrees of freedom, six independent coordi-
nates are required to determine its position and orientation. The first three coordi-
nates (x, y,z) and their first time derivatives correspond to the position and transla-
tional motion along the x-, y- and z-axes, while the last three coordinates (¢, 6, 1)
and their first time derivatives describe orientation and rotational motion.

Table 3.1 SNAME Notation for ocean vessels

Degree of freedom Force and| Linear and |Position and
moment |angular velocity |Euler angles

1 Surge X u X

2 Sway Y v y

3 Heave Z w z

4 Roll K p 0]

5 Pitch M q 0

6 Yaw N r v

According to SNAME, the six different motion components are defined as surge,
sway, heave, roll, pitch, and yaw. To determine the equations of motion, two refer-
ence frames are considered: the inertial or fixed to earth frame O Xg Yg Z g that
may be taken to coincide with the vessel fixed coordinates in some initial condi-
tion and the body-fixed frame Op XYy, Zj see Figure 3.2. Since the motion of the
Earth hardly affects ocean vessels (different from air vehicles), the earth-fixed frame
O XgYEZE can be considered to be inertial. For ocean vessels in general, the
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most commonly adopted position for the body-fixed frame is such that it gives hull
symmetry about the Op X3 Zp-plane and approximate symmetry about the Op Yy Z -
plane. In this sense, the body axes Op Xp, Op Y3, and Op Z}, coincide with the princi-
pal axes of inertia and are usually defined as follows: Op X} is the longitudinal axis
(directed from aft to fore); Op Y} is the transverse axis (directed to starboard); and
Op Zj, is normal axis (directed from top to bottom. Based on the notion in Table 3.1,
the general motion of an ocean vessel can be described by the following vectors:

=[], OGE[xyz]T, GE[poy]’.
v=[viva]7, vi = [uvw]’, va=[pqr],

F[oIRf. GEXYZ]"., LE[KMN,

where [dknotes the position and orientation vector with coordinates in the earth-
fixed frame, v denotes the linear and angular velocity vector with coordinates in the
body-fixed frame, and [_denotes the forces and moments acting on the vessel in the
body-fixed frame.

In deriving equations of motion of the ocean vessels, we divide the study of
vessel dynamics into two parts kinematics, which treats only geometrical aspects of
motion, and Kinetics, which is the analysis of the forces resulting in the motion.

3.3.1 Kinematics

The first time derivative of the position vector [y lis related to the linear velocity
vector Vj via the following transformation:

Lk Ji(Lvy, (3.1

where Jq ([2)lis a transformation matrix, which is related through the functions of
the Euler angles: roll (¢), pitch (6), and yaw (). This matrix is given by

cos(¥)cos(f) —sin(y) cos(¢p) + sin(¢) sin(6) cos(¥)
J1(N= | sin(y¥)cos(8) cos(y)cos(¢p) + sin(¢h) sin(6) sin(yr)
—sin(0) sin(¢) cos(6)

sin(y) sin(¢) + sin(8) cos(y) cos(¢p)
—cos() sin(¢) + sin(0) sin(y)cos(p) |. (3.2)
cos(¢) cos(6)

It is noted that the matrix J1 ([2)lis globally invertible since J; Lp=J IT (L
On the other hand, the first time derivative of the Euler angle vector [31s related
to the body-fixed velocity vector Vv, through the following transformation:

L Jz([2)v2, (3.3
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where the transformation matrix Jz ([2)lis given by

1 sin(¢)tan(d) cos(¢)tan(0)
Jo(RN=|0  cos(¢) —sin(¢) . (3.4)
0 sin(¢)/ cos(6) cos(¢)/ cos(9)

Note that the transformation matrix Jz([2)lis singular at = £ 7. However, during
practical operations ocean vessels are not likely to enter the neighborhood of 6 =
+ 7 because of the metacentric restoring forces. For the case where it is essential to
consider a region containing ¢ = +7, a four-parameter description based on Euler
parameters can be used instead. The interested reader is referred to [12] for more
details. Combining (3.1) and (3.3) results in the kinematics of the ocean vessels:

[E}Z[J&?ﬁ?&ﬂ[ﬂ & [=FI(DW (3.5)

3.3.2 Kinetics

3.3.2.1 Rigid Body Equations of Motion

Let us define the following vectors:

fop =[X Y Z]T: force decomposed in the body-fixed frame.

[ ]

e Moy =[K M N]T: moment decomposed in the body-fixed frame.

e Vop = [u v w]T: linear velocity decomposed in the body-fixed frame.

o 1! 5 »=1Paq r]T: angular velocity of the body-fixed frame relative to the earth-
fixed frame.

® Iop=|[xg Ve zg]T: vector from Oy to CG (center of gravity of the vessel) de-
composed in the body-fixed frame.

By the Newton—Euler formulation for a rigid body with a mass of m, we have the
following balancing forces and moments:

; E E E E
mVop + YouXTop+ Yo XVop + !Obx(!oberb)] = Fop,

E E E . E
L ¥'op+ Yoy xloYop+mropx(Vop+ 15, XVop) = Moy, (3.6)

where 1, is the inertia matrix about Oj defined by

Ix _Ixy _Ixz
lo=|-Lx I, —Iy.|. (3.7)
_sz _Izy Iz

Here I, I,, and I, are the moments of inertia about the Op Xy, OpYj, and OpZy
axes, and Iy = Iyx, Ix; = Ix, and I,; = I, are the products of inertia. These
quantities are defined as
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Iy = / (yZ +22),0de7 Ixy =/ xXypmdV,
14 v
Iy =/(X2+22)pde, Ixz =/ xzpmdV, (3.8)
4 v
I, = / (2 4+ pmdV, I :/ zypmdV,
4 v

where p,, and V are, respectively, the mass density and the volume of the rigid body.
Substituting the definitions of ¥op, Moy, Voo, !gb, and rgp into (3.6) results in
the following equations of motion of a rigid body:

MgV +Crp(V)v = [gb, (3.9

where Vv = [uvw p g r]T is the generalized velocity vector decomposed in the
body-fixed frame, [gh = [X Y Z K M N]T is the generalized vector of external
forces and moments, the rigid body system inertia matrix M gp is given by

m 0 0 0 mzg —myg
0 m 0 -mzg O Mmxg
. 0 0 m myg —mxg 0
Mz = 0 —mzg myg Iy —Iyy —Iy; |’ (3.10)
mzg 0 -—mxg —Iyxy I, —I;
—myg MXg 0 I =1 I
and the rigid body Coriolis and centripetal matrix Cgpg (V) is given by
0 0 0
0 0 0
0 0 0
Crs(¥) = —m(ygq+zgr) m(ygp+w)  m(zgp—v)
m(xgq—w) —m(zgr+xgp) m(zgq+u)
m(xgr+v)  m(ygr—u) —m(xgp+ygq)

3.11)
m(ygq +zgr) —m(xgq —w) —m(xgr + )
—m(ygp+w) m(zgr +Xxgp) —m(ygr —u)
—m(zgp—v) —m(zgq +u) m(xgp+ygq)

0 —ly,q—Iy,p+1;r Lyr+1,p—1q
Ly,q+Ixp—1;r 0 —Ixzr —Ixyg+1Ixp
—Lyr—Inyp+1yq Inzr +1xyg—1Ixp 0

The generalized external force and moment vector, Lgk, is a sum of hydrody-
namic force and moment vector [gl external disturbance force and moment vector
[£1 and propulsion force and moment vector [_TEach of these vectors is detailed in
the following sections.
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3.3.2.2 Hydrodynamic Forces and Moments

In hydrodynamics, it is usually assumed that the hydrodynamic forces and moments
on a rigid body can be linearly superimposed, see [27]. The hydrodynamic forces
and moments are forces and moments on the body when the body is forced to os-
cillate with the wave excitation frequency and there are no incident waves. These
forces and moments can be identified as the sum of three components: (1) added
mass due to the inertia of the surrounding fluid, (2) radiation-induced potential
damping due to the energy carried away by generated surface waves, and (3) restor-
ing forces due to Archimedian forces (weight and buoyancy). The hydrodynamic
force and moment vector [glis given by

Lal=-MyV—Cy(V)v-D(v)v—g(D.] (3.12)

where My is the added mass matrix, C4 (V) is the hydrodynamic Coriolis and cen-
tripetal matrix, D (V) is the damping matrix, and g ( D s the position and orientation
depending vector of restoring forces and moments.

The added mass matrix My is given by

Xo Xo Xo X5 X5 Xi )
Yo Yo Yy Y5 Y, Y:
| zu Zy 2y 2 24 Z;
Ma = Ki Ky Ky Ky K Ki | @3.13)
M;, My My, My My M;
Ni Ny Ny Nj Nj Ny |

where the SNAME notation has been used. For example, the hydrodynamic added
mass force Y along the y-axis due to an acceleration u in the x-direction is written

as
. oY

Y = —Yu, Yy = —. (3.14)
ou

The hydrodynamic Coriolis and centripetal matrix is given by

0O 0 0O 0 —asz ap

0 0 0 as 0 —da1

0 0 0 —dz di 0

0 —ds3 djp 0 —b3 bz ’

as 0 —dq b3 0 —bl
—dy dai 0 —b2 bl 0

Ca(v) = (3.15)

where

a; = Xpu+Xpv+Xyw+ Xpp+ Xqg + Xir,
a=Yyu+Yov+Yyw+Ysp+Ysq+Yir,

a3 =Zju+2Zyv+Zyw+Zyp+2Ziq+Zir,
by =Kyu+Kyv+ Kyw+Kyp+ Kgq+ K;r,
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by = Muu+Myv+Myw+Mpp+ Mg+ M;r,
by = Nyu+ Nyv+ Nyw+ Npyp+ Nyq + Nir. (3.16)
In general, hydrodynamic damping for ocean vessels is mainly caused by po-
tential damping, skin friction, wave drift damping, and damping due to vortex shed-

ding. It is difficult to give a general expression of the hydrodynamic damping matrix
D (v). However, it is common to write the hydrodynamic damping matrix D (V) as

D(v) = D + Dp(v). (3.17)

Here the linear damping matrix D is given by

Xy Xo Xuw X, X; X,

Yo Yo Yoo ¥, Y, Y,

B Zy Zy Zyw Zp Z4 Z,
D=- Ky, K, Ky K, K; K, (.13)

M, M, M, M, M, M,

Ny Ny Ny N, N; N,

The nonlinear damping matrix D, (V) is usually modeled by using a third-order Tay-
lor series expansion or modulus functions (quadratic drag). If the xz-plane is a plane
of symmetry (starboard/port symmetry) an odd Taylor series expansion containing
first-order and third-order terms in velocity can be sufficient to describe most ma-
noeuvres. An approximate expression of each of this matrices will be given in the
next section when specific vessels are considered.

3.3.2.3 Restoring Forces and Moments

In this section, a model for g ( O described. Let V be the volume of fluid displaced
by the vessel, g the acceleration of gravity (positive downwards), and p the water
density. The submerged weight of the body and buoyancy force are defined as

W =mg,
B =pgV. (3.19)

With the above definition, the restoring force and moment vector g (s due to
gravity and buoyancy forces, and is given by

(W — B)sin(0)
—(W — B)cos(0)sin(¢)
—(W — B)cos(0) cos(¢)
9(D+ —(ygW —ypB)cos(0)cos(¢) + (zg W — z, B) cos(8) sin(¢)
(zgW —zpB)sin(8) + (xg W — xp B) cos(0) cos(¢)
—(xgW —xpB)cos(0)sin(¢p) — (yg W — yp B) sin(0)

. (3.20)
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where (xp, ¥, zp) denote coordinates of the center of buoyancy.

3.3.2.4 Environmental Disturbances

In this section, we detail the vector, [gl of forces and moments induced by envi-
ronmental disturbances including ocean currents, waves (wind generated) and wind,

i.e., we can write ]
Cgl= A+ gt + CF1, (3.21)

where I:g‘ﬂ Eg]’, and I:g] are vectors of forces and moments induced by ocean
currents, waves and wind, respectively.

Current-induced Forces and Moments
The vector [EA of the current-induced forces and moments is given by

[ = (Mg + MgV +C (v, )V, —C(V)V+D(V,)v, —D(V)v,  (3.22)
where V, =V —V, and Ve = [u¢, Ve, we,0,0,0]7 is a vector of irrotational body-

fixed current velocities. Let the earth-fixed current velocity vector be denoted by
wE vE wE]T . Then, the body-fixed components [u.,v., w.]7 can be computed as

Uc uk
ve | =3 (| vE (3.23)
We wk
Wave-induced Forces and Moments
The vector [g¥ of the wave-induced forces and moments is given by
ZA;,V:I pgBLT cos()s; (1)
S —pgBLT sin(B)si (1)
A = 8 , (3.24)
0

YN L pgBL(L?— B?)sin(2B)s2(1)

where B is the vessel’s heading (encounter) angle, see Figure 3.3, p is the water
density, L is the length of the vessel, B is the breadth of the vessel, and 7 is the
draft of the vessel. Ignoring the higher-order terms of the wave amplitude, the wave
slope s; (¢) for the wave component i is defined as:



50 3 Modeling of Ocean Vessels

21

si(t) = A; »

sin(weit + ¢;), (3.25)
where A; is the wave amplitude, A; is the wave length, w,; is the encounter fre-
quency, and ¢; is a random phase uniformly distributed and constant with time in
[0 277) corresponding to the wave component i.

Beam sea

=120

Quartering sea
p=30° Bow sea
L =150°

Following sea

p=0 |

Head sea

Figure 3.3 Definition of a vessel’s heading (encounter) angle

Wind-induced Forces and Moments

For the case where the vessel is at rest (zero speed), the vector I:g] of the wind-
induced forces and moments is given by

CX(Vw)AFw
Cy (Yw)ALw
;1 Cz(yw)AF
=—paVp wIerw 3.26
=20V | () AL Hi (3.26)
CM(Vw)AFwHFw
Cn (Vw)ALw Loa

where Vy, is the wind speed, p, is the air density, A r,, is the frontal projected area,
AL is the lateral projected area, HF, is the centroid of A, above the water line,
Hp .y is the centroid of Az, above the water line, L,, is the over all length of the
vessel, Yy, is the angle of relative wind of the vessel bow, see Figure 3.4, and is given
by

Yw =V —Bu—, (3.27)
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with B, being the wind direction. All the wind coefficients (look-up tables) Cx (yy,),
Cy (Yw), Cz(yw), Ck (Yw), Cpm (yw), and Cn (y) are computed numerically or by
experiments in a wind tunnel, see [28].

Z, ¥

Figure 3.4 Definition of wind speed and direction

For the case where the vessel is moving, the vector Eg] is given by

4

where

with

CX(er)AFw
CY(er)ALw
1 2 Cz(Yrw)AFw
— 3.28
2Pa " Cxk(Vrw)ALwHLw ( )
Cu (Yrw)AFwHFw
Cn ()’rw)ALw Loa
er = V u%w +v3w’
Vrw = —arctan2 (Vyy, Ury ), (3.29)
Urw = U — Vi cos(Buw — V),
Vrw = U — Vi sin(By — ). (3.30)
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3.3.2.5 Propulsion Forces and Moments

The vector, [, df propulsion forces and moments depends on a specific configuration
of actuators such as propellers, rudders, and water jets on a particular vessel. In the
next section where [1d specified, we consider some classes of the ocean vessels that
are common in practice. In this book, we neglect the dynamics of the actuators that
provide the propulsion forces and moments since the response of the actuators such
as hydraulic systems and electrical motors is much faster than the response of the
vessel.

3.3.2.6 Model Summary and its Properties
Body-fixed Representation

Now substituting [ph = [gl+ [gl+ [ito (3.9) and combining it with (3.5) results
in the equations of motion of an ocean vessel in six degrees of freedom as follows:

[=J(0Ov,
MV = —C (v)v—D(v)v—g(03F [ [z (3.31)

where

M = Mgp + My,
C (V) = Cra (V) +Ca (V). (3.32)

Under the assumption that the body is at rest (or at most is moving at low speed) in
ideal fluid, the matrix M is always symmetric positive definite, i.e.,

M=MT=>o. (3.33)

For a rigid body moving in fluid, the Coriolis and centripetal matrix C (V) can al-
ways be parameterized such that it is skew-symmetric, i.e.,

C(v)=-CT(v), VveRS. (3.34)

For a rigid body moving in an ideal fluid, the hydrodynamic damping matrix D (v)
is real, non-symmetric and strictly positive, i.e.,

D(v) >0, Vv e RS. (3.35)

Earth-fixed Representation

The mathematical model (3.31) can also be written using a representation of the
earth-fixed coordinates by applying the following kinematic transformations (with
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the assumption that J -1 (Dgxists, i.e., 0 # :I:%):

v=J"YDm3
V= J_I(IIPIZIJ(ED_l([ﬂJ’:ZI (3.36)

Now substituting (3.36) into the second equation of (3.31) results in

M * (D= —C * (v, DI=D* (v, DI=g* (03 I T (D= )., (3.37)

where

M* (D3 37T (OMI (O]

C*(v. 0% J37"(DfX (v)-MI~H (DI (DJp (O

D*(v, 0331 (DDW)JI (D]

g*(D3J3-"(Dg(D (3.38)

Under the same assumptions used in the body-fixed representation, the model (3.37)
using the earth-fixed representation has the following properties:

M*(D3= M*(OF, v Car®,
sT[M*(D=#2C*(v, OJb =0, V [aR® v e RS, s e RS,

D*(v,03%0, V [dR® veRS. (3.39)
Y, (Sway)
yE A
X, (Surge)
0 v (Yaw)

y b
0, >

E X X

Figure 3.5 Motion variables for an ocean vessel moving in a horizontal plane
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3.4 Standard Models for Ocean Vessels

In this section, the main results of the previous section are simplified to give a set of
standard models for surface ships and underwater vehicles. These standard models
will be extensively used for the control design in the coming chapters.

3.4.1 Three Degrees of Freedom Horizontal Model

3.4.1.1 Standard Three Degrees of Freedom Horizontal Model

The horizontal motion of a surface ship or an underwater vehicle moving in a hor-
izontal plane is often described by the motion components in surge, sway, and
yaw. Figure 3.5 illustrates the motion variables in this case. Therefore, we choose
2 [xyy¥]T and v = [u v r]”. This model is obtained from the general model
(3.31) under the following assumption.

Assumption 3.1.

1. The motion in roll, pitch, and heave is ignored. This means that we ignore the
dynamics associated with the motion in heave, roll, and pitch, i.e., z =0, w =0,
¢=0,p=0,6=0,andg =0.

2. The vessel has homogeneous mass distribution and xz-plane of symmetry so that

Iy =1, =0. (3.40)

3. The center of gravity C G and the center of buoyancy, C B, are located vertically
on the z-axis.

With Assumption 3.1, the dynamics of a surface ship or an underwater vehicle
moving in a horizontal plane is simplified from the general model (3.31) as follows:

(=2 J(DM,
MV = —C (V)V— (D + D, (V))v + [ [z (3.41)

where the matrices J (,IM, C (v), D, and D, (v) are given by

cos(y) —sin(y) O m— Xy 0 0
J(DFE | sin(y) cos(y) 0|, M = 0 m—=Y; mxg—Y; |,
0 0 1 0 mxg—=Y: I,—N;
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0 0

C(v)= 0 0

m(xgr +v)—Yyv—Y;r —mu+ X,u

—m(xgr +v)+ Ypv+Yir
mu— Xyu ,
0

X, 0 0
D=-|0VY,7Y|,

0 Ny N,

X|u|u|u| 0 0

D,(v) =— 0 Ylv\vlv| + Y\r\v|r| Y|v|r|v| . (3.42)

0 N|v|v|v|+N|r\v|r| N\v|r|v|+N\r\r|r|
The propulsion force and moment vector [id given by

Tu
2] 0 |. (3.43)

Tr

The above propulsion force and moment vector [iinplies that we are considering
a surface vessel, which does not have an independent actuator in the sway, i.e., an
underactuated vessel is under consideration. Such a vessel can be one equipped with
a pair of water jets or a pair of propellers.

The environmental disturbance vector [glis given by

Lel=| wE |, (3.44)

where 7,r and 1, are disturbance forces acting in surge and sway respectively,
and 7, is the disturbance moment acting in yaw.

3.4.1.2 Simplified Three Degrees of Freedom Horizontal Model

In some cases, in addition to Assumption 3.1 we ignore the off-diagonal terms of
the matrices M and D, all elements of the nonlinear damping matrix D, (V). These
assumptions hold when the vessel has three planes of symmetry, for which the axes
of the body-fixed reference frame are chosen to be parallel to the principal axis of the
displaced fluid, which are equal to the principal axis of the vessel. Most ships have
port/starboard symmetry, and moreover, bottom/top symmetry is not required for
horizontal motion. Ship fore/aft nonsymmetry implies that the off-diagonal terms
of the inertia and damping matrices are nonzero. However, these terms are small
compared to the main diagonal terms. Furthermore, disturbances induced by waves,
wind, and ocean currents are ignored. Under the just-mentioned assumptions, the
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dynamics of a surface ship or an underwater vehicle moving in a horizontal plane is
simplified from the three degrees of freedom model (3.41) as follows:

(=2 J (DM
MV = —C (v)v— Dv + [ (3.45)

where the matrices J (0, JM, C (V) and D are given by

[ cos(y) —sin(y) 0 my; 0 0
J(D3F | sin(y¥) cos(y) O |, M=| 0 may O |,
| 0 0 1 0 0 mas3
(3.46)
i 0 0 —HMniV d11 0 0
C(V)I 0 0 miiu N D = 0 d22 0 N
_m22v —miu 0 0 0 d33
with
myy =m—Xy, map=m—Yy, my3=1,—Nj;
diy = —Xy, das = =Yy, d3z = —N;. (3.47)

The propulsion force and moment vector [k still given by (3.43), ie., [
[t 07,]7.

3.4.1.3 Spherical Three Degrees of Freedom Horizontal Model

In addition to the assumptions made in Subsection 3.4.1.2, we assume that the vessel
has bottom/top symmetry. An example of this type of vessels is an ODIN moving
in a horizontal plane, see Figure 3.6. In this case, the model is further simplified to

= J (D,
MV = —C (V)v—Dv + [ (3.48)

where the matrices J ([,IM, C (v) and D are given by

cos(y) —sin(y) O myy 0 O
J(D3F= | sin(y) cos(¢) O [,M=| 0 my, O [,
0 0 1 0 0 mss
0 0 —myxyv dyy 0 0
Cv) = 0 0 myyu |, D=| 0 dyy 0 [, (3.49)
MyxyV —Mxytt 0 0 0 dsz

with
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Mxy =m—X,=m-Y;, mzz=1,—N;
dxy =Xy =-Y,, d33 =—N;. (3.50)

The propulsion force and moment vector [k still given by (3.43), i.e. [
[tu O Tr]T'

Figure 3.6 An omnidirectional intelligent navigator (ODIN).
Courtesy http://www.math.hawaii.edu/~ryan/STOMP/Photos 200DIN.html

3.4.2 Six Degrees of Freedom Model

3.4.2.1 Standard Model

In addition to the assumptions made in Section 3.3, we assume that the center of
gravity and the center of buoyancy are located vertically on the Oy Zp-axis, and that
there are no couplings (off-diagonal terms) in the matrices M, D, and D, (V). In
this case, the model presented in Section 3.3 is simplified to

G Ji (L2,

M1vy = —C1(V1)V2 —D1V1 —Dp1(vi)va + L G,
L J2 (22,

M2Vz = —Cy(V1)V1 — C2(V2)V2 — D2V2 — D2 (V2)Vv2 —

O2(R)+ ¥ L, (3.51)
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where Jq () and J (L) are given in (3.2) and (3.4). The matrices M and M

are

My

where

_mll 0 0 T
0 Moo 0 ,
L 0 0 I7133_
_m44 0 0 7
0 Mss 0 s
L 0 0 m66_

myy =m—Xy, myp =m—Y;,

maz=m—ZLy, mys = I, — K,

mss = Iy—Mq', Mee = Iz—Nr'.

The matrices Cj (V1) and C3(Vv2) are

Ci(v1) =

Ca(v2) =

0 mssw —mppv
—ms33w 0 miuu
mp2V —mi1U 0

0  meer —mssq
—mesr 0 maap
| mssq —magp 0

The linear damping matrices Dy and D, are

D1

where

_dll 0 0]
= 0 dy, O
00 dss |
_d44 0 0]
= 0 dss O
| 0 0 des
din =—Xu,
drp =Yy,
d3z =—Zy,
das = —K,,
dss = —M,,

des = —N;.

(3.52)

(3.53)

(3.54)
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The nonlinear damping matrices Dy1 (V1) and D,z (V2) are

(3 dyi |~ 0 0
Dn1(v1) = 0 S, dyilv] ! 0 ,
L 0 0 Yr s duilw|!
_Z?=2 dpi|P|i_1 0 0
Dn2(v2) = 0 Si_s dgilgl ™! 0 . (3.55)
L 0 0 Z?zzdrivli_l

where dy;, dy;, dwi, dpi, dgi, and d; with i =2, 3 are the nonlinear hydrodynamic
damping coefficients.
The restoring force and moment vector gz ( [2)lis given by

gV GMr sin(¢) cos(6)
g2(L)I= 0gVGM{ sin(0) , (3.56)
0

where p, g, V, G_MT and G_ML are the water density, gravity acceleration, displaced
volume of water, transverse metacentric height and longitudinal metacentric height,
respectively.

The propulsion force and moment vectors [y hnd [3 hre

Ty 7
GE|O0 |,.LE| |, (3.57)
0 T

which imply that the vessel under consideration does not have independent actuators
in the sway and heave.
The environmental disturbance vectors [4 g and [o# are given by

TEu TEp
L =| tev |, & =| tEq |, (3.58)
TEw TEr

where tgy, TEv, TEw, TEp, TEq, and Tg, are the environmental disturbance forces
or moments acting on the surge, sway, heave, roll, pitch, and yaw axes, respectively.

3.4.2.2 Ignoring Nonlinear Damping Terms and Roll Model
In addition to the assumptions made in Section 3.4.2.1, it is sometimes reasonable

to ignore nonlinear hydrodynamic damping terms and roll, and environmental dis-
turbances. This holds when the vessel is operating at low speed and is equipped with
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independent internal/external roll actuators. As such, the model (3.51) is simplified
to:
1. Kinematics

X = cos(y¥) cos(0)u —sin(y)v + sin(6) cos(¥)w,
¥y = sin(y¥) cos(0)u + cos(¥)v + sin(6) sin(y)w,
z = —sin(f)u 4 cos(f)w,

0=q,
J=— (3.59)
~ cos(f)’ '
2. Kinetics
m m d 1
— 22 38 g2y, +—1,
mii mii mia mi
mii da
= —— —v,
maa maa
mii d33
= — —_ —u)’
ms33 ms3
. m3z—mi dss pgVGMy sin(6) 1
g=———uUuw——¢—————+—T14,
Mmss Mmss mss mss
mi—m d 1
F= T2 22uv——66r+—rr. (3.60)
Mee6 Mee6 Mee6

3.5 Conclusions

This chapter sets out material about the basic motion tasks and mathematical mod-
els of the ocean vessels that will be used in the subsequent chapters. More details
on deriving the mathematical models of the ocean vessels are given in [11, 12,25].
It has also been pointed out that regulation/stabilization is much more difficult than
trajectory-tracking, path-tracking, and path-following for underactuated ocean ves-
sels.



Chapter 4

Control Properties and Previous Work on
Control of Ocean Vessels

In this chapter, first control properties of ocean vessels are presented. Then, the ex-
isting literature on the control of underactuated ocean vessels is reviewed. Through
the review of the previous work in the areas of stabilization, trajectory-tracking,
path-following, and output feedback control of underactuated ocean vessels, chal-
lenging questions are raised. Illustration of the background and process of solutions
of those questions, as well as an explanation of the solutions in terms of their phys-
ical insights and practical applications are then presented in subsequent chapters.

4.1 Controllability Properties

4.1.1 Acceleration Constraints

The number (m.) of independent control inputs (the number of nonzero elements
of the propulsion force and moment vector 7) is smaller than the number () of
degrees of freedom to be controlled for a standard model of the ocean vessels. As
such, we remove all zero elements of T and denote the resulting vector by z,. Thus,
if 7, € R™c and 5 € R"¢, then m. < n.. For example, for the case of the vessels
with six degrees of freedom to be controlled we have m. < 6, for the case of the
vessels with five degrees of freedom to be controlled m. < 5, and m. < 3 for the
case of the vessels with three degrees of freedom to be controlled. For clarity, we
ignore the environmental disturbance forces and moments to investigate acceleration
constraints on the aforementioned ocean vessels. Let My, Cy(v), Dy (v), and g, (3)
denote the rows of M, C (v), D (v), and g () that correspond to those rows without
propulsion forces or moments, i.e.,

Myv + Cy(v)v + Dy (v)v + gu(n) = 0. (4.1)

61
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The above equation describes the acceleration constraints, i.e., second-order con-
straints. The following results give the conditions whether the constraints given in
(4.1) are partially integrable or totally integrable.

Lemma 4.1. The constraints (4.1) are partially integrable if and only if the follow-
ing conditions hold:

1. g4 () is a constant vector.

2. (Cy(v) + Dy (v)) is a constant matrix.

3. The distribution 227 (y) = ker (Cy(v) + D, (v))J y)) is completely inte-
grable.

Proof. See [29]. O

Lemma 4.2. The constraints (4.1) are totally integrable if and only if the following
conditions hold:

1. The constraints are partially integrable.
2. (Cu(v) + Dy (v))=0.
3. The distribution A(y) = ker (M, J ™ y)) is completely integrable.

Proof. See [29]. O

The following lemma gives a result on the stabilizability of an underactuated
ocean vessel.

Lemma 4.3. Consider the system (3.31) withtg = 0"*¢ A ssume that the elements
of the restoring force and moment vector g(n) corresponding to the unactuated
dynamics are zero, i.e., the vector g () can be written in the form of

g(n) = [O(f‘f%)) Dj], (4.2)

where gq(n) € R™¢ is the restoring force and moment vector corresponding to
the actuated dynamics. Let (y,v) = (°,0"¢ Lmd) be an equilibrium. There is no
C! state feedback law a(y,v) : R" x R" — R™c that makes the equilibrium
(n¢,0" "2 asymprotically stable.

Proof. See [29]. O

4.1.2 Kinematic Constraints

In this section, we address controllability properties of ocean vessels. Since the ves-
sel under consideration has a number of degrees of freedom to be controlled greater
than control inputs (e.g., underwater vehicles do not have independent actuators in
the heave and sway axes, see Section 3.4.2 and surface ships do not have an indepen-
dent actuator in the sway axis, see Section 3.4.1), we can address the controllability
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issue of the vessel kinematic by considering the kinematics with the linear velocity

vector
u
vi=10]. (4.3)
0

We analyze controllability properties of six degrees of freedom vessels. The case of
three degrees of freedom vessels can be obtained directly from the results for the six
degrees of freedom vessels. With (4.3), we now write the kinematics of the vessel
as follows:

0 =yi(mu+y20)p+y3(mqg+rya(pr

¢ (4.4)
=" u,
where
cos(0)cos(yr) 0
cos(@) sin(yr) 0
y1(n) = _5'3(9) . v2() = (1)
0 0
0 0
0 0
0 0
_ 0 _ 0 45
y3(m) = sin(g)tan(d) |° ya(n) = cos(¢)tan(6) (4.5)
cos(¢) —sin(¢)
sin(¢) sec(0) cos(¢)sec(0)
and

Y () =[yi(m) y2(n) ys(n) va(n) ],
u=[upqr]". (4.6)

From (4.4) and (4.5), a calculation shows that the following nonhonolomic (non-
integrable) constraints are satisfied:

(cos(y)sin(8) sin(¢) —sin(yr) cos(¢))x +
(sin(y)sin(8)sin(¢) + cos(y) cos(¢) )y + cos(8) sin(¢)z = 0,
(sin(xﬁ)sin(@)cos(d;) —sin(Vx)sin(qb))fc + 4.7
(sin(1//)sin(9) cos(¢) — cos(W)sin(qb))y' + cos(6)cos(¢)z = 0.
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Based on (4.4), we will address the following controllability issues: Controlla-
bility about a point (i.e., stabilization) and controllability about a trajectory (i.e.,
trajectory-tracking).

4.1.3 Controllability at a Point

We will first consider a linear approximation of the system (4.4) at an equilibrium
point 5. . Let the error associated with the equilibrium point 5, be as follows:

n=n—1e. (4.8)

With (4.8), we can write the tangent linearization of (4.4) at the equilibrium point
Ne aS .
=7 (ne)u, (4.9)

which is not controllable because the rank of the matrix 7 (. ) is 4. This implies
that a linear controller will never achieve posture stabilization, not even in a local
sense. In order to study the controllability of the vessel in question, we need to use
some tools (the Lie algebra rank condition and nilpotent concepts) from nonlinear
control theory [4].

Given a set of generators or basis vector fields yy, y2,..., ¥m,., the length of a
Lie product recursively defined as

Hyiy=1, i=1,2,...m,
L([A, B]) = £[A] +{[B]. (4.10)

where A and B are themselves Lie products. Alternatively, £[A] is the number of
generators in the expansion for A. A Lie algebra or basis is nilpotent if there exists
an integer k such that all Lie products of length greater than k are zero. The integer
k is called the order of nilpotency. The use of the nilpotent basis eliminates the need
for cumbersome computations as we see that all higher order Lie brackets above
some particular order are zero.

The above concepts and conditions imply that Lie algebra L{y1, y2, ¥3,p4} is
nilpotent algebra of order k = 2, i.e., the vector fields yy, y2, y3, and y4 are the
nilpotent basis. Thus all Lie brackets of order greater than two are zero. The only
independent Lie brackets computed from the four basis vector fields are [y1, y3] and
[¥1,y4]. Therefore, for our system the Lie algebra rank condition becomes

rank[C¢] = 6 < rank[y1, y2,¥3.v4.[y1.v3].[y1. 74]] = 6, (4.11)

where [y1,y3] and [y2, y4] are the two independent Lie brackets computed from
the four vector fields (y1, y2,¥3,v4) and C. is called the controllability matrix. For
two vector fields g(x) and h(x), a Lie bracket is computed based on the following
formula:
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oh g
[g.h](x) = =g ——=h. (412)
ax ox
Using the definition (4.12), Lie brackets [y1, 3] and [y1, y4] are given by

cos(y)sin(0) cos(¢) + sin(y) sin(¢)
sin(y) sin(6) cos(¢) — cos(y) sin(¢)

dy3 1 cos(6) cos
1.v3l=—rvi———v3= (9)cos(9)
n oy 0
0
0

—cos(y)sin(8)sin(¢) + sin(y) cos(¢)
—sin(y)sin(@)sin(¢) —cos(y) cos(¢)
[y1.v4] = aaﬁyl - aﬂn = Cos(eo)sm(d’)
]
0
0

(4.13)
Therefore, the controllability matrix C, is given by

cos(y)cos() 0 0 0
sin(y)cos(6) 0 0 0
—sin(@) 0 0 0
0 1 sin(¢)tan(d) cos(¢)tan(0)
0 0 cos(¢) —sin(¢)
0 0 sin(¢)sec(6) cos(¢)sec(d)
cos(y)sin(8) cos(¢) + sin(y) sin(¢)
sin(yr) sin(6) cos(¢p) — cos(y) sin(¢)
cos(6) cos(¢) (4.14)
0 .

C, =

0
0
—cos(y)sin(8)sin(¢) + sin(y) cos(¢)
—sin(y)sin(@)sin(¢) —cos(y) cos(¢)
—cos(6)sin(¢)
0

0
0

It can be seen that the above matrix C, has one nonzero minor of order 6. Therefore,
this matrix is full rank provided that 6 # 7. This implies that the vessel is locally
controllable and also globally controllable as long as the singular condition 6 # %
is avoided. As for the stabilizability of system (4.4) to a point, the failure of the
previous linear analysis indicates that exponential stability cannot be achieved by
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smooth feedback [21]. Things turn out to be even worse: If smooth (in fact, even
continuous) time-invariant feedback laws are used, Lyapunov stability cannot be
used directly. This negative result is established on the basis of a necessary con-
dition due to Brockett [21], see Section 2.7.4: Smooth stabilizability of a driftless
regular system (i.e., such that the input vector fields are well defined and linearly
independent at », ) requires that the number of inputs be equal to the number of
states. The above difficulty has a deep impact on the control design. In fact, to ob-
tain a posture stabilizing controller it is either necessary to give up the continuity
requirement and/or to resort to time-varying control laws.

4.1.4 Controllability About a Trajectory

For the system (4.4), let the reference trajectory ng and the reference trajectory
input ug be

xq(t)
ya(t) ug(t)
| za(®) _ | pa(®)
1= gy || qat) | (4.19)
Ba (1) ra(t)
Ya(t)

Indeed, the reference trajectory 4 and the reference trajectory input ugz should
satisfy the nonhonolomic constraints (4.7), i.e.,

(cos(¥a)sin(Bq)sin(pa) —sin(¥a) cos(¢a))xa +
(sin(¥q)sin(04)sin(¢a) +cos(¥q) cos(¢a)) ya +€0s(0) sin(¢pg)za =0,
(sin(¥q)sin(8q) cos(¢q) —sin(Va) sin(¢a))xq +
(sin(4)sin(04) cos(¢pa) —cos(¥a)sin(¢a)) ya + €os(0q) cos(¢q)zq = 0.
(4.16)

Let the errors associated with the reference trajectory and the reference input trajec-
tory be

”e = ” - ﬂd )
Ue =U—1Ug. (4.17)
Using (4.17), we can write (4.4) as
1 =7 (a+ne)(ua +ue). (4.18)

The Taylor series expansion of ¥ (n4 + 5. ) about the nominal solution 4 is given
by
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= (r (na.t) + @ Mo () + HOT) (ud(t) tu, (x)). (4.19)
N |yDug

Since the reference trajectory 5 and the reference input trajectory ug satisfy the
nonholonomic constraints (4.16), we have

Ha =Y (ma.t)ua(t). (4.20)
Subtracting (4.19) by (4.20) and ignoring the high-order terms (HOT) gives
oY
e = (TP] e Jua )+ (a0 )
nDng
= A)ne (1) + B(t)ue (1), (4.21)
where
_ | 03341 (2) _ | Jar@) O
A1) = |:0§|3:|A2(1):|’ Boy= [ 03 Jdazt(Blj)] (4.22)

with A; and A, given by

0 —cos(Y¥g)sin(B)ug —sin(yg)cos(by)uy
A1(2) = | 0 —sin(yg)sin(0q)ug cos(yq)cos(0q)uq
0 —c0s(07)uy 0

—Sin(¢q)ga —Cos(pa)ra

cos(¢q) tan(pa)qa —sin(pa) tan(eq )ra
A2(t) =
CoS(¢pa) sec(8q)qq —sin(¢a) sec(8q)rq

(4.23)
sin(¢a)sec?(6,)qa + cos(¢q) sec?(Ba)ry 0
0 0
sin(¢g)sec(6z)tan(0,;)qq + cos(¢yg) sec(6y)tan(6y)rg O
and Jg1(¢) and J42(¢) given by
[ cos(6,4) cos(¥a)
Ja1(t) = | cos(bz)sin(yq) |,
| —sin(6q)
1 sin(¢g)tan(8;)  cos(¢g)tan(6,)
Jaz2(1)=| 0 cos(¢q) —sin(¢q) (4.24)
| 0 sin(¢g)sec(8y)  cos(pq)sec(ty)

In (4.23) and (4.24), the argument ¢ of ¢4, 64, V4, ug, pa, and rg is omitted for
simplicity.
The system (4.21) is linear time-varying. The controllability condition becomes
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rank{B,AB,A’B,A3B,A*B A°B} =6. (4.25)

A calculation shows that the above matrix has a nonzero minor of order 6 provided
that (ug # 0, pa # 0, ga # 0, rqa # 0) and (65 # 3). Therefore, we conclude
that the kinematic system (4.21) can be locally stabilized by linear feedback about
trajectories consisting of linear or circular or helix paths, which do not collapse to a
point.

4.2 Previous Work on Control of Underactuated Ocean Vessels

This section starts with a brief review on the control of nonholonomic systems, due
to their relevance to the control of underactuated ocean vessels. Next, the existing
methods on control of underactuated ocean vessels are reviewed. Limitations of the
existing methods are then pointed out and hence motivate the contributions of the
book.

4.2.1 Control of Nonholonomic Systems

The term “nonholonomic system” originates from classical mechanics and has its
widely accepted meaning as a “Lagrange system with linear constraints being nonin-
tegrable”. A mechanical system is said to be nonholonomic if its generalized veloc-
ity satisfies an equality condition that cannot be written as an equivalent condition
on the generalized position, see [30]. Control of nonholonomic dynamic systems
has formed an active area in the control community — see surveys by Kolmanovsky
and McClamroch in [31], Canudas de Wit et al. in [15], Murray and Sastry in [32],
and references therein for an overview and interesting introductory examples in this
expanding area.

Nonholonomic systems have inherent difficulties in feedback stabilization at the
origin or at a given equilibrium point since the tangent linearization of these systems
is uncontrollable. In fact, a direct application of Brockett’s necessary condition, see
Section 2.7.4 for more details, for feedback stabilization implies that nonholonomic
systems cannot be stabilized by any stationary continuous state feedback although
they are open loop controllable. As a consequence, the classical smooth control the-
ory cannot be applied. This motivates researchers to seek novel approaches. These
approaches can be roughly classified into discontinuous feedback, see for exam-
ple [33-45] and time-varying feedback, see for example, [15, 32, 46-48]. The dis-
continuous feedback approach often uses the state scaling originated from the o-
process [49] and a switching control strategy to overcome the difficulty due to the
loss of controllability. This approach results in a fast transient response and usu-
ally an exponential convergence can be achieved. The drawback is discontinuity in
the control input. On the other hand, the time-varying feedback approach provides
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a smooth/continuous controller, i.e., no switching is required, however the price is
slow convergence. The stability analysis is often based on linear time-varying sys-
tem theory and Barbalat’s lemma. The backstepping technique [3] is usually used
for high-order chained form systems in both discontinuous and time-varying ap-
proaches. Those aforementioned systems are either driftless or have weak nonlinear
drifts. When nonholonomic systems are perturbed by drifts with uncertainties, ro-
bust and adaptive control approaches are often applied. The robust control design
schemes are based on the size domination concept [50]. The control is conservative
when a priori knowledge of uncertainties is poor. A class of nonholonomic systems
with strong nonlinear uncertainties was recently considered in [51]. Discontinuous
state feedback and output feedback controllers were designed to achieve global ex-
ponential stability. However the xo-subsystem is required to be Lipschitz since a
constant control input u¢ is used to get around the difficulty due to the loss of con-
trollability. The adaptive approach [38, 40, 46] provides less conservative control
input but increases the dynamics of the closed loop system. The systems studied
in these papers do not allow drifts in the xo-subsystem. A difficulty in designing
adaptive stabilization controllers for chained systems with drifts is that the state
of the xo-subsystem can have several zero crossings due to transient behavior of
the unknown parameter estimate. This phenomenon causes difficulties in applying
the state scaling. For a solution of the stabilization of nonholonomic systems in a
chained form with strong nonlinear drifts and unknown parameters, the reader is
referred to [52].

4.2.2 Control of Underactuated Ships and Underwater Vehicles

Control of underactuated ships and autonomous underwater vehicles (AUVS) is an
active field due to its important applications such as passenger and goods transporta-
tion, environmental surveying, undersea cable inspection, and offshore oil installa-
tions.

Based on its practical requirement, motion control of underactuated ocean ves-
sels has been divided into three areas: Stabilization, trajectory-tracking, and path-
following. These control problems are challenging due to the fact that the motion
of underactuated surface ships and AUVs possesses more degrees of freedom to
be controlled than the number of the independent controls under some noninte-
grable second-order nonholonomic constraints [29, 53, 54]. In particular, underac-
tuated ships do not usually have an actuator in the sway axis while in the case of
AUVs there are no actuators in the sway and heave directions. This configuration
is by far the most common among marine vessels. Therefore, Brockett’s condition
indicates that any continuous time-invariant feedback control law does not make a
null solution of the underactuated surface ship and AUV dynamics asymptotically
stable in the sense of Lyapunov. Furthermore as observed in [22, 54], the under-
actuated ship and AUV system is not transformable into a standard chain system.
Consequently, existing control schemes [15, 32-48] developed for chained systems
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cannot be applied directly. Nevertheless, in the past decade, stabilization, trajectory-
tracking control, and path-following of underactuated ocean vessels have been stud-
ied separately from different viewpoints.

4.2.2.1 Stabilization

An underactuated ocean vessel belongs to a class of underactuated mechanical sys-
tems subject to some nonintegrable second-order nonholonomic constraints, see
[29,53,54]. Therefore, design of a feedback stabilizer using linear and classical non-
linear control theories is not possible. There are two main approaches to deal with
stabilization of an underactuated ocean vessel. They are (time-invariant and time-
varying) discontinuous feedback and time-varying continuous/smooth feedback. We
here mention some typical results of both approaches.

Time-invariant and Time-varying Discontinuous Approach

A discontinuous state feedback control law was proposed in [55] using the o-process
to exponentially stabilize an underactuated ship at the origin where the ship model
is discontinuously transformed to an extended chained form system. The dynamics
of an underactuated ship is considered in [55], see also Section 3.4.1:

n=J(mv,
Mv=—-C@wv—Dv+r,
="l y. ¥ o= v " T =[n, 0, o], (4.26)

where (x, y) denotes the earth-fixed position of the center of mass of the ship, v
denotes the orientation angle, (u,v) and r are the linear and angular velocities in the
body-fixed frame, and (z,,t,) are the surge force and yaw moment. The matrices
J(n), M, C(v),and D are given by

cos(y) —sin(y) 0 mp; 0 O
J(m)=|sin(y) cos(y) O |, M=| 0 map 0 |,
0 0 1 0 0 mss3
0 0 —Mma2vV d]] 0 0
C(‘U) = 0 0 miuu , D= 0 dzz 0 s (427)
mo2V —Mmi1u 0 0 0 d33

where m1, ma,, and ms3 denote the ship inertia including added mass, and d;1,
d»>, and ds3 are hydrodynamic damping constants, see Chapter 3 for more details.
The control objective is to design the control inputs z,, and 7, to stabilize (4.26)
asymptotically at the origin. In [55], the coordinate transformation
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X1 W
Xa xcos(y) + ysin(y)
x3 | _ | —xsin(y) + ycos(y) (4.28)
X4 v .
X5 r
X6 u
is used to transform the ship model (4.26) to the following system
X1 = Xs,
)‘Cz = X¢ + X3Xs5,
X3 = X4 —X2Xs5,
X4 = —ax4— Bxsxe, (4.29)
X5 = £21,
X6 = 22,
where « = da/maz, B =my1/ma2, and
@, = T=dar kO —mauy o et mavr—dun o0
ms3 M

It can be seen that the system (4.29) consists of two subsystems, namely (x1, x», x3, x4)
and (xs, xg), connected to each other in a strict feedback form [3]. The control de-
sign can be simply carried out in two steps as follows.

Step 1

In this step, the author of [55] considers the first four equations of (4.29), and
(x5,x6) as controls (vy,v,). With the assumption of x; # 0, the coordinate trans-
formation (o -process)

X3 X4
Yy =X1,2zZ1=X2,22= —, 23 = — (4.31)
X1 X1
results in

y =i,

Z1 = vy +yzavy,

. zZ1+ 22

Zy = Z3— V1, (432)

. z3+ Bua

Z3 = —0Z3 ————V.

The feedback control law is designed as
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v =—k1y,
Vp = —k2121 —k2222 —k23Z3, (433)

where k1, ko1, ko, and ko3 are the control gains chosen such that the matrix

—koy —kao —ko3
A = k1 k1 1 (4.34)
—k1Bka1  —kiBkas ki —a—kiBkas
is Hurwitz.
Step 2

At this step, the last two equations of (4.29) are considered. Using the standard
backstepping technique results in the following control law

21 = —k3(xs—vy) —kyxs,
§2y = —k4(x6 —v2) — k21 (x6 + x3x5) (4.35)

X4 — X2Xs5 axs + Bxsxe X3Xs5 X4X5
—kaz + ka3 +kor— +kaz——,
X1 X1 X1 X1

where k3 > k; and k4 are positive constants. The actual controls z,, and z, can
be found from (4.35) and (4.30). In [55] it is shown that if the initial conditions
x1(to) # 0and x; (t0) (x5(fo) +k1x1(20)) > 0 then (x1(2), x2(2), x3(2), x4(2), x5(1),
xe(t)) is bounded for all z > 7o > 0, and exponentially converges to zero. If the above
conditions do not hold, the controls

21 = —|x1 —e|%sign(x; —e€) — | xs|Psign(xs),
2, =0, (4.36)

withe #£0, b € (0,1),and a > b/(2—b) being constants, can be used to make the
above conditions hold in finite time. For more details, the reader is referred to [55].

Remark 4.1. The aforementioned discontinuous stabilizer provides a fast conver-
gence of the stabilizing errors to zero. However, the control inputs z,, and ¢, are
discontinuous. Moreover, under arbitrarily small nonvanishing environmental dis-
turbances induced by waves, wind, and ocean currents, the closed loop system con-
sisting of (4.35) and (4.29) can be unstable in the sense that the states (x;(¢), x> (),
x3(1), x4(1), x5(1), x6(¢)) can go to infinity exponentially fast.

The work mentioned in [22,53,54,56-58] can also be grouped in the discontinuous
approach. The authors of [22] developed a discontinuous time-varying feedback sta-
bilizer for a nonholonomic system and applied it to underactuated ships. Some local
exponential stabilization results were reported in [53,54] based on the time-varying
homogeneous control approach. An application of averaging and backstepping tech-
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niques was proposed in [59] to design a global practical controller for stabilization
and tracking control of surface ships. Experimental results on dynamic positioning
of underactuated ships were reported in [56]. By transforming the underactuated
ship kinematics and dynamics into the so-called skew form, some dynamic feed-
back results on stabilization were given in [57]. In [58], the authors proposed a
discontinuous solution to the problem of steering an underactuated AUV to a point
with desired orientation using the polar coordinate transformation motivated from
the work in [60].

Time-varying Continuous/Smooth Approach

A typical result on stabilization of the underactuated ship (4.26) in the time-varying
continuous/smooth approach is given in [61]. In [61], the coordinate transformations
(similar to the ones given in (4.30) and (4.28))

z1 = cos(y¥)x +sin(y)y,
zp = —=sin(y¥)x 4+ cos(y)y,
z3 =1,
2 — f,—d33r+(m11—m22)uv, (4.37)
ms3
Ty +mavr —diu

§2, =

mii

are first used to transform the ship system (4.26) to

Z1 =u+ zor,

Zy =V —Z1F,

Zz=r,

U= §2,, (4.38)
U =—cur—dv,

7= §2,

where ¢ = my1/may and d = d»/ma,. Then the following nontrivial coordinate
transformations

v
Zy=123+ 7
d d
U=-——21——M,
d d v c
QZ;L = ZZ] 4+ ?,U,—Zzl’ + Ei’— 392 (439)

are applied to (4.38) to obtain the system
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v
W=——z1—— U+ Zor——r,
¢ c d

Zy = pur,

f=r, (4.40)
b = —dv +d(z, + pyr,

= S22,

F=£2.

Let k», k3, k,,, and k, be strictly positive constants such that 1 > k, > k3. The
controls £2; and £2,,, are designed in [61] as

21 = —kr (r—ry) +i7 = A(Zajy + 2725 +2Zk» cOS(1) 15 ),

o0 = =k —pp) + oy —A(Z2 +2Z3kp cos(2))r, @41
where
A=24 ks kssinQ2r) 2Vi + Vlz,
3 6 (1+1)?
Z3=12z3+k; COS([)ZZ,
Vl = Z% +2z2’
sin(r)Z2
= 5000+ 73 (4.42)
2(0.001+ Z3)

—k3Z35+kysin(t)Z,
rr =
J 1+ kycos(t) s

In [61], it is proven that the closed loop system consisting of (4.41), (4.39), (4.37),
and (4.26) is GAS at the origin.

Remark 4.2. The design of the feedback given in (4.41) is nontrivial. Overall, con-
vergence of the stabilizing errors to zero is slow. This is a well-known phenomenon
of the continuous/smooth time-varying approach applying not to only underactuated
ships but also to mobile robots. Moreover, since the stabilizer design mentioned
above is nontrivial, it is difficult to extend the control design scheme to solve a
trajectory-tracking problem, see the next section. In addition, the physical meaning
of the feedback is not clear.

In addition to the aforementioned results on stabilization of underactuated ves-
sels, the following results are also related to the topic under discussion. In [62], sev-
eral control configurations were considered, and a technique for synthesizing open
loop controls was given. The first control scheme with the dynamic AUV model
taken into account was proposed in [63]. A kinematic drift free model of the under-
water vehicles with four control inputs was used to design a regulation controller
in [64]. The authors of [65] proposed a controller that is able to stabilize an AUV
to some equilibria based on the interconnection and damping assignment passivity-
based control approach, which has been successfully applied to many other mechan-
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ical systems [66]. See also [67] for stabilization results of underactuated mechanical
systems on Riemannian manifolds.

4.2.2.2 Trajectory-tracking

Trajectory-tracking is here defined as a control problem of forcing an underactuated
surface ship or AUV to track a reference trajectory generated by a suitable vessel
model, i.e., the vessel model that has the same parameters as the real one. There
are two main approaches to solve the trajectory-tracking control problems. The first
approach is based on linear time-varying control system theory while the second
approach relies on the Lyapunov direct method. We here briefly describe typical
results of the two approaches.

Linear Time-varying Approach

A typical work belonging to this approach is given in [68] on a global K-exponential
tracking result for the underactuated ship (4.26). In [68], the authors consider a prob-
lem of designing the control t, and z, to force the position (x,y) and orientation
Y of the ship (4.26) to track the reference position (x4, yz) and orientation v,
generated by the reference ship model

na =J(Ma)va,

Mvg =—C(vg)vg—Dvg + 14,
Xd Ug Tud

Na=|Yd | va=|va | Ta=| 0 |. (4.43)
Ya rqd Trd

In [68], the coordinate transformations

z1 = cos(¥)x +sin(y)y, Z1q = COS(Vq)Xg +SiN(Vq)ya,
z3 = —sin(y)x +cos(y)y, Zog = —SiN(Yq)xg +COS(Va)ya, (4.44)
z3 =1, Z3q = Y4,

and the tracking errors

Ue =U—Ug, Ve =V—Vq, Te =T —Tq,

Zle = Z1—Z1d» Z2¢ = 22— 2Z2d> Z3e = Z3 —Z3d (4.45)
are used to obtain the tracking error dynamics of a chained form

. maa di1 1
Ue = _(Uere + Verq +Udre)__ue+ — (Tu — Tud),
mii mii mii
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nii dr

Ve = ——— (UeTe +Uelg +Ugre) — —— Ve,
mao ma2
. mp—mo ds3 1
Fe = —(ueve+uevd +udve)—_re+_(fr_frd)» (446)
ms3 mss3 mss3

Zle = Ue + ZoeTe + Z2e¥d + ZogTe,
Z2e = Ve —Z1ele —Z1eld —Z1dVe,

Z3e = Te.

Assuming that ug, vy, z14, and z,4 are bounded, and that r;(¢) is persistently

exciting, the controls

Ty = Tud —KilUle +kotgve —k3zie +kargzae,

T = Tpqg — (M11 —M22) (UeVe +VglUe +UgVe) —
ksre —kezze,
where the control gains k;, i = 1,..., 6 satisfy
k1> dyp—di1,
o — mozka(ks + ki +di1—dao)
2 = )
darks +mirks
d
0<ks<(ki+dn —dzz)ﬁ,
miy

k4 > 0,

ks > —das,

k6 >0,

make the closed loop system consisting of (4.47), (4.43), and (4.26), that is,
~ o4 ki+du k ks k 1 [
; . 1+d1 2+m22rd(t) k3 —4rd(t) Ue
€ mii mlc% mii nii
D Mo 222 0 0 Ve
= myp maa
Zle 1 0 0 ra(t) Zle
| Z2e | i 0 1 —rq(1) 0 11 25
- my

—2(ve+vg) 0
mii

m
——L (e +ug) 0 [ Fe }
ma> ,

Z2e + 224 0

—(z1e+214) 0|

(4.47)

(4.48)
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) dsyz+ks ke
Fe -—— [
= ms3 ms3 |: ¢ j|7 (4.49)
. Z3e
Z3e 1 0

globally K-exponentially stable at the origin. Proof of K-exponential stability of the
above closed loop system is straightforward using the results on stability of cascade
systems in [17] and [69], and those of linear time-varying system theory in [6],
see [68] for details. It should be noted that the persistently exciting condition on the
yaw reference velocity, ry, is required to prove K-exponential stability of the closed
loop system (4.49).

Remark 4.3. The persistent exciting condition on the yaw reference velocity r; ex-
cludes a straight-line reference trajectory. In comparison with the direct Lyapunov
approach summarized below, it is difficult to deal with any external disturbances
and/or actuator dynamics using the linear time-varying approach.

Direct Lyapunov Approach

The direct Lyapunov method has been widely used in designing controllers for un-
deractuated ocean vessels. However, the use of the Lyapunov direct method for de-
signing control systems for underactuated ocean vessels is not straightforward due
to the underactuated nature of ocean vessels. We here describe typical results of
trajectory-tracking control based on the Lyapunov direct method.

Local Trajectory-tracking Results

An application of the recursive technique proposed in [70] for the standard chain-
form systems yields a high-gain based local tracking result in [59] for surface ships.
The experimental results of this proposed controller were reported in [71]. The con-
trol design in [59, 71] starts from (4.46) as follows. First of all, the following restric-
tive assumption is made on the yaw reference velocity:

0 <rgmin < |ra ()] < g maxs (4.50)

where rgmin and r4 max are strictly positive constants. Motivated by the work in [70],
the authors define new error variables as

W1 = Z1e —Z2Z3e;

W2 = Z2¢ + Z1Z3e,

V1 = Ve +cuzze +kawy, (4.51)
ko(d —k
Y2 = U +k1w1—Ma)2,
Crq

y3 :ZSe,
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where ¢ = my1/maa, d = daa/ma;, and k, is a parameter to be determined later.
It should be stressed that the condition (4.50) on the yaw reference velocity, ry is
required so that the error transformations (4.51) are valid. With (4.51), the tracking
error system (4.46) is written in a triangular-like structure as follows:

. ka(d —k»)
o1 =y,— kw1 + lezwz +warg —(V—2z17¢) Y3,

Wy = Y1 —kowy —w1rg + (1 —c)u +zare) y3,
V1 =—cyarg + (cky —ka)rgwi — (d —kz)y1 + (22 + cdu +
ko ((1=c)u+zare))ys,
. 1
Yo = 22— 24 +ki1ys —kior + EklkZ(d —ka)wr +kirgws +
Fd

1
ska(d —ka)wr — ——ka(d —k2)(y1 —kawa —rgw1) —
Crd crq

(k1(v—2z1re) + %kz(d —k2) (1 =c)u + z27¢)) y3,
Y3 =Te,
Fe = §21—$214, (4.52)
where £2; and £2, are given in (4.30), and
_ Trd —d337q + (M11 —m22)ugvg

ms33
Tyd +MaaVgrg —di1Ug

s

254 =

(4.53)
mii

The triangular structure (4.52) allows us to use the backstepping technique [3] to
design the controls £2; and §2,. In [71], the the controls £2; and £2, are designed as

21 =—a3(r—o;)+ar—«ys,
£y =—a1yr—yw1+cargyr — (—-de +kiy2—kiwy +
1 7q 1
—klkz(d —kz)a)z +k17'd0)2 + _2k2(d —kz)a)z— — X
crg cry crg

ka(d —k2)(y1 —kowr —rgwi)). (4.54)
where

| M
ap = (X +y(wi1z1 +waz2) +akayiza +k1y221 — Ekz(d —kz)y222) X

(—a2y3 +yw1v —ywr (1 —c)u —ayi(c(§2; + du) + ko (1 —c)u)+
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1
kiyov+—ka(d —kz)(1 —c)uy, | +rq,
crq
1
K=A+ywiz1 +ywrza +akayi1zo +k1y2z1 — EkZ(d —k3)y2z2. (4.55)

In (4.54) and (4.55), the control parameters k1, k2, a, a1, az, as, and A are positive
constants, and are chosen such that

kao(d —ky)?
ky <d, kl>%
T d min
1 a ki(d —k3)

—_— < - < . 4.56
ka(d—ka) vy (chki—k2)?r] o (459)

It is noted that the virtual control o, given in (4.55) is solvable if and only if

1
A> —(lezl +ywaza+akayiza +ki1yaz1 — Ekz(d —kz)J’222)- (4.57)

Proof of local exponential stability of the closed loop system consisting of (4.54),
(4.46), and (4.30) can be carried out by using the Lyapunov function

1 1 1 1 A 1

V= El/wlz+Eng‘i‘anlz+5yg+§y§+§(r—ar)2~ (4.58)
Remark 4.4. There are two limitations of the aforementioned tracking controllers.
These limitations are described in conditions (4.50) and (4.57). The condition (4.50)
implies that the reference yaw velocity r; cannot be zero at any time. This restrictive
condition excludes a straight-line reference trajectory. The condition (4.57) implies
that the aforementioned trajectory-tracking result is inherently local. One can argue
that by the control parameters k1, k>, a, a1, az, as, and A may increase the size
of the attraction region. However, it is very hard to ensure this property since the
control parameters must satisfy various conditions specified in (4.56). In fact, this is
true, as said in [71].

Global Trajectory-tracking Results

Based on Lyapunov’s direct method and the passivity approach [72], two restricted
tracking solutions of an underactuated surface ship were proposed in [19]. We here
briefly summarize the result based on the passivity approach in [19]. The result
based on the standard backstepping technique [3] is discussed later. In [19], the
starting point is the tracking error system (4.46). The passivity based method con-
sists of two steps as follows.

Step 1

Design of the surge force t,,: This force is designed based on the Lyapunov function
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1 » 1 A 1._
vy = E(zle —)lezerd) + zzge + 701)3 + Euz (4.59)
where i, = u, —ag With
g = —A2(21e —A122¢70). (4.60)

In (4.59) and (4.60), the control parameters Ao, A; and A, are chosen such that

c(t) = min (26(/\2 — A2 (), 2()L1r§(t) - a—gﬁ) 267%22, 2c1) >
(4.61)

where ¢y is a positive constant, 0 < € < 1, and ¢ i strictly positive. In (4.59) and
(4.60), g is understood as a virtual control of u,. From the first time derivative of
the Lyapunov function 1/ given in (4.59) along the solutions of (4.46), a choice of
the surge force t,

maa di
Ty = Tud +m11|:——(vr—vdrd)+—ue—cl(ue +A2(Zle_1122erd))_
mii mii

Aomiy
((Zle —AZ2e7q) —
maa

rdve) _AZ(ue + Z2erd +22re) +
AA2Fqzae +llkzrd(ve—21erd—21re)] (4.62)

gives

. Aom
174 E—C(I)Vl—i-|:(Zle—AlzZerd)(Zz—i—klrdzl)—ZZeZI— "; llveu]re, (4.63)
22

where c(t) is given in (4.61).

Step 2

Design of the yaw moment z.: This moment is designed based on the Lyapunov
function

1 1

Vo =Vy+ =22, + =72, (4.64)
2 2

where 7, = r, — o7 and

nii

A
o] = —Cp [(zle —AZoerg) (22 + A1rgzy) — 22021 — Vell + Z3ei|, (4.65)

maa

with ¢, > 0. From the first time derivative of the Lyapunov function 1, given in
(4.64) along the solutions of (4.46), a choice of the yaw moment
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miyp—msyp ds3 _ .
Tr = Trd +m33|:——(uv—udvd)+—re—c3re +o;—
ms33 ms3

Aomiy
((Z1e —AMZ2e7q) (22 + A1Tq21) — 22021 —
myo

Vell + Z3e)i| (4.66)

where ¢3 > 0 results in

Vo < —c(t)W; —02((21e—1122erd)(22 +A1rgz1) — Z2e21 —

2
mveu + 236) —cﬁez. (4.67)
maa
This implies global asymptotic stability of the closed loop system at the origin as
long as the control parameters Ag, A1, and A, are chosen such that (4.61) holds.
Note that this condition is feasible only when the reference yaw velocity r; satisfies
the following restrictive condition

O<re <|rg@®| =<r*, (4.68)

where r, and r* are positive constants. In [19], the result based on the standard
backstepping technique also consists of two steps. The first step is to design the
surge force 7,,. This step is the same as Step 1 mentioned above. The second step
is to design the yaw moment z,.. This step is slightly different from Step 2. In this
step, a simple controller to stabilize the (z3,, re)-subsystem, that is the third and last
equations of (4.46), is designed as

nip—myp

d
Tr = Trd +m33|:_ (uv—ugqvg) + mﬁre _klz3e_k2’"ej|~ (4.69)
33

ms3
With the surge force t,, and the yaw moment 7, designed as in (4.62) and (4.70),
it is proven in [19] that the tracking errors (zie, Z2e, Z3e, Ue, Ve, Te) €Xponentially
converge (not exponential stability of the closed loop system) t0 zero as long as the
following restrictive condition on the reference yaw velocity r; holds

t
/ r2(v)dt > 0,(t —19), VYO0 <to<t < oo, (4.70)
11

0

where o, is a strictly positive constant.

Remark 4.5. In comparison with the trajectory-tracking results in [71], we see that
the control design in [19] is much simpler and gives global solutions. However, the
restrictive conditions on the yaw reference velocity cannot be relaxed, see (4.68)
and (4.70). Moreover, it is only possible to find the control parameters such that
c(¢) given in (4.61) is strictly positive for vessels with a small ratio %, i.e., the
vessels with large damping in the sway axis.



82 4 Control Properties and Previous Work on Control of Ocean Vessels

Remark 4.6. A common restriction of the above results on trajectory-tracking con-
trol of underactuated ships is that the reference yaw velocity has to satisfy various
kinds of persistently exciting conditions. This implies that the reference trajectory
must be curved, and indeed excludes a straight-line reference trajectory, hence, it
substantially limits the practical use of the aforementioned control systems. A cu-
rious question is why all the above controllers suffer from the must-be-curved ref-
erence trajectory restriction. An answer is that the design of the above controllers
starts from the chained form (4.46). The reader will find that this book provides
various solutions for trajectory-tracking control of underactuated ships without im-
posing a persistent exciting condition on the yaw reference velocity. As such, we
will not use the chained form (4.46) but will project the tracking errors, x — x4,
¥ —ya,and ¢ — 4, on the body-fixed frame.

Apart from the aforementioned results on trajectory-tracking control of under-
actuated ships there are a few more results that are worth reviewing. Using sliding
mode control, output redefinition and results on tracking of nonlinear nonminimum
phase system [73], a path controller for surface ships was proposed in [74]. How-
ever, the convergence of the combined output does not guarantee convergence of its
components. A continuous time-invariant state feedback controller was developed
in [75] to achieve global exponential position tracking under the assumption that
the reference surge velocity is always positive. Unfortunately, the orientation of the
ship was not controlled. In [76, 77], (see also [78]), the authors developed a high-
gain dynamic feedback control law to achieve global ultimate regulation and track-
ing of underactuated ships. The dynamics of the closed loop system is increased
due to the controller designed to make the state of the transformed system track the
auxiliary signals generated by some oscillator. The same approach was extended to
the case of adaptive tracking control in [77]. It is worth mentioning that in [47], a
time-varying velocity feedback controller was proposed to achieve both stabiliza-
tion and tracking of unicycle mobile robots at the kinematics level motivated by the
work in [18]. However this controller cannot be extended directly to the case of un-
deractuated ships or AUVs due to the nonintegrable second-order constraint. Some
related independent work includes [79,80] on local H4 tracking control and output
redefinition, and the trajectory planning approach, see [81,82].

4.2.2.3 Path-following

Path-following is here defined as a control problem of forcing an underactuated ship
or AUV to follow a specified path at a desired forward speed. Due to the high de-
pendence on the reference model and complicated control laws of the trajectory-
tracking approach, several researchers have studied the path-following problem,
which is more suitable for practical implementation. The problem of path-following
for air and underwater vehicles was introduced in [83] where some local results
were obtained using linearization techniques. In [84], a feedforward cancelation of
simplified vessel dynamics scheme followed by a linear quadratic regulator design
was proposed to obtain local results on “track-keeping”. A fourth-order ship model
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in Serret—Frenet frame was used in [85] to develop a control strategy to track both
a straight line and a circumference under constant ocean current disturbance. The
ocean-current direction was assumed to be known. A path-following controller was
proposed in [86] by using a kinematic model written in polar coordinates, which
is inspired by the solution for mobile robots in [60]. However, the controller was
designed at the kinematic level with an assumption of constant ocean current and its
direction known to be to achieve an adjustable boundedness of the path-following
error. Since ocean vessels do not have direct control over velocities, a static mapping
implementation might result in an unstable closed loop system due to nonvanishing
environmental disturbances. Recently, a path-following controller based on a trans-
formation of the ship kinematics to the Serret-Frenet frame, which was used for
mobile robot control [44], on the path was proposed in [87], where an acceleration
feedback and linearization of ship dynamics were used. It is worth mentioning that
in [88,89], a simple control scheme was proposed to make mobile robots follow a
specified path using a polar coordinate transformation. Since underactuated surface
ships have fewer numbers of actuators than the to-be-controlled degrees of freedom
and are subject to nonintegrable acceleration constraints, their dynamic models are
not transformable into a system without drifts. Therefore, the above control scheme
is not directly applicable. In [54], a continuous, periodic time-varying feedback con-
trol law was proposed to locally exponentially stabilize an underactuated underwater
vehicle at the origin. When the hydrodynamic restoring force in roll is large enough,
this controller can be used without a roll control torque. However the closed loop
system exhibits undesired oscillatory motions.

In [90], a linearization technique with an assumption of reference trajectories of
underwater vehicles, which are helices parameterized by the vehicles’ linear speed,
yaw rate, and path angle, was introduced to develop the so-called time-invariant
generalized vehicle error dynamics and kinematics. Various controllers were then
designed based on the gain-scheduling technique to yield some local stability result
about the trimming trajectories.

4.2.2.4 Output Feedback

Output feedback control of an underactuated ocean vessel is here defined as a control
problem of forcing the vessel to achieve the aforementioned tasks (stabilization,
trajectory-tracking, and path-following) without using measurements of the vessel’s
velocities for feedback. For ocean vessels, output feedback control usually consists
of two stages. The first stage is to design an observer to reconstruct unmeasured
states. Using the reconstructed states, a controller is designed to achieve control
objectives in the second stage. In the literature, there are two main approaches to
designing an observer for ocean vessels.

The first approach is based on the output-injection method applied directly to
the vessel’s equations of motion. This approach is simple and usually results in a
semiglobal observer due to the quadratic terms of the vessel’s velocities. Belong-
ing to this approach are the results presented in [11, 14,91-94] on output feedback
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control of fully actuated ocean vessels or Lagrange systems. In addition, the reader
is referred to [93] for an exponential observer and output feedback controller for a
special class of multi-degree of freedom Lagrange systems without cross terms of
quadratic velocities, and to [14, 95-98] for output feedback control of robot manip-
ulators and rigid body without measurements of angular velocities. Another method
to design an observer is the use of contraction theory, see for example, [99, 100].
This method has been applied to Lagrange systems with monotonic velocity terms
but without any quadratic velocity terms. Below, we summarize the aforementioned
results on an observer design. We will show that a standard observer design cannot
be used to obtain a global exponential/asymptotical observer for the ocean vessel
system (1.1). Assume that the vessel velocity vector v is not measurable for feed-
back. We would then design an output injection observer to estimate v as follows:

7 =J ()b + Koa(n— ),

M =—C (@)D (®)d—gm) +7+Koz(n—1), (4.72)
where 7 and  are estimates of 5 and v, respectively, and the positive definite sym-
metric matrices Ko; € R®™-and Ko, € R®™hre the observer gain matrices. It is

noted that in some of the aforementioned work, the observer gain matrices K¢z and
K> depend on the measurable state 5. Letting the observer errors be

’

S =
1

n_
v —

D

(4.72)
and differentiating (4.72) along the solutions of (1.1) and (4.71) results in

il = —Ko1ii + J ()3,
M = —Koaij— (C(v)v —C(ﬁ)ﬁ) - (D(v)v - D(ﬁ)f)). (4.73)

The term (D(v)v — D ()v) does not cause a problem if the damping matrix D (v)
is monotonic, i.e., ((v—9)" (D (v)v— D()d) is nonnegative for all v € R® and
d € R®. However, we can see a serious problem with (4.73) because of the Coriolis
matrix, i.e., (v—19)T (C (v)v — C ($)d) is not nonnegative for all v € R® and 9 € R®.
Therefore, only a local or semiglobal observer can be obtained.

The second approach involves a nontrivial coordinate transformation to trans-
form the vessel’s equations of motion to a new set of differential equations that are
linear in unmeasured states. Then the output-injection method is used to design an
observer. This approach usually results in a global observer if the nontrivial coor-
dinate transformation can be found. Unfortunately, this coordinate transformation
depends heavily on a solution of a set of partial differential equations, which in
general are hard to solve. The main idea of this approach is to find a coordinate
transformation

X = 0w, (4.74)
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where Q(n) is an invertible. This matrix is to be determined later. Substituting (4.74)
into (4.26) results in

n=Jma " X,
X =[0mv-0mM TE @] - 0mM T X + 0mM T2,

(4.75)
The goal is to determine the matrix Q (n) such that
Q(mv—QmM "€ @)v =0. (4.76)
for all y € R3 and v € R3. With (4.76), we can write (4.75) as
n=JmQ" X,
X=-0mM"TDO X +0omM 1. @.77)

It is seen that the transformed system (4.77) is linear in the unmeasured state X.
This allows us to design an exponential/asymptotical observer to estimate X . After
that an estimate, v, of v can be found from (4.74), i.e.,

i =0"X, (4.78)

where X denotes an estimate of X . It is noted that combining the first equation of
(4.26) and (4.76) results in a set of partial differential equations. Finding a solution
to this set of partial differential equations is a hard task. A simple application of the
above idea gives the results in [101-104] for some single degree of freedom La-
grange systems. It is noted that the method of solving the set of partial differential
equations in [101-104] is not applicable for systems of more than one degree of
freedom. For more complicated Lagrange systems, it is hard to find a result in this
approach. However, the reader is referred to [105] where an output eedback con-
trol solution for simultaneous stabilization and tracking control of an underactuated
ODIN is given.

Remark 4.7. The main difficulty in designing an observer-based output feedback
for surface ships and Lagrange systems in general is because of the Coriolis matrix,
which results in cross terms of unmeasured velocities. In addition, the underactua-
tion of surface ships makes the output feedback problem much more challenging.
For example, many solutions proposed for robot control, see [14] and references
therein, cannot directly be applied. The reader will find that a set of special coor-
dinate transformations is derived in this book to transform the ship dynamics to a
system that is linear in unmeasured velocities, and another set of coordinate transfor-
mations that makes it possible to design global output feedback control controllers
for underactuated ships.
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4.3 Conclusions

This chapter presented the main control properties of ocean vessels. The literature on
the control of underactuated ocean vessels including ships and underwater vehicles
was then reviewed. Through this review, several challenging questions were raised.
These questions motivate contributions of the coming chapters of this book.



Part 111
Control of Underactuated Ships



Chapter 5

Trajectory-tracking Control of Underactuated
Ships

This chapter addresses the problem of trajectory-tracking control of underactuated
surface ships. In particular, we present a method to design a controller for under-
actuated surface ships with only surge force and yaw moment available to globally
asymptotically track a reference trajectory generated by a suitable virtual ship. The
reference yaw velocity does not have to satisfy a persistently exciting condition as
was often required in previous literature. Hence, the reference trajectory is allowed
to be a curve including a straight line and a circle. In addition, a new solution to
global K-exponential tracking as given in previous work is obtained. The control
development is based on Lyapunov’s direct method and the backstepping technique,
and utilizes passive properties of ship dynamics and their interconnected structure.

5.1 Control Objective

We consider an underactuated ship with simplified dynamics meaning that all off-
diagonal terms of the linear and nonlinear damping matrices, and environmental dis-
turbances induced by waves, wind and ocean currents are ignored. For the reader’s
convenience the mathematical model of an underactuated ship moving in surge,
sway, and yaw directions, see Section 3.4.1.2, is rewritten as

X =ucos(y) —vsin(y),
y = usin(y) 4 vcos(¥),

i=r
. Mo di 1
U= —"—vr——u+—r1,, (5.1
mii mii mii
nii dr
V= ———ur——u,
map myo
my — Mmoo d33 1
- —_V‘i‘_fr,
ms33 m33 m33

89
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where all symbols in (5.1) are defined as in Section 3.4.1.2. The available control
inputs are the surge force 7, and the yaw moment 7,. Since the sway control force is
not available, the ship model (5.1) is underactuated. The tracking control problem is
to force the underactuated ship to track a reference trajectory generated by a virtual
ship as

Xg =ugcos(Yg) —vg sin(yg),
Ya = ug sin(¥g) +vg cos(¥q),

Vg =rq,
) Moy di 1
Ug = ——Vglg ——Ug + —Tyq, 5.2)
mi miy miy
mii 2
Vg = ————Uglrqg — —V4,
mop 2
(m11—ma2) 33 1
= Vg——Fq+—Tp4,
ms3 33 ms3

where all variables have similar meanings as in system (5.1) for the virtual reference
ship. In this chapter, we propose a novel method to design a controller such that it
forces the ship model (5.1) to globally asymptotically track a reference trajectory
generated by a virtual ship described by (5.2) under the following assumption.

Assumption 5.1.

1. The reference signals uq, rg4, Ug,tig and 14 are bounded.
2. One of the following conditions holds:
(1) There exists a positive constant o, such that, for any pair of (t9,t), 0 <ty <

<o,
t

[ r3(v)dt > 0, (t —to). (5.3)
to

(2) There exist constants a;“i" >0, x1 > 0and y» > 0 such that
o™ < lug ()], lra(®)| < y1e Vi =150, (5.4)

Remark 5.1. A persistently exciting condition similar to (5.3) is also required in
[19,71,106], and (5.4) implies that the sign of u4(¢) remains unchanged. However,
we only require either (5.3) or (5.4) to be satisfied. Assumption 5.1 is quite realistic
from a practical point of view. Roughly speaking, either ry or uy4 is allowed to ap-
proach zero. When both r; and u4 are equal to zero, the tracking problem becomes
one of stabilizing (5.1) and cannot be solved by any time-invariant smooth feedback.
It is also noted that the exponential vanishing of r4 in (5.4) can be easily replaced

a
by [|ra(2)|dt <9,0 <9 < oo.
0

In [19,71,106], a coordinate transformation of the form
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z1 = cos(Y¥)x +sin(y) y,
zp = —sin(Y¥)x +cos(y)y, (5.5)
3=V

was used for both (5.1) and (5.2), then different controllers were designed for the
resulting tracking error system. Consequently, the reference yaw velocity r; must
satisfy persistently exciting conditions of various kinds. Hence, the way-point track-
ing is excluded from consideration. In addition, the physical meaning of the tracking
errors is less clear. To overcome the above-mentioned drawbacks, we introduce the
position and orientation errors

X—Xq,
Y—Yd, (5.6)
Y —va

in a frame attached to the ship body, see Figure 5.1. In this figure, O Xg Y is the
earth-fixed frame, Op XY}, is the body-fixed frame, and C G is the center of gravity
of the ship. With the above definition in mind, we have the error coordinates

Virtual ship Real ship
Y, 4 Y,
‘ \Yd ¢ Xb
u
Vi
y \ O i
cG
u; X,
Ve l//g V
0,
10 >
£ X, X X,
Figure 5.1 Definition of tracking errors
Xe cos(y) sin(y) O X —Xg
Ye | = | —sin(¥)cos(¥) 0 || y—ya |. (5.7

Ve 0 0 L[ ¥—Ya
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Indeed, convergence of [x, ye ¥.]T to zero implies that of [x —xg y —yqg ¥ —¥q]”

since the matrix
cos(y¥) sin(y) 0

—sin(y) cos(y) O
0 0 1

is nonsingular for all ¥ € R. We also define the velocity tracking errors as
Ue =U—Uq,

Ve = V—1V,4, (5.8)

Te=Fr—rq4.

Then, differentiating both sides of (5.7) and (5.8) along the solutions of (5.1) and
(5.2) results in

Xe = Ue—ug(cos(VYe) — 1) —vg sin(Ye) +reye +raye,
Ve = Ve — Vg (cos(Ve) — 1) +ugsin(e) —reXxe —rgXe,

We = Ve,
. DY) di 1 .
Ue = —VFr——U+—1,— Uy, 5.9
mii mii nii
. miy miy dr
Ve = ——Uel'qg __(ue +ud)re — — Ve,
nmaa maa maa
) (m11—ma2) d33 1 )
o= —————"UV— ——F + —T — Fg4.

ms33 ms33 ms33

It is now clear that the tracking problem of underactuated surface ships becomes
one of stabilizing (5.9) at the origin since, as has already been mentioned conver-
gence of x,, Y., and ¥, to zero implies that of x — x4, ¥y —yg, and ¥ — 4. In
particular, we will design explicit expressions for 1, and 7, such that || X.(¢)|| <
Y (|1 Xe(t0)]]) e XTI 10 > 0, X, (to) € RS, with Xe = [Xe, Ve, Ve, Ue, Veu Te] ¥y
being a class-K function, and p being a nonnegative continuous decreasing func-
tion of || (X, (f)||. When Assumption 5.1 satisfies (5.3), it can be shown that p is a
positive constant, i.e., global K-exponential tracking is achieved.

5.2 Control Design

In this section, a procedure to design a global asymptotic stabilizer for the tracking
error system (5.9) is presented. The triangular structure of (5.9) suggests that we
design the actual controls t,, and 7, in two stages. First, we design the virtual ve-
locity controls u, and r, to globally asymptotically stabilize x., Y., Y., and v, at
the origin. Based on the backstepping technique, the controls 7, and t, will then be
designed.
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By looking at (5.9), we can directly see that x, and V¥, can be stabilized at the
origin by u. and r.. There are several options to stabilize y, at the origin. We can
either use r,, v, or V.. If r, is directly used, the control design will be extremely
complicated since r, enters all of the three equations of (5.9). In addition, r, couples
with x, and y, in the first and second equations of (5.9), respectively. This causes
difficulties in obtaining a global solution. On the other hand, the use of v, to stabilize
Ve at the origin will result in an undesired feature of the vehicle control practice,
namely the vehicle will slide in the sway direction. Hence we will choose ¥, to
stabilize the sway error y, at the origin. This also coincides with the ship control
practice as described in [107]: A good helmsman will use the ship course angle
rather than use the ship sway velocity to steer the ship. Toward this end, we define
the following coordinate

k
2o = Yo +arcsin | ———od e | (5.10)
V1+x2+y2

where k is a positive constant satisfying

Jeu™™ < ke .11

for some positive constant k — 1 to be chosen later in the stability analysis. u};™*
denotes the maximum value of |ug|. It is seen that (5.10) is well defined and con-
vergence of X, Ze, and Yy, to zero implies that of .. Using (5.10) instead of
Ze = Ye + kye, we avoid the ship whirling around for large y.. This equation is
also different from the one in [108] and [18], which resulted in a local tracking

result for mobile robots. With (5.10), the ship error dynamics (5.9) are rewritten as

Xe =uUet+ug (1—we) +kugvgye®er +reye +raye + Px,

Ye = Ve + g (1 _we)_kuer’ewel —TeXe —TqgXe+ Py,

Ve = —Ve— PBuerg — B (Ue +ug)re,

Ze = (1 _kudweglale) e+ weglqu +Pu)_kudxeYewe%e21aea (5.12)

. mp di1 1 .
e = —VF———(Ue+Ug)+ —Ty —Uq,
miy mi mii
. mip—mp ds3 1 .
Fo = ————uv——— (e +rq)+—717—Fq,
ms33 m33 m33

where, for notational simplicity, we have defined

_dyn , mn
o= —, ﬂ — T
na2 maa
Px = —((cos(ze) — Dug +sin(ze)vg) we —
(sin(ze)ug — (cos(ze) — Dvg) kug ye we,
py = —((cos(ze) —1)vg —sin(ze)uy) we —

(sin(ze)vg + (cos(ze) — Dug) kitg ye @er,
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pz= kugpy,—kugye. (xepx +YePy) wezl’
Pu

kugve +kugvg(1 —we)—kzu;}yewel —kugrgxe +kitgye —
kudwezl Ve (xeug +xXeug(1—we) +kUgvg@er1XeYe + Yeve +

yeva(1—we) —kujwey?).

[
Wel = _
R R

Wer = |12+ (1= (kua)?)y2.

We = WelWe2, (5.13)

with uf and 1, being defined in (5.15). Before designing the control laws, t,, and
7, we note from (5.11) that

Xe

0<1—kr<1——kuy. (5.14)

We2

This allows us to design global control laws 7, and 7, to asymptotically stabilize
(5.12) at the origin. The control design consists of two steps as follows.

Step 1

We define the following virtual control errors

~ d
Ue =Ue — Uy,

Fo=re—r2, (5.15)

where uf and red are the virtual velocity controls of u, and r,, respectively.
The virtual surge and yaw velocity controls are chosen as

u‘j =—kiXe+kargye,
rd =rf, +rf, (5.16)

where

1
d
=——Du, 5.17
rle w_ez_kudxe Pu ( )

1
rg, = - (kswWesze + p:). (5.18)
Wer —kUgxe

and k;, i =1, 2, 3, are positive constants to be selected later. We have written red as

asum of r&, and r¢, to simplify notation in the stability analysis later.

Remark 5.2. Unlike the standard application of the backstepping technique, in order
to reduce complexity of the controller expressions, we have chosen a simple virtual

control law uf without canceling the known terms. The first term in u‘ei is used to
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stabilize the x.-dynamics while the second term plays the role of stabilizing the
Ye-dynamics when (5.3) holds. From (5.17) and (5.13), we observe that rlde is Lips-
chitz in (xe, ye, Ve) and with (5.18), rge exponentially vanishes when z, does. This
observation plays a crucial role in the stability analysis of the closed loop system.

Step 2

Differentiating (5.15) along the solutions of (5.12) and (5.16) yields

P dy 1 d
Ue = ——VF——U+ —Ty —Ug —1l,,
nii nii nii
. (my—maa) ds;3 1 d
. = ——r+——T—Tg—T,, (5.19)
ms3 ms3 ms3

where 14 and 7-¢ are the first time derivatives of u¢ and rZ along the solutions of
(5.12).

From (5.19) we choose the actual controls 7, and 7, without canceling the useful
damping terms as

. mx di1 , 4 . .d
oy =myy | =61lie ———vr + — @, +ug)+ug+u; |,
mii mi

(mi1 —m22)

T =m33 (—527e -
mss3

d _
uv+£(rg’+rd)+rd+rj), (5.20)
mss3

where §; and §, are positive constants to be chosen later. Substituting (5.16) and
(5.20) into (5.12) yields the closed loop system

Xie = fi(t, X1e) + g1(t, X1e, X2¢),

: (5.21)
Xoe = fo(t, X1e, X2e),

where X1 = [Xe Ve Ve]T, Xae = [Ze tle 7] T,

—k1Xe +karaye +uaq (1= we) + (kugvgwer + 1, +ra)ye
f1t, X1e) = | ve +vg (1 —we)—kugwelye—rf’exe —rgXe ,
—ave—Budrg—Bué +ug)rd,

(5.22)
rge)’e‘f‘feye + px + e
g1(t. X1e. X2e) = | —1f,xe —FeXe + py ,
—B(liera +iie(rd, +rd, + 7o) + u +uq)(rd, +7e))
(5.23)
—k3ze+ (1 —kugxe/@es) Te —kudxeyewezlﬁe/wez
f2(t, X1e, X2e) = | — (81 +di1/mn) te

— (82 +d33/m33) Te
(5.24)
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The time dependence in fi (¢, X1¢), g1(¢, X1e, X2¢) and f5(f, X1e, X2e) results
from the time-varying reference velocities. We now state our main result, the proof
of which is given in the next section.

Theorem 5.1. Assume that the reference signals (xgq,yq,Va,vq) are generated by
the virtual ship model (5.2) and that the reference velocities (ug,rg) satisfy Assump-
tion 5.1. If the state feedback control law (5.20) is applied to the ship system (5.1)
then the tracking errors x(t) —xq(t), y(t) —ya(t), v (&) —v¥q(t), and v(t) —vg(2)
converge to zero asymptotically from arbitrary initial values with an appropriate
choice of the design constants k;, 1 <i <3 and §;, j = 1,2, i.e., the closed loop
system (5.21) is GAS at the origin. Furthermore if Assumption 5.1 holds with (5.3),
the closed loop system (5.21) is globally K -exponentially stable at the origin.

5.3 Stability Analysis

To prove the global asymptotic stability at the origin of the closed loop system
(5.21), we note that (5.21) consists of two subsystems, X1, and X5, in an intercon-
nected structure. If X, does not appear in the second equation of (5.21), we can
use the stability analysis approaches for a cascaded system in [17]. One might claim
that if the system

Xle = fl(t’Xle),
Xoe = fo(t, X1, X2e) (5.25)

is uniformly globally asymptotically stable (UGAS), and the term g1 (¢, X1, X2e)
somehow is of linear growth in X ., then the closed loop system (5.21) is UGAS.
However, we are interested in proving stronger stability properties of (5.21). Hence
we present the following lemma.

Lemma 5.1. Consider the following nonlinear system:

X = f(t,x)+g(t,x,E()) (5.26)

where x e R", () e R™, f(t,x) is piecewise continuous in t and locally Lipschitz
in x. Assume the following:

Cl. There exists a proper function V (t,x) satisfying:
2 2

alx|® =V x) e |x|”,

v
|- = eslxll.

X
2

ud [xI

av
o Ty [0 = —hO I~ b ———. 5.27)
L+ x|
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where ¢; > 0,1 = 1,2,3, and the pair 11 (t) and [5(t) satisfy one of the conditions:

L. [y li(x)dt = it —10), m >0 and (1) = 0, ¥1 > 1 > 0,
2.0<n <l(t) < o0, and |I1(t)] < pre X o >0, p,>0, Vi >19>0.

C2. g(t,x,£E(t)) grows linearly in x:
gt x. 6@ = A1+ A2 [xIDIE@I. Ai =0, i =1,2.

C3. £(t) vanishes exponentially: ||E(t)| < yo (|E(to)|) e @ T8 54 > 0, Vi >
to > 0, with yy being a class-K function.

Then, the solution x(t) of (5.26) is GAS in the sense that
Ix @) < ¥ (1(x(20). E(t0)) [ e AP v > 4520, 0120, (5.28)

where y is a class-K function, 0, is a nonnegative continuous decreasing function
of |(x(20),&(t0))|l, and o1 > 0O if condition C1 holds with 1. It can be understood
that £ (t) is generated from a globally K -exponentially stable dynamic system.

Proof. We first consider the case of condition C1 satisfying 1. From conditions C1,
C2, and C3, we have

v<-h@Oy (iﬁ+ A—Zv) o (£ (o)) e ™ . (5.29)
() Jer C1

By defining «(t) = /V(¢), we can rewrite (5.29) as

Lh(t) eshs
26‘2 261

A
k(1) < —( yo(||5(zo)||)e'f@'<’@)w)+ T

vo ([1& (to) ) e o0k 7o), (5.30)

Solving the differential inequality (5.30) readily yields (5.28). It is of interest to note
that in this case, the system (5.26) is GES due to independence of o1 in (5.28) on
[|[(x(20),&(20))||. We now move to the case of condition C1 satisfying 2. We first
show that x(¢) is bounded for all ¢ > #9 > 0. From conditions C1, C2, and C3, we
have

2
V < pre P |2 )Ty
1+ |x)?
es [lx] (A1 4+ Az [[x]) vo (1€ (o) ) e "X o) (5.31)

A A
§c3( =V + —2V) yo(llé(t0)||)e@(t@+ge@(t@V
\/a C1 o

From (5.31), it is not hard to show that the solution x(¢) is bounded by ||x(¢)|| <
b (|| (x(t0),&(t0))|]) with b being a class-K function. By utilizing this bound and
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condition C1, we can rewrite the first line in (5.31) as

n2 A Az ) P1
<—— 2 Va2 VV+Z2y fo)|]) e "N T 1 FL
oI 3 («/ﬁ o vo (1€ ) o

e P TTR) (5.32)

By defining «(t) = /V(t), we rewrite (5.32) as follows:

(<[ Gt Lot (i) _ PL @(f@)
i =~ (5=~ T 2n I e x
A
€O+ 575 T (€ ) e 7 (5:33)

Again, solving the differential inequality (5.33) readily yields (5.28). O

We now view our closed loop system (5.21) as a form of the system studied in
Lemma 5.1 with X1.(¢) as x(¢), and X5, (¢) as £(¢). In the following, we will show
that the closed loop system (5.21) satisfies all the conditions C1, C2, and C3.

Verifying Condition C1. To verify condition C1 of Lemma 5.1 for the system
Xie = fi(t. X1e). (5.34)

the first time derivative of the following Lyapunov function

1 1 k
Vi=oxl 4552+ 5 (e tksye), (5.35)
2 2 2
where k4 and k5 are positive constants, along the solutions of (5.34) satisfies
Vi = —k1x2 — Bkokaksr3y2 —ku? (1 +kak2)wer y2 —ka(o —ks)v2 + M, (5.36)

where

M =korgxeye + (1 —we) UgXe +kaksvg (Ve +Kks5ye) +V4Ye) +hUgvg e X
XeYe —kokaBrayeve —kaksku? wei yeve — Bka(ve +ksye)(kargye +ua)ri,,

(5.37)
and we have chosen
Bki—ks =0, 1—kq(a—ks)ks =0 (5.38)
to cancel some common terms. In addition, we note that
k 2,2
1—w, = (kua)™y, .(5.39)

VIS +52 (VIFRZ 432+ VT2 + (= Rua))?)
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We now write M = My 4+ Y, Ni, where

My =kargxeye + (1 —w@,) (ugXe +kaksvg (ve +ksye) +vaye) +
ki quy @e1Xeye —kakaPryyeve —kakskul wer yeve,
N = —,8k2k4rdyever{ie, Ny = —Bkauy verfle,
N3 = —Bkokaksray2r,, No = —Bkaksrgyeri,. (5.40)

Applying (5.39) and the completing square to (5.40) yields

1
M, < P, (k2 +kuZ +kv}) x2 + (kae1 + Bhokaso) r7y? +
1
U Ve
V1I+x2+y2
y2 (kk4k5v§ Bkakar? kk4k5u§)
+ +

+
Jv1+ xez + yez 483 dey 483

(2key + 2kkakses) + k(1 +kak3) lugval (5.41)

2
Vg,

N, < Bhakak ( [ardl

1
Sy +|”drd|+E((“§(U§+V§)+2k’“3’+

T—k2,

w3 Bkaky
+ (ky + kar)ud + ki) + kEvg + [ugvql v2 + (5.42)

V1=K

X<k82(3+k1+kz+2k]ufll+

+|udvd|)+k%ﬁ) rive,

1
V1=K

kak 1 .
N, < lﬂ_zlizufl—kui|rd|81+4—83(k%ie,flv§+2ku3+u§+k1u§+
o, BklkauZ|ra

kauGrg + Ky +kugvg +kpugug))vg + St (543)

,3](483]{ 1 ufiyz
3kE42ku? + ——=+ ki + ko +hk | —=—.
T e Y e SR BV e
ﬂk2k4k5k 282 ﬂk2k4k5k
Na: < k 2,,2 Frramaro
R 1_k2:|+|ual|+ 2lual ) rgye + s

y kakskok 2k
Bl e g | Irg 2 4 P (2] 4 (5.0
1—k2, Ik \ V1-k3

uflye2 ﬂk2k4k5ku£2lv3

+ )
VI+x2+y2 (1—kp2exy/1-kE

k4 k|rava| 4+ k* [ugrqval)
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</3k4k5% 5 /Sk4k5kuzi 5 ,3k4k5ku¢21,£1 2.2

S ke e T Ik dey € Ik, avet
kaksk |u ug|y? kaksk P
Bkaksk ig| lualy; Bkaks SPYCTRN (5.45)
(I—kow/1—k2y/1+x2+y2  1—koa\ /1-k%
2ku2+k1+k2|rd|+kfﬁ4d|+k|udvd|+l)i
! VI3 +7
Substituting (5.37) with (5.41)—(5.45) into (5.36) yields
. 1) v2
Vi< 0x2 — a0y - —220 2 (546
V1+x2+y2

where

1 ﬂk4k142 |Vd| ,Bk4k5ku2
1) =ky— — | ko +ku? +kv? d d
w0 =k 481(2+ Ma+Kvat 1—k— -k )’

p21(t) = p211 (Org — pa12(1) |ral.
M2r1(t) = |:l3k2k4(k5 —&2) —kae1 —

kok
Phaka e 3t by + ket
1—k—

1 Bkakak
2k|u‘31|+1—_k2+|udvd|) —‘f_k%ﬁ)_lz_—]:‘;IX

2% kaksku?
( £2 +kmﬂ+kbmﬂ)—éiiiﬁi],

1—k3 11—k
Bhaokasks [ kg
1) = kk )
M212(1) Ik l—kf:|+ 1|ugl
22 (1) = poa1 (u — paza(t) ugl.
kaesk
Mn(n:kﬂ+km@—ﬂm—ah&hn—ﬂ4% x
11—k
1 Bkakskak
3k24 2ku% + ——— kg Ak + k) — A2
( CF 2kuy + /—1_k%:|+ 1+ 2+> —
2k
—Jﬂﬂﬂ+k2mWﬂ+k%jkmmﬂ+kﬂuﬂwu|—
T—k2,
kaksk
P Kaks i +2kHyal +2kud + ki + ko |ra| +
l—k\ /1-k2
kifyal +klugva +1),
Bkaksk |1ty

1) =k(+k4k?)|vg|+ ————4
M222(t) = k( ak3) |val 1k i,
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kkaksv? kokar?  kkaksu?
w3(t) =ka(a—ks)— sksvg _ Phokarg  Kkaksuy
483 482 483

Bkokaksku} — Bkaks kui  Bkaoksk y
(1—kpRea/1—k3 1—kRes 1-kr

lugrq|
<—kz+|udrd|+

1
A E(uz(v§+r§)+2k|u3|+

1:!2
— L (k1 +har2u? KR+ k2 4 lugvg| | | -
VK2,

kak 1

Pl E(zug b raler o (VB of + 2 + i+

kb +koudry +kfwy +kul vy +kiuiv?)) (5.47)

for some positive constants ¢;,7 = 1,2,3. The time dependence of w1, a1, K22,
and p3 is due to the time-varying reference velocities. Hence condition C1 is satis-
fied if there exist positive constants k4 and k5, and the design constants k, k1, and
ko such that the following conditions are satisfied:

Lo ku™ <kpcs 1, Bk —ks =0, 1 —ka(a —ks)ks = 0, pu1(r) = pipus(t) =
l‘(/3» t 2 05

2. p221(2) =0, udt, — WS o = W u g™ > waif (5.3) holds, see Assumption
5.1,

3. w22(t) > pnl5if (5.4) holds, see Assumption 5.1,

where p i) niss and wi-dre some positive constants, uf, and 4, are the
values of p,11(¢) and po12(¢) with the maximum values of |ug(¢)|, |[tig(¢)| and
|74 (t)| substituted in, and r;'** denotes the maximum value of |r;|. We now need to
show that the above constants always exist. From (5.38), we have

ks o 2|
ki=—, ks=—— /| ———. 5.48
1 8 5= PR (5.48)

. 2 . 2 .
It is noted that we take ks = 5 — /% — i instead of ks = 5 + /G — é since we

want to have a small k5 for the condition y3(7) > i 0. We choose k4 > 4/a? to
make ks real and positive, and set k, = §k with § being a small positive constant,
say 6 <max(uy™,uy™, rg™), with u}* being the maximum of [iz4|. By observing
from all functions p; (¢), i = 1,21,22, 3 that their negative parts have k as a factor,
and that the mass including added mass in the sway dynamics, m55, is always larger
than that in the surge dynamics, my, for surface ships, i.e., 8 < 1, therefore we can
always find a positive constant k or even k = 0 such that the conditions 1 and 2 hold
for some small &; > 0, i = 1,2, 3. For simplicity, one can take &; = 8. In fact, k =0
results in the controllers proposed in [19, 106] (with nonzero k, selected). However
if & = 0 the condition 3 cannot be satisfied. Hence we should choose k to be a small
positive constant. Note that a small k automatically implies a small k —The value
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of this constant should be reduced if the reference yaw, 4, and surge, u 4, velocities
and surge acceleration, 14, are large. The physical meaning of this interpretation is
that the distance from the ship to the point it aims to track should be increased if
the velocities are large, otherwise the ship will miss that point due to high velocities.
Furthermore if « is small, k5 is automatically small. This physically means that if the
damping in the sway is small, the control gain in the surge dynamics should also be
small, otherwise the ship will slide in the sway direction. This can be mathematically
seen from the expression of p3(¢). Due to complicated expressions of yu; (¢), we give
a simple procedure to choose the design constants k; and k; rather than present their
complex explicit expressions.

1. Pick a small positive constant k, say k << max(ujy™, r7®, u™), § such that
§ < max(uy™,r7*™) and set ko = 8k, k4 = 4/a?.

2. Substitute (5.48) into p; (t)and slowly increase k and k4 until all conditions 1, 2,
and 3 hold with arbitrarily positive constants 5wt uitand pl-

Once conditions 1, 2, and 3 hold, the design constant k; is calculated from (5.48)

and k, = §k. Based on the above choice of design constants, it directly follows that
e if (5.3) holds:

Vi< —pixe = (51073 = Whor g™ — 1pu ™) v2 — nsvg.  (5:49)

e if (5.4) holds:

< e Made
Vis e - =t n3ve +
e e
Lt o) .2 (5.50)

(p211®)] 1+ |p212(0))) x1e Ve -

It is now seen that condition C1 of Lemma 5.1 follows readily from (5.50) since
the last term in the second line of (5.50) is linear in y2 and its coefficient exponen-
tially vanishes, see also proof of Lemma 5.1.

Remark 5.3. When the reference surge and sway velocities and surge acceleration
are very large, the above procedure will result in very small control gains k, ki,
and k,, which will give very slow convergence. Hence it is suggested that for large
Ugq, rq, and 14, the control gains k, ki, and k, should be chosen such that either
conditions 1 and 2 or 1 and 3 hold to improve the convergence. The trade-off is that
some “‘switches” in the control gains for different reference trajectories will occur.

Verifying Condition C2. We need to show that g1 (¢, X1, X».) satisfies condition
C2. It can be seen that

we <1,

kugweiye <k I’j

Isin(ze)/ze| < 1, (5.51)
[(cos(ze) —1)/ze| < 1.
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From (5.13) and (5.51), it is not hard to show that:

|px| < (L+ kS5 ua |+ va)) |zel
py] < 0+ kS ual + val) |zl (5.52)

Applying (5.52) to (5.21) and noting Remark 5.3 yields the condition C2 readily.

Verifying Condition C3. This condition is verified by showing that the Xj,-
subsystem is GES. Take the following quadratic function:

1
Va=3 (z2+a2+72). (5.53)

Differentiating (5.53) along the solutions of the X,.-subsystem satisfies

Vo < —(k3—1.5)zj—(51 +ﬂ—o.5) i — (52+@—1) 72

miy ms3
< —p2Va, (5.54)
where
d d
02 =min(2(k3— 1.5), 2(81 + 1—0.5) , 2(52+ =23 1))
miq ms3
Thus it suffices to choose the design constants k3, 81, and §, such that
k3 > 1.5,
8§, > 0.5, (5.55)
85 > 1.

Hence condition C3 follows from (5.54). We have thus verified all the conditions of
Lemma 5.1. Therefore the closed loop system (5.21) is GAS at the origin.

Remark 5.4. From the proof of Theorem 5.1 and Lemma 5.1, it is seen that when
the yaw reference velocity r; satisfies the persistently exciting condition as stated
in Assumption 5.1, the tracking error system is GES. This is the case reported in
[19,71,106] based on different approaches. Therefore the results in those papers are
a special case of the result in Theorem 5.1.

5.4 Simulations

This section validates the control laws (5.20) by simulating them on a monohull ship
with the length of 32 m, mass of 118 x 103 kg, and other parameters are calculated
by using MARINTEK Ship Motion program version 3.18, a program for calculating
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the added mass and damping matrices of the ship, as

my = 120 x 103kg, mas = 177.9x 103kg, m33 = 636 x 10°kgm?,

di1 =215x10%kgs™, dyr = 43 x 102kgm "' dy3 = 21.5 x 10%kgsm 2
dyy = 117 x 10%kgs™, dyr = 23.4x 10°kgm "' d3 = 11.7 x 10°kgsm =]
d33 = 802 x 10*kgm’s " d,, = 160.4 x 10*kgm?, d,3 = 80.2 x 10*kgm?>s,
dyi =0, dy; =0, dy; =0, Vi > 3.

This ship has a minimum turning circle with the radius of 150 m, a maximum surge
force of 5.2 x 10° N, and a maximum yaw moment of 8.5 x 108 Nm. From the ship
parameters, we have o = 0.54 and B = 0.55. The reference trajectory is generated
by the virtual ship (5.2) where the reference surge force 7,4 is taken as 7,4 = d11 —
MoV g T4, and the reference yaw moment 7,4 is taken as t,q = —(m11 —ma2)Ugrg
for the first 800 seconds and 7,4 = —(m11 —ma)ugrg + 0.01d33 for the last 1000
seconds. This choice means that the reference surge velocity uy is 1ms™-bver the
entire simulation time, and that the reference trajectory is a straight line for the first
800 seconds and a circle with a radius of 200 m for the last 1000 seconds. We first
pick k = 0.02 and k4 = 13.9, then increase these constants until conditions a, b, and
¢ hold. We have

k=0.1,k; =034k, =0.1, kz =2,

k4 =15.26,k5 =0.19, §; =5, §, = 5.

The initial conditions are chosen as

[x(0),y(0),¥(0),u(0),v(0),r(0)]
= [15m,50m, 0.7rad, Oms 9. 5ms M Drads DT

The reference trajectory is generated by a virtual ship with the initial conditions of

[x2(0),4(0),%¥4(0),uq(0),v4(0),74(0)]
= [0.5m,0.5m, 0.2rad, 1ms HHms = Drads Dﬂ]

The tracking errors are plotted in Figure 5.2a and control inputs are plotted in Figure
5.2b. In addition, the real and reference trajectories in the (x, y)-plane are plotted in
Figure 5.3. It can be seen from Figure 5.2a that the tracking errors asymptotically
converge to zero as proven in Theorem 5.1. From Figure 5.2b, we can see that the
control inputs t,, and 7, are quite large in the first few seconds because of a short
transient response time. Indeed, we can reduce the control effort by tuning the con-
trol design gains such as reducing the control gains §; and §,. However, this will
increase the transient response time.

For a comparison, we also simulate the controller proposed in [19] with the same
initial conditions and reference trajectory in Figures 5.4 and 5.5. It is clearly seen
that the controller proposed in [19] cannot track the straight line as discussed before.
It should be noted that the controllers proposed in [71, 106] also result in similar
nonzero errors although they were designed based on different approaches.
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Figure 5.2 Simulation results of the controller proposed in this chapter: a. Convergence of tracking
errors (x Cxd[m]: solid line, y Ly} [m]: dashed line, W [fr)[rad]: dash-dotted line); and b.
Control inputs (7, [N]: solid line, T, [Nm]: dashed line)

5.5 Conclusions

The key to control development is the coordinate change (5.10) to transform the
tracking error system, in which the tracking errors are interpreted in the frame at-
tached to the ship’s body, to a triangular form, to which the popular backstepping
technique can be applied. This coordinate change made it possible to relax the se-
vere restrictions in [19,71,106] on the reference trajectories generated by the virtual
ships in the sense that the developed controllers can force the vehicles to track a
straight line (way-point tracking), a curve and a combination of both. Several as-
sumptions on the ship dynamics have been made such as all off-diagonal terms of
the damping matrix, nonlinear damping matrix, and environmental disturbances in-
duced by waves, wind, and ocean currents being ignored. For a justification, the
reader is referred to Section 3.4.1.2. It is seen from Assumption 5.1 that the surge
and yaw reference velocities cannot be zero, i.e., the problem of stabilization and/or
parking is not considered in this chapter. In the next chapter, this limitation will be
removed when a simultaneous stabilization and tracking control is addressed. This
chapter is based on [109-111].
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Figure 5.3 Simulation results of the controller proposed in this chapter: Tracking trajectory in the
(x,y)-plane ((x, y): solid line, (x4, ya): dashed line)
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Figure 5.4 Simulation results of the controller proposed in [19]: a. Convergence of tracking errors
(x Cxd[m]: solid line, y [Lyd[m]: dashed line, ¥ [3fr} [rad]: dash-dotted line); b. Control inputs
(ty [N]: solid line, t,-[Nm]: dashed line)
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Figure 5.5 Simulation results of the controller proposed in [19]: Tracking trajectory in the (x, y)-
plane ((x, y): solid line, (x4, Ya): dashed line)



Chapter 6

Simultaneous Stabilization and
Trajectory-tracking Control of Underactuated
Ships

This chapter examines the problem of designing a single controller that achieves
both stabilization and tracking simultaneously for underactuated surface ships with-
out an independent sway actuator and with simplified dynamics. The proposed con-
troller guarantees that stabilization and tracking errors converge to zero asymptot-
ically from any initial values. In comparison with the preceding chapter, a path
approaching the origin and a set-point can also be included in the reference tra-
jectory, i.e., stabilization/regulation is also considered. The control development is
based on some special coordinate transformations, Lyapunov’s direct method and
the backstepping technique, and utilizes passive properties of ship dynamics and
their interconnected structure.

6.1 Control Objective

For the reader’s convenience, the mathematical model of the underactuated ship
moving in surge, sway, and yaw, see Section 3.4.1.2, is recaptured as

X =ucos(y¥)—vsin(y),
y = usin(y¥) 4+ vcos(y),

Vv =r,
. M2 di 1
U= —"—vr——u+—r1,, (6.1)
miy miy miy
miy da
V=——"Ur——-",
maa naa
(m11—ma2) ds3 1
= —r+—1,
ms3 mss3 mss3

where all symbols in (6.1) are defined as in Section 3.4.1.2. The available controls
are the surge force 7, and the yaw moment t,. Since the sway control force is not

109
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available, the ship model (6.1) is underactuated. Similar to the preceding chapter, it
is assumed that the reference trajectory is generated by a virtual ship as

Xg =ugcos(Yg)—vgsin(y¥g),
)'fd = ugsin(Yq) +vq cos(Yg),

Va=r4,
) Mmoo di 1
Ug = ——VglFqg ———Ug + —Tyq, (6.2)
miy miy mii
) miy dr
Vg = ———Uglqg ———Vq,
maz ma2
(mi1—ma2) ds3 1
= UgVg — ——Tg + —Tpq,
ms3 mss3 ms3

where all variables have similar meanings as in the system (6.1) for the virtual refer-
ence ship. In this chapter, a single controller that simultaneously solves stabilization
and tracking problems of underactuated surface ships is proposed under the follow-
ing assumptions.

Assumption 6.1. The reference velocities, ug and rg, are bounded and differen-
tiable with bounded derivatives g, tig and rq.

Assumption 6.2. One of the following conditions holds:
Cl. Ug =rqg = 0.
t

C2. [ri(v)dt = 0,(t —19), 0, >0,V 0 <1 <t < o0.
1
0 o0

C3. lug(t)] =0y >0and [ |rg(t)|dr < p1, 0 <1 < oo.
o 0

C4. [ (Ira@)|+lug )|+ g ()])dr < pa, 0= s < o0.
0

Remark 6.1. The problems of regulation, stabilization, or dynamic positioning are
included in condition C1. Tracking a circular path belongs to the case when con-
dition C2 holds. Condition C3 covers the case of straight-line or way-point track-
ing. By Barbalat’s lemma together with Assumption 6.2, Condition C4 implies that
lim; 00 g (1) = lim;_, o U4 (t) = 0. Hence the parking problem is captured by con-
dition C4. Indeed, one can see that Condition C4 covers Condition C1. However we
study these two conditions separately because Condition C1 has been studied in the
literature but Condition C4 has not.

Remark 6.2. The work in [19,53-56, 71, 106] can deal with either Condition C1 or
Condition C2. In the preceding chapter of this book, we allowed for either Condition
C2 or Condition C3.

Similar to the preceding chapter, we introduce position and orientation errors
X—Xgq,Y—Yd,and ¥ — 4 in a frame attached to the ship body. This results in the
error coordinates as
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Xe cos(y¥) sin(y) 0 X—Xgq
Ye | =| —sin(¥)cos(¥)0 | | y—ya |- (6.3)
We 0 0 1 W - wd

One can see that the convergence of x., Y., and ¥, to the origin implies that of
X—Xxg,y—Yyq and ¥ —z. We also define the velocity tracking errors as

U =U—UG, Ve =V—Vg, Te =T—T4. (6.4)
Differentiating both sides of (6.3) along the solutions of (6.1) and (6.2) yields:

Xe = Ue—ug(cos(VYe) —1) —vgsin(Ve) +reye +raye,
Ye = Ve —Vg (COS(WE) - 1) +ug Sin(We) —TeXe —TdXe,

We = r€a
. mas dii 1 )
Ue = —VF— —U+—T, —Uq, (6.5)
mi1 mi1 miy

) miq miq da
Ve = ———Uelg — ——(Ue +Ug)Te — — Ve,

maa maa nma2
. (mi—ma) d33 1 .
Fo= — v — ——71 + —1, — ig.

nmss3 ms3 ms3

The tracking and regulation problem of underactuated surface ships is therefore
equivalent to stabilizing system (6.5) at the origin. In particular, we are interested in
designing explicit expressions for 7, and 7, such that lim;_, o || X (¢)|| = 0, for all
t >1t9>0and X, (ty) € R with X, = [xe, Ve, Ve. Ue, Ve, re]T. In case of Condition
C2, it will be shown that || X, (2)] <y (|| Xe(to)])) e *¢~%) with y being a class-K
function, and u a positive constant, i.e., global K-exponential tracking is achieved.

6.2 Control Design

Similar to the preceding chapter, we observe from (6.5) that x, and ¥, can be sta-
bilized by u, and r.. On the other hand, v, should be chosen as a virtual control
to stabilize the sway error y.. However when the surge reference velocity is zero
or approaches zero, i.e., the case of stabilization and parking, we cannot use ¥, to
stabilize y, since u4 sin(y,) is zero or approaches zero. In this case, we need some
persistently exciting signal in r, to stabilize y.. As such, we choose the coordinate
transformation

_ . k(1) ye
Ze = Y + arcsin | ———— |, (6.6)
V1+x2+y2

with
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k(t) = A1 (ug + Azcos(Ast)),
where the constants A;, 1 <i < 3 are such that

suplk(t)| < 1. 6.7)

t>0

They will be specified in the stability analysis later. Notice that (6.6) is well defined
and that convergence of z, and y,. to the origin implies that of .

Remark 6.3. Using the nonlinear coordinate transformation (6.6) instead of z, =
Ve + k(t)ye, we avoid the ship moving left and right largely when y, is large. If
one uses Z, = Y, + arcsin (k(t) Ye/V1+ ye?), the problem of the ship whirling
around is avoided. Indeed using these coordinate transformations will result in a
much simpler tracking error system than using (6.6). However, it is readily shown
that these coordinate transformations result in a local control solution because of the
term 7. X, in the y.-dynamics. The term A;u4 plays the role of stabilizing y, when
ug4 is not zero and does not approach to zero while the term A1 A, cos(A3¢) is used
to introduce the persistently exciting signal in r, to stabilize y, when u,4 is zero or
approaches zero.

Remark 6.4. The function arcsin in (6.6) can be replaced by several other smooth
functions such as arctan and tanh, or the identity function. We have chosen the
function arcsin because of its simplicity.

Using the new coordinate (6.6), the ship error dynamics (6.5) are rewritten as

(w2 — 1) n k(t)vgye

Xe =Ue+ug +reye+rgye + px,

[0)) [))
) (w2 —w@1) k(Dug
Ye =Ve+vg — e o reXe—raxXe+ py.
wy Wy
. k(t)x 1 . wy— W
fe = (1—&) re +— (k(t)ye+k(t) (ve eV
w1 w1 w2
k(Dugy k(t)y
5 —rgXe | = —5 (Xelle + YeVe + (XeUg + YeVa) X
W) w2
(w2 — 1) k(1)y
" 4 (XeVq — Yelld) —— | + p-.
[op) (2]
. m d 1 .
Ue = ﬁvr_i(Lte'}"/’(i)'i'_"71,4_7411'7
mii mii mii
. d22 mii mii
Ve = ———Ve——— Uelqg —— (Ue +Ug)Te,
Mmoo maa ma»
mip—m d 1
Fe = ———2UV— = (rg +1q) + — T — Fyq. 6.8)
ms3 ms3 ms3

where, for notational simplicity, we have used k(¢) instead of using its explicit ex-
pression given in (6.6), and defined as
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@y =142+ (1—k2)y2, 2= /1 +x2+ 2,

P ((cos(za 2t sin(ze)%) -
va (sin(ze)@ — (cos(ze) — <1 ) ,
wy Wy

Py =—Vg4 ((cos(ze) - 1)% + Sin(Ze)k(l)wz_lJ’e) +
2

g (sin(ze)% — (cos(ze) — 1)]‘(;—)2”) :
k(1)ye
w

1
Pz = — (k(t)py - (xepx + J/epy)) . (6.9)
w1

The effort that we have made so far is to put the tracking error dynamics in the
triangular form of (6.8), and to have the term —k(¢)uyy./@> in the y.-dynamics.
This term plays an important role in stabilizing the y.-dynamics. In this section,
a procedure to design a universal controller for the tracking error system (6.8) is
presented in detail. The triangular structure of (6.8) suggests that we design the
actual controls t,, and 7, in two stages. First, we design virtual velocity controls u,
and r, to globally asymptotically stabilize x., ye, z. and v, at the origin. Based on
the backstepping technique, the controls t,, and 7, are then designed to force the
error between the virtual velocity controls and their actual values exponentially to

zero. Before designing the control laws, t,, and 7,, we note if the constants 4;, 1 <
i < 3 are chosen such that sup, |k(7)| < 1, then (6.6) implies that

O0<1l—suplk(®)] <1-—

k(t
t>0 w1

(6.10)

This allows us to design control laws for 7,, and 7, to globally asymptotically stabi-
lize (6.8). The control design consists of two steps as follows.

Step 1

In this step, we define the following virtual control errors

d

e’

Fo=re—rd, (6.11)

Ue =Ue—U

where u¢ and rff are the virtual velocity controls of u, and r.. Unlike the standard
application of backstepping, in order to reduce complexity of the controller expres-
sions, we will choose a simpler virtual control law u¢ without canceling the known
terms. The virtual surge and yaw velocity controls are chosen as
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ufj =—kyix, +k2VdJ’e,
rd =ri 415, (6.12)
where
1 1 . Wy — W
d 2 1
= (k@ k(t =271
rie (1—k(r)xe/w1)w1( (ye+ ()(“e“d -
k(Hugye k(t)ye
M_rdxe)_(—)zy(xe(_klxe +karaye) + yeve+
wy 5
Wy — W k(t
(xeud‘i‘J’eUd)%‘F(erd_Yeud) (w)zye)) (6.13)
2
rd, = —[(1=k(O)xe/@1)] " (kaze + ). (6.14)

and k;, i =1, 2, 3, are positive constants to be selected later.

Step 2

Differentiating (6.11) along the solutions of (6.8) and (6.12) yields

- Mmoo dii 1 . .
e = ——VF ——U+ —Ty —1lig —uf,
miq miq miq
. (my—ma2) da3 1 ..
re:—uv——r—l——tr—rd—rf, (6.15)
ms3 ms3 ms3

where 114 and ¢ are the first time derivatives of u¢ and r¢ along the solutions of
(6.8). From (6.15) we choose the actual controls t,, and 7, as

om d . . k(t)xeyez
= mll(_Clue—ﬁvr-Fi(uf+Md)+"d+”(ei+ 2 ey; E)’
mip mip w1,
N mi—m d
T, = ms33 (_C2re_—( L 22)uv+£(rf+rd)+
mass3 msjs3
k(t)x
fdwed_(l_&)ze), (6.16)
w1

where c¢; and c, are positive constants. Substituting (6.16) and (6.12) into (6.8)
yields the closed loop system

Xe = —kiXe+kargye +ug (wz_wl)wz_l_l'k(t)vdwz_lye‘l’
riye +raye + 15 Ye +ile +FeYe + Px.
Ve = Ue+vd(w2_wl)w2_1_k(t)udwz_lye_rfgxe_rdxe_

d -
TyeXe —TeXe + Py,
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d22 mii m m
. d 11 d 11 d\~
Ve = ———Ve———Uglg——— (Ue +Ug)ri, — —— (rg +r{,) e —
maa maa maa maa
ny

L e+ ul Fug) (L + 7o),
2

ny
k([)xe) i k(t)xeyetle

e~ T __ 5
w1 w1 '(D'2

2 d - k(t)x z
i, = —(C1+i)ue+ ()xeye e’

Ze = —k3zo+ (1 -

mi1 ZD'IZD'22

. d k(t

i= _(Cz+£);e_(1— ()Xe)ze. (6.17)
ms3 w1

We now state our main result, the proof of which is given in the next section.

Theorem 6.1. Assume that the reference signals (xg,Vq,Va,Vq) are generated by
the virtual ship model (6.2) and that the reference velocities (ugq,1q) satisfy Assump-
tions 6.1 and 6.2. If the universal state feedback control law (6.16) is applied to the
ship system (6.1) then the tracking errors (x(t) —xq(t), y(t)—ya(t), ¥ (t)— ¥4 (1),
and v(t) —vg(t)) converge to zero asymptotically from any initial values, i.e., the
closed loop system (6.17) is GAS at the origin, with an appropriate choice of the
design constants A; and ki, 1 <i < 3. Furthermore, if Assumption 6.2 holds with
C2, the closed loop system (6.17) is globally K -exponentially stable at the origin.

6.3 Stability Analysis

We only need to show that the transformed tracking errors, (X¢, Ve, Ze, Ve ), cOnverge
to zero from any initial values. Under Assumption 6.1, boundedness of the controls
7, and t, follows readily. We note that the closed loop system (6.17) consists of two
subsystems, (Z¢,Ue,7e) and (X, Ve, Ve), in an interconnected structure. To prove
Theorem 6.1, we take the following Lyapunov function:

1 N -
Ni(Xie) =5 (z2+al+77) (6.18)
for the (ze, U, Fe)-subsystem, and
1
Va(X2e) = E(Xg +y2 +ka(ye +ksve)?) (6.19)

for the (x¢, Ve, ve)-subsystem, where k4 and ks are positive constants to be selected
later and
Ze Xe
Xie=|tle |, X2e =] Ye
Te Ve
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From (6.18) and (6.19), if we consider V' = Vj + V, as a Lyapunov function for the
closed loop system (6.17) it can then be seen that this function has a connection with
the energy of the ship system as follows. We write the function V' as

v=xTax, (6.20)

where X = [xe Ver Ze U — (Ug + ufj), v—uvg,r—(rqg + rg)]T and A is a diagonal
positive definite matrix. It is now seen that the function V' consists of two positive
definite parts. The first part related to (x., ye,Ze) can be regarded as the “potential”
energy. The second part related to (u —(ug + uf), v—vg,r—(rqg + rf)) is referred
to as the “kinetic” energy of the ship, which is defined with respect to a coordinate
that moves at a speed of ((ud + uf), vg, (rg + rg)). Hence we wish to bring the en-
ergy function V' to zero. However considering this function together with the closed
loop (6.17) is difficult, we consider the subsystems (Z,, e, 7o) and (Xe, Ye,Ve) S€p-
arately.

(2e,Ue,Te)-subsystem. From the last three equations of (6.17), it can be seen that
the (ze,Ue,7e)-subsystem is GES at the origin by considering the Lyapunov func-
tion V1(X1e), see (6.18), whose time derivative along the solutions of the last three
equations of (6.17) is

) d d
Vi = —kaz2— (c1 +i) i — (c2+ﬁ) 72, (6.21)
nmiy ms3
Therefore we have
1 X1e (O] < (| X1e(t0) || €10, (6.22)

where o1 = min{ks, (c; +d11/m11), (c2 +d3z3/m33)}.

(Xe, Ve, Ve )-subsystem. To investigate stability of this subsystem, we take the Lya-
punov function V;(X3,), see (6.19), whose first time derivative, after some manip-
ulation, along the solutions of the first three equations of (6.17) is

2 k@ua(1+ka)y2

Vo= —kix — Bkakasksr}yZ—
e /—1+x3+y3 d’e
kaks(aks — I)Uez—i- M+ Q2+, (6.23)

where for simplicity, we have defined @ = dps/maz, B = my1/ma2z,

Wy — W
M = kzrdxeYe+(udxe+Ud(k4+1))’e)%+
2

k(t)ye (Wgxe —kaksugve) +kaksuy Wy — W b —

[P} w2
BkakakZryeve — Bkaks (ye + ksve) (karaye +ua) rd,,  (6.24)
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2 = X (px+lie) + Yepy +ka(ye +ksve) (py —FoXe—
riexe = Bks ((ra + i)t + (e +ud +ua)Fe+14))).  (629)
® = ka(ye +ksve) (=1 + Bkiks)(r, +ra)xe + (1 —ka(aks — 1)) yeve. (6.26)
We first choose the design constants such that

1 —k4(0(k5 — 1) = 0,
Bkiks—1=0 (6.27)

to cancel the common term @. Noticing that

sin(z,) -1 cos(ze)—1 ‘ -1
Ze Ze
W2 W1 _ k(1) y2 (6.28)
w> wa (w2 + )’ .
1 1
<

D1 T wy/1—k2(1)

after a lengthy but simple calculation of upper bounds of M and §2 by completing
the squares, we arrive at

Va < —p1(0)x2 — par 1)y — pa()ve pye
B ’ © VTR T+
P3O0+ (1 Va4 y2) e 10710 (6.29)

where

Bkaks |k(@)| ual|ra|
1= k()]

1
P = k= (ko] ol +
L1

Bkikakaks |k(t)|)
1— k()] ’

(6.30)
p21(t) = P211(1)r§—l’212(t) ral,
BhaokakZ  Bkokaks kol
4p2 L=k \ 202 /1-K2(1)
Bk [ [FO[+kOIK0)
4p2 (1= k(®)]) V1=k2(1)

(K2(1) [ua) + (1 + ki +k2) [k(0)] + k(@) k() [ug| +

p211(t) = Bkokaks—kopy —

(k2 +1+kip1) [k(D)]) —
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 BkakZ1k()] Jual

k()| k2(2) [va] +k2(0) [ug) +k2(2) [val) 4p, (1= k(1))

Bkakaks ‘k(f)‘

- , 6.3
7220 Ckon Vi-en o
P22(t) = (1 +ka)k(ug — paoi(t),
B Bkokaks I §
praks [ [FO[ual  jijual
k? k2
O hallral+ =50 (,/1—k2(z) L =T R
(KO el e 25) + DL k) +Ka K0

k(@) |uql

4pry/1—k2(2)

k2 () (ug + |ugl |val)) +

uallral + +IkO1k*(Oug + kO k() [ualva +

gz [ [FO|al + I Ol aval
4p2 (1 =1k ()]) V1I—k2(1)

k> (0l + (ky +ka [ra ) |k @) ug | + k@) k> (0)ul + k(@) (k)] + 1) x
lug|va| +k>()ud) + k() |ugl. (6.32)

pa3(t) = (K2(0)(1 +ka) + p1 [k(t)| + p3k?(t)kaks) [va| + ?f‘ﬁz(];; y
<|k(r)|k2(z)|ud| Iral

NE==0] +k2(l)(lk(l)|+1)|vd||rdl), (6.33)

kakes |k (t kaksk?(1
p3(0) =k4k5(ksoz—1)_( ks k()] Jua]  kaksk®(@) lval
4P3 4p3
2p2 Bkakaks k()]

(1= k@)D VT—k2@)
2Bpakaks [6(0) lual  Bhakek? ( 2 ( Wl

paBakakir) -

= k()] 1= k()] Nozol

k(D2 ()vG + k() lug| + k(@) rg + (ky +karg) x

k
)]+ (K@) + DR (va | + lual) + 2Ol ral )_

Niey=n
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kak? .
%(Pz (‘k(t)ud‘+ lk()ug| (Jva] +3) + (k1 +ka |ra) x

k(O)ua| + (k@) +2) k> (Oug +k*(@) lugva| (k)] + 1)), (6.34)

where yi, x» are nondecreasing functions of || X1.(#9)||, o1 is given in (6.22), and
pi >0,i=1,2,3.

We are now in a position to select the design parameters, A;, | <i <3 and k;, j =
1,2,4,5 so that the closed loop system (6.17) is GAS at the origin. We proceed to
choose these parameters by investigating all the cases of Assumption 6.2. For each
case, we choose a subset of A; and k;. As discussed before, we firstly choose

0<)tl < 1/(u2ax+12), )Lz > 0, Ag, >0, (635)

so that sup, .o |k(?)| < k« < 1, where u}* is the maximum value of |u4(¢)|. Note
that this primary choice guarantees sup,q [k(2)| < 1.
Secondly, we choose A;, 1 <i <3 and k; such that

p1(t) = py >0, p3(t) > p; > 0. (6.36)
Before going further to choose A; and k;, let us discuss each case of Assumption 6.2.
Case C1. From the fourth equation of (6.2), we have
Va (1) = vg(tg)e ™10 Vi > 10 >0, ay > 0.

Therefore there exists a nondecreasing function 1 of |vg (¢9)| such that

P23(t) < mpe 1710, (6.37)
It is noted that in this case

p21(t) = p22(t) =0. (6.38)
From (6.35)-(6.38), we can write (6.29) as

y2

V1+x2+y2

+ (1 Vot x2)e T,
(6.39)

y * 2 * 02 —ap(t—t
Vo < —pix2—pivZ 4+ e 1=t

which yields
Vo < —pix2—piv2 4+ (mVa+n2)e 22070 5, = min(ay,01) (6.40)

for some nondecreasing functions 77 and 7, of ||(X1¢(%0), va (to))||. We now present
a technical lemma to investigate stability of the (x., Ve, ve)-subsystem, in this case
based on (6.40).

Lemma 6.1. Consider the following first-order scalar differential equation



120 6 Simultaneous Stabilization and Trajectory-tracking Control of Underactuated Ships
% = (ax +b)e U0 L §(1)x, (6.41)

where a > 0,b > 0 and ¢ > 0 are constants. If §(t) enjoys the property that there
exists a constant o > 0 such that

/ |8(2)|dt <0 < o0 (6.42)
0

then the solution of (6.41) satisfies

b
MONSMWwa“+5f&”ﬂ4}=nmﬁm» (6.43)

Proof. Proof of this lemma is followed directly by solving the differential equation
(6.41). 0O

By applying Lemma 6.1 and the comparison principle found in [6] to (6.40), we
have

Valt) = Valto)e 17 4 22 (21070 1) 1= s (1 (Xre o). Xae o)) (644

Therefore we now rewrite (6.40) as
Vs < —Wa(Xe,ve) + (1113 + 12) e 02 710) (6.45)

where Wa(xe,ve) = pix2 + p3v?2. Integrating both sides of (6.45) yields

t t
/Wz(xe (1), ve(r))dr < Va(to) + / (min3 + n2) e 020N, (6.46)
to to

It is seen that the right-hand side of (6.46) exists and is bounded. On the other hand,
Wa(xe(t),ve(t)) is uniformly continuous because its time derivative is bounded.
Hence from Barbalat’s lemma, we have W, (x.(¢),v.(¢)) — 0 as t — oo. Therefore
(xe(t),ve(t)) = 0 as t — oo. To prove that y. (1) — 0 as t — oo, applying Lemma
2.6 to the x.-dynamic equation of (6.17) yields

. wWy—w k(t)v
lim (kzrdye g —— + ®vaye +riye +rayet
—>00 [op) w5
riy Ve +ile + Feye + px) =0. (6.47)

Since ug = 0 and (X1e(2), Xe(2),ve(t),v4(t)) — 0 as t — o0, (6.47) is equivalent
to
lim (rf’e ye) —0. (6.48)
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From the expression of r{le, it is directly shown that (6.48) is equivalent to

. ve )
lim ( 1+(1—k2(z))y3k(t)) —0. (6.49)

On the other hand from (6.45), we have

d - — —
dr (V2 +05 (mn3 4 n2) e o2 t0)> <0

which implies that
Va+05 " (nin3 +na) e 2010

is nonincreasing. Since V5 is bounded from below by zero, V, tends to a finite non-
negative constant depending on || X, (#p)||. This implies that the limit of |y, ()|
exists and is finite, say /,,. If /;,, were not zero, there would exist a sequence
of increasing time instants {z;}7; with #; — oo, such that both of the limits of
lé(ti) and lé(t,-) ¥2(t;) were not zero, which is impossible because of (6.49). Hence
Iy, must be zero. Therefore we conclude from (6.49) that y.(t) — Oast — oo.
Hence we have proven lim;_,», X2, (#) = O for this case. We define the subset of the
design parameters that satisfy the conditions (6.27), (6.35), and (6.36) as = f‘k .

Case C2. In this case, we choose the design parameters A; and k; such that

p211(l) > p;ll > 0. (6.50)

Under Assumption 6.1, there exists a choice of A; and k; such that (6.27), (6.35),
(6.36), and (6.50) hold. Substituting (6.35), (6.36), and (6.50) into (6.29) yields

Vo< —pix2—(p31ir3 — | p2a(0)| = p212(®) [ral — pa3(t)) y2 —
p3vZ+ (x1Va + y2)e 1710, 6.51)

On the other hand, it is noted that
1.5 2 2
V, < E()Ce +(1+kq —‘rk4k5)ye + kaks(1 —|—k5)ve). (6.52)

From (6.52) and (6.51), we have

) x 2 N , 3 . .
Vo < —2min( pt, £2117d |p22(t)| = para(t)|ra| — pas( )’ P2 y
1+ ks +kaks kaks(1+ ks)
Vo + (g1 Va + yz)e 0110, 6.53)

By applying Lemma 2.6 to (6.53), there exist a positive constant o3 independent of
initial conditions and a nondecreasing function 73 of || (X1 (f0), X2¢(%0))|| such that

[ X2e(t)]| < 73 (| (X1e(t0), Xae (10))||) e 70210 (6.54)
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as long as
t
/ (P31173(®) = P212(0) [ra (1) = | P22(D)| = p23(2)) dT = p3y(t —10),  (6.55)
to

where p3; > 0. For simplicity of calculation, we can replace the last three terms in
the left-hand side of (6.55) by their maximum values. Note that (6.54) implies that
X5, () is globally K-exponentially stable at the origin but not GES in the sense of
Lyapunov, i.e., 3 in (6.54) must be a linear function of || (X1¢(f0), X2¢(%))||. How-
ever, it can be shown that the local exponential stability (in the sense of Lyapunov)
of the closed loop system (6.17) is guaranteed.

We define the subset of A; and k; satisfying the conditions (6.27), (6.35), (6.36),
(6.50), and (6.55) as E4F.

o0
Case C3. Under Assumption 6.2 and [ |rg(¢)|dr < 11 < 0o, there exists
0

0< Op21 < OO
such that

o0
/ |p21(2)|dt < 0p21. (6.56)
0

In this case, we choose A; and k; such that

P22(t) — p23(t) = p5, > 0. (6.57)

With (6.36) and (6.57), we rewrite (6.29) as

2
. y 5
V- < _p*xz _ p* e _ p*U +
2 1'e 22 1+x§ +yez 3V
|p21(0)] y2 + (1 Va + x2) e o1 00), (6.58)

Again by applying Lemma 6.1 to (6.58), we have

Va(t) < Valto)e*r>'eX/o + %62””2‘ (e’“/“‘ - 1)
=13 ([(X1e(t0). X2e(10))1]) - (6.59)
Substituting (6.59) and (6.52) into (6.58) yields
Va < =paVa+2(p21 ()| Va+ (1 V2 + g2) e 710710, (6.60)

where

) " P2 P3
_, | ’ . 6.61
pa mm@1¢rm%a+h+Mh)hhﬂ+%0 o
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From (6.52) and (6.60), it can be shown that

1X2e ()1 < 704 (1| (X1e(t0). X2 (t0)) [ =470, (6.62)
where

if p4 # o7 then
04 = 0.5min(p4,01),
n4(e) = \/412182%21@(1/01 (Vz(to) + x2lo1 —P4|_1),

lfp4 =01 then
04 =0.5(01—d4),

7a(e) = \J415 29021 21/91 (Va(to) + 724). (6.63)

with

A4 = min (2, 1+ky +k4k§ - \/(1 + ky —k4k§)2 + 4(k4k5)2) ,

0< d4 <01,
¢4 > (t _to)e_dét(l_to).

Note that ¢4 is finite for an arbitrarily small dy4. It can be seen from (6.59), (6.61) and
(6.63) that the rate o4 > 0 depends on the initial conditions ||(X1.(f0), X2¢(%0))]l-
Hence the closed loop system (6.17) is GAS but not exponentially stable at the ori-
gin. In other words, global asymptotic tracking is achieved in this case. We define

the subset of A; and k; satisfying the conditions (6.27), (6.35), (6.36), and (6.57) as
Ak
LJ3 .

Case C4. We first show that V5 is bounded. Substituting (6.35) and (6.36) into (6.29)
yields )
Vo < =pixd = p3vz + pa(0)y; + (1 Va+ g2) e 1470 (6.64)

where
pa(t) = [p21(D)| + | p22 ()] + p23(1). (6.65)

o0
Note that in this case, there exists 0 < 0,4 < 0o such that f pa(t)dt < 0p4. From

0
(6.19) and (6.65), we have
Vo <2pa(t)Va + (1 Va + g2) e 110, (6.66)

Applying Lemma 6.1 to (6.66) yields
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Vo(t) < Vz(to)820p4e)(1/0'l + EEZGM (eXI/Ul _ 1)
X1
=14 (|(X1e(t0), X2¢(20)) ) - (6.67)

Hence y, is also bounded. Substituting this upper bound into (6.64) yields
Vo < =pixg = p3vz +20apat) + (xima+ x2) e 01710, (6.68)

From (6.68), we have

d t
I (Vz - 27)4/ pa(@)dr 407" (Y114 + x2) ™! (t_t())) <0, (6.69)
0

which implies that (x,,v.) — 0 as t — oo and lim;_, », y. = 0. We define the subset
of A; and k; satisfying the conditions (6.27), (6.35), and (6.36) as Ei‘k.

6.4 Selection of Design Constants

In this section, we show that N & l’”‘ = (). From the above section, it can be seen

1<l<4
that these design constants must satisfy (6.27), (6.35), (6.36), (6.50), (6.55), and
(6.57). From (6.27), we have

1 1
ks = .
Pks' T aks—1

Hence we first choose k5 > 1/« and set k, = 5k, with § being a small positive con-
stant, say & < max(uy™, ujy™, r7*), with u* being the maximum value of [izy]|.
Next we replace k in all negative terms of p;(¢),i = 1,21,22,23,3 by k. It is now
observed that the negative parts of p;(¢) have k. as a factor. The mass including
added mass in the sway dynamics, mj5, is always larger than that in the surge dy-
namics, my, for surface ships, i.e., B < 1. Therefore we can always find positive
constants k4 and k5 such that the conditions (6.36), (6.50), (6.55), and (6.57) hold
with some small p; >0, i =1, 2, 3, and A; being chosen based on (6.35). The value
of constant k, should be reduced if the reference yaw, ry4, and surge, u4, velocities
and surge acceleration, 14, are large. This physically means that the distance from
the ship to the point it aims to track should be increased if the velocities and surge
acceleration are large, otherwise the ship will miss that point. In fact, setting A; = 0
and picking k, > 0 results in the tracking controllers proposed in [19,71,106] with a
restrictive assumption of the yaw reference velocity satisfying a persistently exciting
condition. It can also be seen that setting A, = 0 yields the tracking controller in the
preceding chapter, which does not require the yaw reference velocity to be persis-
tently exciting. Furthermore, small o automatically results in large ks and small k4,
see (6.70). This can be physically interpreted as follows: If the damping in the sway
dynamics is small, the control gain in the surge dynamics should be small, otherwise

ky = (6.70)
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the ship will slide in the sway direction. Due to complicated expressions of p; (¢),
we provide some guidelines to choose the design constants rather than present their
extremely complex explicit expressions.

1. Pick positive constants A; such that the constant k is small, say k. << max(u}™,

ra®, ug™), § such that § < max(uy™,r;*™) and set ko = dk«, ks = 1/a +¢ with
& being a small positive constant.

2. Substitute (6.70) into p; () and slowly increase A; and k5 until all the conditions
(6.36), (6.50), (6.55), and (6.57) hold with some positive constants py, p3,,, P51

D35, and p3.

Remark 6.5. When the reference surge and sway velocities and surge acceleration
are very large, the above procedure will result in very small control gains k, k1, and
ko, which will give slow convergence. Hence it is suggested that for large uy4, rq,
and 14, the control gains k, k1, and k, should be chosen such that either conditions
((6.27), (6.35), (6.36)) or ((6.27), (6.35), (6.36), (6.50), (6.55)), or ((6.27), (6.35),
(6.36), (6.57)) hold to improve the convergence. The trade-off is that the control
gains will be different for different reference trajectories.

6.5 Sensitivity Analysis

The control law (6.16) has been designed under the assumptions that the system pa-
rameters are precisely known and there are no environmental disturbances. Indeed,
these assumptions are unrealistic in practice. The aim of this section is to discuss the
sensitivity of our proposed controller in relation to the inaccurate knowledge of the
ship parameters. A discussion related to environmental disturbances can be carried
out similarly.

The control law (6.16) can be easily modified to account for the inaccurate
knowledge of the ship parameters entering (6.15), by adding some robustifying
terms or can be changed into an adaptive version such that the (z, 1., 7e )-subsystem
is globally exponentially/asymptotically stable at the origin. However, this control
law cannot overcome the imprecise knowledge of the ship parameters, which enter
the last equation of (6.2) due to the fact that the reference trajectory is generated
by the virtual ship model (6.2). Therefore, we only focus on this issue to simplify
the analysis, i.e., we are interested in the question: Assuming that the control law
(6.16) has been modified as above, how do the ship parameters affect the tracking
errors when the virtual ship model (6.2) is formed by the nominal values of the ship
parameters?

Defining

Aad=a—a., AB = B—fe, (6.71)

where o, and B, are the known parts of @ and §, we rewrite the v.-dynamics of
(6.8) as

Ve = —QVe— B uerg — B (Ue +ug)re + Aavg + ABugry. (6.72)
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Notice that we cannot choose the design constants such that 1 —k4(aks —1) =0 as
in the previous sections to cancel the term y, v, (1 —k4(aks — 1)), see (6.26), due to
the inaccurately known ship parameters. If one replaces « in the above expression by
o + Aa, the term y,v, (1 — k4 (acks — 1)) will be canceled. However the remaining
term Aak4ksyeve cannot be canceled in the case of C3 because this term does not
contain any reference velocities. Therefore, we replace k5 in the Lyapunov function
(6.19) by kZ /a where kZ is a positive constant to be determined, i.e.,

1 -
Vo' (X2e) = 5 (xe2 + ye2 +ka(ye +ksa 1Ue)z) . (6.73)
The condition (6.27) is replaced by
1—ky(k2—1)=0, Bea, 'kiki—1=0. (6.74)

Note that the term @ is now written as

*

k* k
@ = A kika > (ye + 20) (e +7a) e, (6.75)
where AB* = /o — B./a.. With (6.72) and (6.75), we have

qa2(1)y? q23(1)y?
VI+x2+y2  J1+x2+4y2
1 kak? 1 kgk?

1% —o1(t—to) .
1Va+x2)e + ra— +4¢2 o2

—q3()vl +

V) < —q1(t)x2—qa1(t)y2 —

)IAOévd + ABugral,
(6.76)

where

. kik4kZ|AB* 1 kX k(t 1+4pq|r
ql([):pl(l)_145|ﬂ|(_ : |()|< p1lral

-5 +
4p1 o 1—=1k@] \ 4p; V1-K2(2)

o
k-t kalral + K20 bua + k@val) + = P
(kv + Iral + Ko lra + K@) lual + [k(@)val + k(@ual). 677)
n x| .2 k4k;
q21(t) = p21(t) = | kap1 [AB™[rg + o [davi+ APuaral ). o

‘122(1): pzz(l)— 174 5| 'B |<| ()| | ()|P1+ 5 o

a(l=lk@D \  V1-k2(1)  4poc
k K
—\/% +2(k2(0) lual + k> (0)val) (1 + 4pza)) , (6.79)

q23(t) = p23(t), (6.80)



6.6 Simulations 127

k k*2
5| Aavg + ABugraldr +

kakX|AB*
: 45|ﬁ|P1+
o o

4a(t) = ﬁz(t)—(
2k(O)|ka| AB* o1, Kikak3?| A" \W)\Pz .
(A—k@)]) V1=k2(z) o>(A=1k@D \ V/1—k2(r)
21k (D) + (p1 + p2) [K> ()| (Jval + |ual) + p1 [k (0)] (k1 +
ka2 + |ral) + p1k? (@) (Jva | + [ual)))) . (6.81)

P1> P21, P22, P23, and p3 are pi1, p21, P22, P23, and p3 respectively, with k5 be-
ing replaced by kX /o, and ¢ and ¢, are some positive constants. From (6.76), the
stability analysis of the (x., Y., v.)-subsystem can be carried out using the same
arguments as in the previous section. It can be shown that there always exist the
design constants k1, k3, k4, and kZ such that the required conditions hold if A« and
AP are not too large, say Aa << o, A << f and AB* << min(B, ). It is noted
that when Assumption 6.2 holds with either cases C1, C3, or C4, the (x¢, Ye, Ve)-
subsystem is still GAS since the term |Aavg + ABugrg| in (6.76) globally expo-
nentially/asymptotically vanishes at the origin. However, only global practical sta-
bility can be achieved in the case of C2. This coincides with the ship control practice
in the sense that a big ship, in general, cannot accurately track the reference trajec-
tory generated by a small ship because of underactuated configuration in the sway
dynamics.

Remark 6.6. Since the inaccurate knowledge of the ship parameters directly affects
the tracking errors when Assumption 6.2 holds with case C2 and the v.-dynamics
is globally ISS with respect to u. and r, as inputs, see (6.8), we can also treat the
ve-dynamics as unmodeled dynamics. In this case, one can apply the methodology
proposed in this chapter and the work on controlling nonlinear systems with unmod-
eled dynamics [112].

6.6 Simulations

The same monohull ship for the trajectory tracking simulations in Section 5.4 is used
in this section to validate the control law (6.16) where all the four conditions in As-
sumption 6.2 are considered. The reference trajectory is generated by the virtual ship
with [x4(0), y4(0), ¥4(0), ugz(0), vz (0), rg(0)] = [Om, Om, Oms™!, Orads_l] and

e for the case Cl: 1,q = -Mapvgrq, Trg = —(M11 —M22)Uugry, i.e., the reference
trajectory is a point at the origin,
e for the case C2: 1,0 = -Maovgrg +di1, Trg = —(m11 —maz)ugrg +0.01d33,

i.e., the reference trajectory is a circle with a radius of 200 m and the reference
velocity ug is 1 ms !,
e for the case C3: 1,y = -mapvgrg +d11, Tra = —(m11 —man)ugrg, i.e., the ref-

erence trajectory is a straight line and the reference velocity u4 is 1 ms™!,
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o for the case C4: 1,0 = -Maovgrg +0.1d11e7%3 1,5 = —(m11 —mo)ugrg +
0.1d33e™>", i.e., the reference trajectory is a path approaching to the origin.

We first choose k3 = 0.8, A3 = 3.5, and ¢; = ¢, = 5. Note that these constants
can be any arbitrarily positive real numbers. The bigger these constants, the faster
the transient response will be, but the control effort becomes larger. Next, we ini-
tialize k« = 0.01 and ks = 1.8, then increase these values until all of the conditions
(6.36), (6.50), (6.55), and (6.57) hold. We get k. = 0.02 and k5 = 2.14, which re-
sultin k{ = 0.85,k, = 0.54, k4 = 6.4, A1 = 0.015, and A, = 0.005, see (6.35) and
(6.70). With the above design constant selection, one can verify that all conditions
(6.27), (6.35), (6.36), (6.50), (6.55), and (6.57) hold with p} = 0.47, p3,, = 0.15,
P53y = 0.07, p5, =0.13, p; = 0.16, p1 = 0.2, p» = 2, and p3 = 0.5. The ini-
tial conditions of the ship are chosen as [x(0), y(0), ¥ (0), u(0), v(0), r(0)] =
[Sm, —40m, 0.7rad, Oms™', 0.5ms™!, Orads™']

Figures 6.1-6.4 plot the tracking errors, control inputs, and tracking trajectory
in the (x, y)-plane for cases C1-C4. It can be seen from Figures 6.1a—6.4a that the
tracking errors asymptotically (K -exponentially for the case of C2) converge to zero
as proven in Theorem 6.1. It is noted that the transient response for cases C1 and C4
is much slower and is more oscillatory than cases C2 and C3 because the reference
velocities uy and rg are zero or approach zero. Hence the term A;uy does not help
in the control gain k (), see (6.6). The observation about the transient response for
cases C1 and C4 should not be surprising due to the sinusoidal signal introduced in
the control gain k(¢), and is also true for any time-varying controllers that stabilize
an underactuated system at the origin [15].

To test the robustness of our proposed controller with respect to the ship pa-
rameters and small environmental disturbances induced by wave, wind, and ocean
current, we simulate the control law (6.16) with the same design constants selected
as above. Figures 6.5-6.8 plot the tracking errors, control inputs, and tracking trajec-
tory in (x, y)-plane for cases C1-C4 with 8% variation in all of the system parame-
ters in the sense that the ship parameters are taken as 0.92m 11, 1.08m52, 0.92m33,
0.92d11, 1.08d5,, 1.08d33, and with the environmental disturbances acting on the
surge, sway and yaw dynamics as Ty (t) = 0.1mqrand(-), Ty (t) = 0.1myrand(-),
Tywy(t) = 0.1m3srand(-), where rand(-) is the zero-mean random noise with the uni-
form distribution on the interval [—0.5 0.5]. The above choice of the variation in
the ship parameters is only for illustrating robustness properties of the controller
designed in this chapter with respect to the system parameter uncertainties. Note
that this variation directly affects the tracking errors in Case C2 since the reference
sway velocity has to be generated by the virtual ship. It is worth mentioning that
under arbitrarily small nonvanishing environmental disturbances, the discontinuous
stabilization controller proposed in [55] results in an unstable closed loop system in
the sense that the closed loop trajectory goes to infinity exponentially fast.

With the above disturbances, the last three equations of (6.1) are of the form

. my dn 1 1
W= ——vr——u+ —1y + —Tpul?t),
mi mii miy mii
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mii dx
V=———uUr— ——v+ —71y, (),
map mao m
. (mig—mp ds3 1 1
F= qu——r%——n—i——rwr(r). (6.82)
ms3 mss3 mss3 ms3
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Figure 6.1 Simulation results without disturbances for case C1: a. Convergence of tracking errors
(x — xg[m]: solid line, y — yq[m]: dot-dotted line, ¥ — Vg [rad]: dash-dotted line); b. Control
inputs (t,, [N]: solid line, T, [Nm): dashed line); ¢. Tracking trajectory in the (x, y)-plane ((x, y):
solid line, (xq,ya): dashed line)

6.7 Conclusions

Restrictive assumptions on reference velocities required in the literature and Chapter
5 have been removed thanks to the coordinate transformation (6.6). The proposed
methodology in this chapter can be readily extended to design a single controller for
simultaneous stabilization and tracking of underactuated underwater vehicles. The
work presented in this chapter is based on [105,113—-115].
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Figure 6.2 Simulation results without disturbances for case C2: a. Convergence of tracking errors
(x — xg[m]: solid line, y — yq[m]: dot-dotted line,  — Y4 [rad): dash-dotted line); b. Control
inputs (7, [N]: solid line, T [Nm]: dashed line); ¢. Tracking trajectory in the (x, y)-plane ((x, y):
solid line, (x4 ,yq): dashed line)
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Figure 6.3 Simulation results without disturbances for case C3: a. Convergence of tracking errors
(x — xg[m]: solid line, y — yq[m]: dot-dotted line,  — Y4 [rad): dash-dotted line); b. Control
inputs (7, [N]: solid line, T [Nm]: dashed line); ¢. Tracking trajectory in the (x, y)-plane ((x, y):
solid line, (x4, ¥4): dashed line)
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Figure 6.4 Simulation results without disturbances for case C4: a. Convergence of tracking errors
(x — xg[m]: solid line, y — yg[m)]: dot-dotted line, ¥ — ¥4 [rad]: dash-dotted line); b. Control
inputs (T, [N]: solid line, T,[Nm)]: dashed line); ¢. Tracking trajectory in the (x, y)-plane ((x, y):
solid line, (x4 ,ya): dashed line)
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Figure 6.5 Simulation results with disturbances for case C1: a. Convergence of tracking errors
(x — xg[m]: solid line, y — yq[m]: dot-dotted line,  — Y4 [rad]: dash-dotted line); b. Control
inputs (7, [N]: solid line, T [Nm]: dashed line); ¢. Tracking trajectory in the (x, y)-plane ((x, y):
solid line, (xg,y4): dashed line)
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Figure 6.6 Simulation results with disturbances for case C2: a. Convergence of tracking errors
(x —xg4[m]: solid line, y — y4[m]: dot-dotted line, ¥ — V¥4 (rad]: dash-dotted line); b. Control
inputs (7, [N]: solid line, T [Nm]: dashed line); ¢. Tracking trajectory in the (x, y)-plane ((x, y):
solid line, (x4 ,yq): dashed line)
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Figure 6.7 Simulation results with disturbances for case C3: a. Convergence of tracking errors
(x — xg4[m]: solid line, y — yq[m]: dot-dotted line,  — Yy [rad): dash-dotted line); b. Control
inputs (7, [N]: solid line, T [Nm]: dashed line); ¢. Tracking trajectory in the (x, y)-plane ((x, y):
solid line, (x4, ¥4): dashed line)
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Figure 6.8 Simulation results with disturbances for case C4: a. Convergence of tracking errors
(x — xg[m]: solid line, y — yg[m)]: dot-dotted line, ¥ — ¥4 [rad]: dash-dotted line); b. Control
inputs (T, [N]: solid line, T,[Nm)]: dashed line); ¢. Tracking trajectory in the (x, y)-plane ((x, y):
solid line, (x4 ,ya): dashed line)



Chapter 7

Partial-state and Output Feedback
Trajectory-tracking Control of Underactuated
Ships

Global partial-state feedback and output feedback control schemes are discussed
in this chapter for tracking control of an underactuated surface ship without sway
force. For the case of partial-state feedback, we do not require measurements of
the ship sway and surge velocities, while for the case of output feedback, none of
the ship velocities are required for feedback. The reference trajectory to be tracked
can be a curve including a straight line. Global nonlinear coordinate changes are
introduced to transform the ship dynamics to a system affine in the ship velocities
to design observers to globally exponentially estimate unmeasured velocities. These
observers plus the techniques in the previous chapter facilitate the development of
controllers in the following sections.

7.1 Control Objective

For the convenience of the reader, the mathematical model of the underactuated ship
moving in surge, sway and yaw, see Section 3.4.1.2 (i.e., (3.45) and (3.46)), is once
again presented:

n=Jmv,
Mv=—-C(@w)v—Dv+r, (7.1
where the matrices J (), M, C(v), and D are given by
2 ) 3 2
cos(y¥) —sin(y) 0 mp; 0 0
J(p) =4sin(y) cos(y) 09, M =4 0 myy 0 5,
0 0 1 0 0 ms3
> 3 > (7.2)
0 0 —MmMa2V d11 0 0
Cw)y=4 0 0 muuS, D=%40 dy 05,
M2V —MmMi1U 0 0 0 d33

135
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with

myy =m—Xy, mayp =m—Yy, my3=1,—Nj;

diy ==Xy, dyo = =Yy, d33 = —N;. (7.3)
The propulsion force and moment vector t is still given by (3.43), i.e.,
2 3
Tu
1=405. (7.4)
Tr

We assume that the reference trajectory is generated by a virtual ship as follows:

na =J(Ma)va,
m d

Vg = ——ugrg — —=vg, (7.5)
maa maa

where all the variables have similar meanings as in system (7.1). It is noted that we
do not require the reference surge and yaw velocities to be generated by the virtual
ship. In this chapter we impose the following assumptions on the reference model
(7.5):

Assumption 7.1. The reference signals x;, v4, ug, ra, g, tig and 7y are bounded.
There exists a strictly positive constant ug i, such that |ug (¢)| > ugmin, Y > 0.
The reference sway velocity satisfies |vy (¢)| < [ug(¢)|, YVt > 0.

Assumption 7.2. One of the following conditions holds:

C1. The surge and sway displacements (x, y), yaw angle, v, and yaw velocity,
r, are measurable but the surge and sway velocities, u and v, are not.

C2. The surge and sway displacements (x, y) and yaw angle ¢ are measurable
but none of the velocities u, v, and r are measurable.

Remark 7.1. Condition |ug(¢)| > Ugmn, Yt > 0 implies that the reference surge
velocity is always nonzero but can be either positive or negative. This means that we
consider both forward and backward tracking. From a practical control viewpoint of
surface ships, the condition |ug(¢)| > Ugmin, Y > 0 is much less restrictive than
a persistently exciting condition on the yaw reference velocity in the references
[19,71,106] in the sense that tracking of a straight line is included. Surface ships
are often equipped with a rudder or a pair of propellers or water jets. The yaw
moment to steer the ship is generated by changing the rudder angle or the speed
of each propeller or water jet. These facts imply that the tracking control is carried
out only when the surge speed is nonzero. The condition |vg (¢)| < |ug(¢)|, V¢ >0
implies that the ship cannot track a circle with arbitrarily small radius due to the
ship’s high inertia and underactuation in the sway direction.

Remark 7.2. Assumption 7.2.C1 means that we need to solve a partial-state feed-
back control problem. Although the yaw velocity is measurable, there is still a cross
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term uv in the yaw velocity dynamics, see the last equation of (7.1). Assumption
7.2.C2 implies that we need to solve an output feedback control problem. Indeed,
Assumption 7.2.C2 covers Assumption 7.2.C1. We will, however, show later that
design of an output feedback tracking controller is much more involved than that of
the partial-state feedback controller.

7.2 Partial-state Feedback

7.2.1 Observer Design

As discussed above, since the term C (v)v in (7.1) causes difficulties in observer
design, we first remove this term by proposing the following coordinate transforma-
tion:

X = 2Emy, (7.6)

where Q (¢, 1) is a matrix to be determined. Differentiating both sides of (7.6) along
the solutions of the second equation of (7.1) yields

X =e2ED[Q(t,9) —M1C ()]v + 2P (—Dv + 7). (7.7)

It can be seen that the square bracket on the right-hand side of (7.7) is zero, if the
matrix Q(,7) is chosen such that

Q@t.m-M~C(v) =0. (7.8)
By using the first equation of (7.1), a particular solution of (7.8) is
3
0 0 —m22413
Qu.m=M""'40 0 migas S, (7.9)

ma2q13 —M11423 0
with

q13 = ycos(¥) —xsin(y) + p13(1).
23 = ysin(y) + xcos(¥) + pa3 (),
P13 = ysin(y)r + x cos(Y)r, (7.10)
P23 = —y cos(Y)r + xsin(Y)r.
Note that the matrix Q(¢,7n) contains only the available signals since we assume

that x, y, ¥, and r are measurable. Using the Taylor expansion the matrix 2
can be expanded as
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2, O - [T
— 2aza4+aas e~Va5 4 eN/a5
S [
Q) — 2L araz e V45 4 evVas 2
“ OO P s
_e—+/a5 as
2@ as e +e
P oo, [ WEE/
2— aidy €_“/E—|—€“/‘T5—2 a _e_«/a_i_e«/a?
2 - (v 10
Tas 2ajas +azay, e V4 4 eVas 3 a, —e Va5 4 eVas
RS i mm “v%, O -
—o—a5 | p/a5 Z e~ 4 pias
as —e +e e +e
24/615 2
(7.11)
where
maa
ay =——-4q13,
mi
miy
az = —(>23,
maa
m
as = —2qu3, (7.12)
ms3
mi
a4 = ——(23,
ms3

as = ayas+asay.

Similarly, e~ 21 hag the same form as (7.11), but all of the terms a;, 1 <i <
4 have an opposite sign to those defined in (7.12). From (7.11) and noticing that
as <0, Y(q13.¢23) € R?, it is easily seen that all elements of e 2 o o= Qm)
are bounded by some constants, which depend only on the ship parameters, 1,
My, and m33. Using the coordinate change (7.6), the ship system (7.1) is written in
(7, X) coordinates as

i =J (e 20TX.
X =20 py1pe~0umy 4 20 p~1q, (7.13)
The system (7.13) has a very nice structure, namely linear in the unmeasured states.
Of course, a reduced-order observer can be designed but it is often noise-sensitive.
Here we use the following nonlinear observer to construct the unmeasured surge
and sway velocities:
1=Jme 2K + Ko(n—i).
X = —eQm p-1p,—Qtm g 4 ,OUm pr-1, o
(e 2T (g — ). (7.14)
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where 7 and X are the estimates of n and X, respectively; Ko = K OT is the positive
diagonal observer gain matrix. From (7.13) and (7.14), we have

i =J (e 2OV X — Ko,
X = -2 M1 Qe _ (J()e= 2Ty, (7.15)

where 17 =p—fand X = X — X . From (7.15), one can show that
(t) X(l))@ @(to) X (10)) @"0(’ ) YO <y <t<o0, (7.16)

with 09 = min Amm(Ko) Amin(M™1D) | Wthh in turn 1mphes that (7.14) is a

global exponential observer of (7.13). We define v = [, 0, r] being an estimate
of the velocity vector v as

b= QMY (7.17)
Using (7.17) and (7.14), we rewrite (7.1) in (5, 9) coordinates as
[ o 101 [T 1
n o _ Jo n O3x3 Hiz 1 (7.18)
) M 1CH)p-M Do+ M1 Hy Hy X ° :
where

Hyp = J(n)e—Q(nﬂ),
Hy = e_Q(”")(J(n)e_Q(t’"))T,
Hy = M71C(5+e72EMX)em 20 _ p=1C*(5)e= 20 4
e QUMD MTIC (54 e720M X)), (7.19)
with C*(v) being defined such that C*(9)v = C (9)9. It is now observed that the
systems (7.15) and (7.18) are in a cascaded structure. It is also observed that the
system (7, X)) is GES at the origin and that the connected terms H1,, H>1, and Hj,

are Lipschitz in » and 9. Furthermore from (7.17) and (7.6), the velocity estimate
error vector, v = [u, U, F]T = v — v, satisfies

b =e 2EMY (7.20)

Since all elements of e~ 2@ are bounded, (7.16) and (7.20) imply that there exists
a positive constant y¢ such that

G, D] < vollGilto), B(t0))[| e, Y0 <1y <1 < o0, (7.21)

which means that the estimation errors 7(z) and v(¢) globally exponentially con-
verge to the origin.
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7.2.2 Coordinate Transformations

We now interpret the position and orientation errors X — x4, ¥ — 4, and ¥ — {4 in
a frame attached to the ship body. That is, we consider the error coordinates

2 3 2 3
Xe X —Xq

4y.5=7"1m4 y-ya S,

ZWes 2,\ 31#—%1
Ue U—uyg

49,5=4p—v;5. (7.22)
Te F—rg

Differentiating both sides of (7.22) along the solutions of (7.18) and (7.5) yields
the error dynamics of the “kinematic part” in the transformed coordinates:

Xe =ue—ug(cos(Ye) — 1) —vgsin(Ve) +reye +7q Ve + hx,
)'{e = Ve — Vg (cos(VYe) — 1) +ugsin(We) —reXe —rgxe + hy, (7.23)
Ve =Te —i—hw

wéere h8’ hy, and hy are the first, second, and third rows of J’l(n)HuX +

Ye
74 —x, O, respectively.

0

By looking at (7.23), we see that x, and v, can be stabilized by u, and r,. There
are several options to stabilize y., namely 7., Ve, or Y. If r is used, the control
design will be extremely complicated since r, enters all of the three equations of
(7.23). On the other hand, the use of v, to stabilize y, will result in an undesired
feature of ship control practice, namely the ship will slide in the sway direction.
Hence we will use v, to stabilize the sway error y.. As such, we define the following
coordinate transformation
1

k
Ze = Yo +arcsin_ P Ye , (7.24)

R R RN

where the constants k and ¢ are such that |k| < 1 and ¢ > 1 and will be specified
later. It is seen that (7.24) is well defined and that convergence of z, and y,. implies
that of ¥.. By using the nonlinear coordinate transformation (7.24) instead of a
linear one like z, = V¥, + kY., we avoid the ship whirling around when y, is large.
The coordinate (7.24) is slightly different from the one in the preceding chapter.
This will result in bounded virtual velocity controls. Using the nonlinear coordinate
(7.24) together with (7.23), the ship error dynamics are rewritten as

Xe = Ue+Ug wz_l(WZ_wl)+kvdw2_1ye+reye+rdye+Px +hy,

Ye = Ve+ Vg wz_l(wz_wl)_kudwz_l)’e_rexe_rdxe+py +hy»
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1 ]
2= l1—kw; 'x, —i—kﬂwl_lwz_zyeve(ug +ug) re+
kw ve +vgwy (wa— 1) —kugwy ' ye —raXe— yews ? x
Xelle + YeVe + (Xelta + yeva) @y (w2 — @) + (XeVa — Yetta)
sz_lye — Ve (v, +,8uerd) + Pz +h;,

. ma ., di . 1 .
e = —VF —— U+ —1 — g + hy,
miy miy miy
. nii nii dx
Ve = ———Uelg — ——(Ue +Ug)re ———Ve + hy,
mas mas maa
) (myy—ma) .. diz, 1 )
fo= ——— 00— —F+—1,—Fqg + h,, (7.25)
ms33 ms3 ms33

where h,, h,, and &, are the first, second, and third rows of Hy17 + Hy X, respec-
tively. Also, for notational simplicity, we have defined

q
w = c2+x2+(1-k?)yZ+vZ,
q
wy = 2+x2+y2+02,
dz» miq
o= _—, = —,
ma» ma2
Px= —Uug (cos(ze)— 1)w1w2_1 +sin(ze)kw2_1y -
va sinze)wimy ' = (cos(ze) = Dk e
Py = —vh(cos(ze) — Doy, +sin(ze)kwy 'y, + (7.26)

] -1 -1
Ug sin(z.)wiw,  —(cos(z.) — )k ,
. l(:,e) 1 z_zé (Ze )|I|:|2 Ve
pz = ko By = Ye™2 iclepx+yepy ;
h, = kwl_l hy—yewz_1 Xehx + Yehy +vehy 4 hy.

It is now clear that the problem of forcing the underactuated ship (7.1) to track the
virtual ship (7.5) becomes one of stabilizing the system (7.25) at the origin.

7.2.3 Control Design

The triangular structure of (7.25) suggests that we design the actual controls 7,
and 7, in two stages. First, we design the virtual velocity controls for u, and r,
to globally asymptotically stabilize x., ye., ze and v, at the origin. Based on the
backstepping gechnique, the controls 7, and 7, will be thqn designed. It is noted
that the term 1 —kx, /@1 +kByeve(ue +ug)/(w1w3) in the z,-dynamics may
vanish and therefore might prevent a global design. This problem can be fixed by
decomposing u, and r, as
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Ue = MZ + U,
re =rd 47, (7.27)

where u‘ei and rf are the virtual velocity controls of u, and r.; i, and 7, are the
virtual control errors.

Step 1

In this step, the virtual surge and yaw velocity controls are chosen as

kix
uf =l rf = rfie +rge, (7.28)
w2
where
. 1
e =- d PA— ve+v_d
1 —kxe/ w1+ kByeve (ul T_ig{)/glvlwz) w1 (2
kud
(wz—wl))_Tye_rdxe— % xe”f"‘yeve"‘(xeud"‘
( | 2 2k [TTIT]
Wy — W Y
yevd)z—_ll—i— (XeVq — Yelg) == — v (ave + Bulry) )
w, w3 '
1 koz
rge = 27 +p: ., (7.29)

— p—
1—kxe/m1 +kByeved +uqg)/(wrw3) ~ 1+22

and k;, i = 1, 2, are positive constants to be selected later. We have written rg asa

sum of r{ie and rzde to simplify notation in the stability analysis later. Notice that

(- (-
0.5B(k1 + |ual)

k e k eve d
Xhe | ﬂyv(”22+”d)zl—|k| |4 2B a7 30
C

w1 w1 W,

1—

therefore r{"e and rge are well defined if the design constants k, ¢ and k; are chosen
such that
1— k| (14+0.58(ky + |ugl)/c) > k* > 0. (7.31)

By noting

1pah = ta| @+ K[) + gl (142D,
Py = 1val Q+JD + gl (1421,
|21 = K12 Py + 1)), (7.32)

we can show from (7.28) and (7.29) that uf and rf are bounded by some constants.

Remark 7.3. Unlike the standard application of the backstepping technique, in order
to reduce complexity of the controller expressions, we have chosen a simple virtual
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control law uf without canceling the known terms. From (7.29) and (7.28), we
observe that r& is Lipschitz in (X, ye,v.) and r¢, vanishes when z, does. This
observation plays a crucial role in the stability analysis of the closed loop system.

Step 2

By differentiating (7.27) along the solutions of (7.25) and (7.29), the actual controls
7, and 7, without canceling the useful damping terms are chosen as

(|
T, = —Mi clﬁe—}—mzzml_llﬁf—dnmfll(ug—}—ud)—itd—
dug L] —1 —1
I Ue +Ug T, (w2_wl)+kvdw2 Vet TeYe+Ttaye —
e
dug —1 —1 D
oy Ve + Vg W, (w2_wl)_kudw2 Ye —TeXe —TdXe —
e
ug
szz (—mituerg —mi1(Ue +ug)re —drave) +
e
]
@y oy LBy ever —kye(xe—Brave) ze
T =33 Cafe 4 (M11 —man)m3aiid —dyzm3s (r8 +rg) —ia—
ord . ord . ord . ord O .
Ug— — Vg — —Td— Ue+Ug T, (W2— 1)+
By T G0, T g Ty, e d T, (w2—w1)
—1 0 ard O ~1
kvdwz Ye+TeVe+TdYe ——— Ve+Vg W, (Wr—w1)—

dye
-1 Darg’ -1
k”dwz Ye —TeXe —FdXe _szz (—mituerg —mi1(ue+
e

rd - -1 -1,_—2
Ug)Te —daVe) — ———Te+ 1 —kw| X +kBw| @, "~ x

it

yeve (e +ug) zo | (7.33)

where ¢;, i =1, 2, are positive constants. We now state the first main result of this
chapter, the proof of which is given in the next section.

Theorem 7.1. Under Assumption 7.1 assume the following:

1. There are no environmental disturbances

2. The ship parameters are known

3. The reference signals are generated by the virtual ship model (7.5) and the ref-
erence velocities satisfy Assumption 7.1.

If the partial state feedback control law (7.33) together with the observer (7.18) are
applied to the ship system (7.1), then the tracking errors x (z) — x4 (¢), y(t) — yq (2),
w(t)—yqa(t), and v(t) — vy (t) globally asymptotically and locally exponentially
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converge to zero with an appropriate choice of the design constants ¢, k and k;, i =

1,2. Furthermore, the virtual velocity controls, u¢ and r¢, are bounded by some
computable positive constants.

7.2.4 Stability Analysis

Substituting (7.33) and (7.28) into (7.25) results in the following closed loop system:

Xle :fl(the)+g1(Z,Xe)+¢1(Z76,Xes77,ﬁ7Xv),

X2e = f2(t. Xe) + $2(1.9. X 0.7, X), (7.34)
where
2 3 2 3
Xe Ze C)'( L1
Xle:4y65» X2e:472e5, X, = le s
- X2,
Ve Ve
3 2 3 2 3
Ji 21 Dx + e
fit.Xe) =2 f122, f2(t.Xe) =% /22, g1(t.Xe) =4 py O,
fi3 > 3 f23 > 3g13
N h% 3 hy
¢1(I7ﬁ7Xe»"5ﬁaX)=4h;57 ¢2(I7ﬁ9Xearl’ﬁ7X):4(p225a
hy ©23
kix Wy — W kv
fi=— 1 e+ud 2 1 dYe+ye(re+rd+r)
[)) W)
Wy — W ku -
f12 = Ve + vy 2 L dye—xg(re+rd+r),

w2 w2
fis =—yes Bugra—p (g +ua)ri,, -
g3 =—B (& +Fetra)+Ue +ug)rs, +7) |
1

= kyze N l_lc_)ce+k,8yeve(u§+ud) P
1+z2 @ I:lewzz ¢
yevere kye
o 2 - o 2()62 Brave) e,
B 1w I % X 1
1 . VeVel y
Jo=- c1+_ Ue eee_ ez(xe_ﬁrdve) Ze,
1 mii O w1w2 w1, '
d k d
fa=— ot 2 Fem 1—£+ ,Byeve(uez—i—ud) Ze,

nmss w1 w1W,
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oud oud 1 1 gud
—hy— e (pophy— e h, = Mep
@22 = hy o, (px +hx) e Dy +hy v,
ard ard [ 1 9rd ard
—p, e he) =L o, — Zep, -~ Te g, (735
¥23 xe (px +hx) e py +hy 9, v Ve v, ( )

with h% and £} being the first and second rows of JY(y)H1»X. The time de-
pendence of f;(t,X.), g1(t.X.), and ¢; (1,9, X, .5,7.X),i = 1,2, is due to the
time-varying reference velocities. Observe that the closed loop system (7.34) con-
sists of the (X1e, X2, )-subsystem and (ﬁ,)z)-subsystem (see (7.15)) in a cas-
caded structure. From (7.35) it can be readily shown that the connected terms
¢:i (6.9, Xe 0.7, X), i = 1,2, satisfy

@(t,ﬁ,Xe,n,ﬁ,X)éqx(ﬁ,n),X)E (7.36)

where the functions ¢; (v, 5) are Lipschitz in v and are bounded with respect to any
1. Also we note that by definition v = [i1,9,7]7 = e +ug +iip, ve +vg,re +
rg + 7.7, the (i, X )-subsystem is GES at the origin, and the reference velocities
Ug, vg and rg are bounded. On the other hand, the virtual velocity controls, ug and

r¢ are bounded. Hence, using the recent stability results for cascade systems given

e
in [17,69], we need to show that there exist the design constants ¢, k, k1, and k» such
that the (X1, X2¢ )-subsystem without the connected terms ¢; (¢, 0,1, 7, X'), i =
1,2, is GAS at the origin. That is why we did not include some nonlinear damping
terms in the control law (7.33). From the above discussions, we will study the system

given by

X:vle = fl(t7X8)+g1(tsXe)s
X2, = f2(t. X). (1.37)

To further simplify the investigation of stability of the system (7.37), we note that
this system also consists of the Xj,-subsystem and the X5, -subsystem in a cas-
caded structure. From (7.35), it is not hard to show that the connected term g (¢, X )
satisfies || g1(¢, Xe )| < x1 || X2¢ || with k1 being some positive constant. Therefore
global stability of X1. = f1(¢,X.) and X2, = fa(t, X.) implies that of (7.37).
We will first study stability of the subsystem X 2¢ = f2(t,X.) then move to the
subsystem X1. = f1(t, X.).

Subsystem X2, = f2(t. X, ). By differentiating V; = 0.5 % + 2+ 72 I:]along the
solutions of X2, = f2(t, X, ), one can show that this system is globally asymptoti-
cally and locally exponentially stable at the origin for any constants k, > 0, ¢; >0,
and ¢, > 0.

Subsystem X1, = f1(t. X, ). To investigate the stability of this subsystem, we take
the Lyapunov function
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q 1
Vo = cz+x§+y§+vez+§k3v§—c, (7.38)

where k3 is a positive constant to be selected later. After some lengthy but simple
calculation using the completing squares, the time derivative of (7.38) along the
solutions of X1, = f1(¢, X, ) satisfies

Vo < —pi(t)x2w5 % — pa(t)y2ws5 2 — pa(t)v2, (7.39)
with

p1(t) =ki=Blks+1/c)krlral/(4es) —[lkval/(4e1) + Blks +1/c) x
(et + [ual) k| (Iral /(431 =k*) + k1 / Qe V1=k2) /K™

pa(0) = kg~ 1/(4e) = RO lual + loal /e +ex kgl + Bk +1/e)
(r -+ ual) k] B vgl + K2+ kD (g | + [val) + gl /ches) Tk™

palt) = atky—e2— Blks + 1/eYk I3~ [B(ks + 1/e) ks + ugl) k]
(2/c+|kud|£3/c+83|rd|+0.5a/c+,3k1|rd|/c2)/k* , (7.40)

where ¢;, 1 <i < 3 are positive constants. Hence the subsystem X1 = f1(7, Xe)
is GAS at the origin if the design constants are chosen such that

pi(t) = p} (7.41)

for some positive constants p;‘ ,i =1,2,3. In summary, we need to choose the con-
stants ¢, k, k1, and k3 such that they satisfy (7.31) and (7.41). Note that the con-
dition (7.31) automatically implies that |k| < 1 is required in (7.24). In the next
section, we will show that under Assumption 7.1, there always exist the constants c,
k, k1, and k3 such that (7.31) and (7.41) hold.

7.2.5 Selection of Design Constants

To choose the design constants ¢, k, ki, and k3, we observe the following: First, it
is noted from the expression of p,(¢) that the sign of constant k must have the same
sign as that of the reference surge velocity, u4 (this sign does not change under
Assumption 7.1). Second, it is observed that the condition (7.31) can be rewritten in
the form of . 0
1—]k| 14+0.58(k1 +uj™)/c =k* >0, (7.42)

which implies that for each fixed k* < 1, k1 > 0, uj™, |k| < k™, we can always pick
a large enough constant ¢ such that (7.42) holds. Third, under Assumption 7.1, the
magnitude of the reference sway velocity is always less than that of the reference
surge velocity. Fourth, the mass including added mass in the sway dynamics, m155,
is always larger than that in the surge dynamics, m 1, for surface ships, i.e., 8 < 1.



7.3 Output Feedback 147

Finally, all of the terms in the square brackets in p;,i = 1,2,3 have the constant
k as a factor. These terms also decrease when the constant ¢ increases. Looking
closely at p; with the above observations, if the constant k is chosen small enough
and the constant ¢ is selected large enough, then we can pick a positive constant
k1 such that (7.31) and (7.41) hold with some large enough k3. It is noted that |k |
should be decreased and ¢ should be increased if u4 is large. This physically means
that the distance from the ship to the point it aims to track should be increased
if the velocities and surge acceleration are large, otherwise the ship will miss that
point. Furthermore when « is small, |k| and k; should be decreased, and ¢ should
be increased. This can be physically interpreted as follows: If the damping in the
sway dynamics is small, the control gain in the surge dynamics should also be small
otherwise the ship will slide in the sway direction. Due to complicated expressions
of p;(t), we provide some general guidelines to choose the design constants rather
than present their extremely complex explicit expressions: Pick k* < 1, small values
for |k| and k, larger values for ¢ and k3. Then increase ¢ and k3 until (7.31) and
(7.41) hold.

7.3 Output Feedback

7.3.1 Observer Design

We now introduce a more general coordinate change than (7.6) to cancel the term
C(v)vin (7.1) as follows:
X =P(p)v, (7.43)

where P (3) € R3*3 is a global invertible matrix to be determined. With (7.43), the
second equation of (7.1) is written as
h i
X= Ppv—P)M 'Cw)v —P)M'DP 1)) X + P()) M 'x.
(7.44)
Our goal is to cancel the terms in the square bracket on the right-hand side of (7.44).
Assuming that the elements of P(n) are p;;(n),i =1,2,3, j =1,2,3, the first
bracket in the right-hand side of (7.44) is zero if
. R . m m mip—m
Ditu + piav + pi3r + ﬁPilvr - Jpizur + uPisuv =0,
mi maa ms3
i=1,23, Y(p.u,v,r)eR® (7.45)

where for brevity, we omit the argument 5 of p;; (). With the first equation of (7.1),
we expand (7.45) as



148 7 Partial-state and Output Feedback Trajectory-tracking Control of Underactuated Ships

1 |:|

T cos(y) + Psin(r) w2+~ P2 sin(y) + B2 cos(y) 02+
P22y P gy + o (w)+ﬂc )+ P2 iny)
oy ) dy dy ]

- 1 al 1
%ﬁ_ﬁn’lzzpn uv + aLwl—i-ﬁ os(y) + Iﬁpi;sm(t//)—m—pzz ur+
ﬂ_ap_” (¢)+&cos(w)+gpil vr = 0. (7.46)
oy ox dy mii

Therefore (7.46) holds for all (g, u,v,r) € R® if

8 (w)+ﬂs n(y) =0,
8 ; i
L2 sin(y) + ”yzc s(¥) =0,
%:07
1 1
%—8;’—1 in(y) + I%’iﬁ’;" os(y) + 2 pyy =0,
y X dy 33
api api i
St o <w)+ﬂsn(w)——p,2—o
v
aPzz 31713 PlS
oy e in(y) + By cos(y) + _[711 =0. (7.47)

A family of solutions of the above set of six partial differential equations is

((m11Cizx +m33C;p) sin(y) — (m11Ci3y —m33Ciz) cos(¥))

pi1 =

m33
= M2 ((m11Cizx + m33Ci1)cos(¥) + (m11Cizy —m33Ciz) sin(y))
l mpims3 7
pis = Cis, (7.48)

where Cj1, Cj» and C;3 are arbitrary constants. It is noted that the above solutions
can be obtained by the following Maple™ code:

>PDEl:=diff(pll(x,y,\psi),x)*cos(\psi)+
diff(pll(x,y,\psi),y)*sin(\psi)=0,
-diff(pl2(x,vy,\psi),x)*sin(\psi)+
diff (pl2(x,y,\psi),y)*cos(\psi)=0,
diff(pl3(x,y,\psi),\psi)=0,
(diff(pl2(x,vy,\psi),y)-diff(pll(x,y,\psi),x))*
sin(\psi)+(diff (pll(x,y,\psi),y)+diff (pl2(x,y,
\psi),x))*cos(\psi)+(mll-m22)/m33*pl3(x,y, \psi)=0,
diff(pll(x,y,\psi),\psi)+diff(pl3(x,y,\psi),x)=*



7.3 Output Feedback 149

cos (\psi)+diff(pl3(x,y,\psi),y)*sin(\psi)-
mll/m22+pl2(x,y, \psi)=0,
diff(pl2(x,y,\psi),\psi)-diff(pl3(x,y,\psi),x)*
sin(\psi)+diff (pl3(x,y,\psi),y)*cos (\psi)+
m22/mll*pll(x,y,\psi)=0;

>PDE2:=diff (p2l(x,vy,\psi),x)*cos (\psi)+
diff (p21l(x,y,\psi),y)*sin(\psi)=0,
-diff(p22(x,vy,\psi),x)*sin(\psi)+
diff (p22(x,y,\psi),y)*cos(\psi)=0,
diff(p23(x,y,\psi),\psi)=0,
(diff (p22 (x,vy,\psi),y)-diff (p2l(x,y,\psi),x))*
sin(\psi)+ (diff (p21l(x,y,\psi),y)+diff (p22(x,v,
\psi),x))*cos(\psi)+(mll-m22)/m33*p23(x,y,\psi)=0,
diff(p21l(x,y,\psi),\psi)+diff(p23(x,y,\psi),x)*
cos (\psi)+diff (p23(x,y, \psi),y)*sin(\psi) -
mll/m22+p22(x,y, \psi)=0,
diff (p22(x,y,\psi),\psi)-diff (p23 (x,y,\psi), x)*
sin(\psi)+diff (p23(x,y,\psi),y)*cos(\psi)+
m22/mll*p2l(x,y,\psi)=0;

>PDE3:=diff (p31l(x,y,\psi),x)*cos (\psi)+
diff(p31l(x,y,\psi),y)*sin(\psi)=0,
-diff (p32(x,vy,\psi),x)*sin(\psi)+
diff (p32(x,y,\psi),y)*cos(\psi)=0,
diff (p33(x,y,\psi), \psi)=0,
(Aiff (p32(x,v, \psi),y)-diff (p31(x,y, \psi),x))+
sin(\psi)+(diff(p31l(x,y,\psi),y)+diff(p32(x,vy,
\psi),x))*cos (\psi)+(mll-m22)/m33*p33(x,y, \psi)=0,
diff (p31(x,y,\psi),\psi)+diff(p33(x,y,\psi),x)*
cos (\psi)+diff(p33(x,y,\psi),y)*sin(\psi)-
mll/m22*p32(x,y, \psi)=0,
diff(p32(x,y,\psi),\psi)-diff(p33(x,y,\psi),x)*
sin(\psi)+diff(p33(x,y,\psi),vy)*cos(\psi)+
m22/mll*p31l(x,y, \psi)=0;

>solutions:=pdsolve([PDEl, PDE2, PDE3]);

We now choose the constants Cj;, Ciz, and C;3 such that the matrix P () is
invertible. A choice of C13 =C1; =0,C12=1,C3 =C =0,Cy; =1, C31 =
Cz, =0, and C33 = 1 results in
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2 3
map sin(yr)
cos(v) m—ll 0
P(p) = sin(y) Mz cos(Y) 0
mi
mu (sin(Y)x —cos(¥)y)  maz (cos(¥)x +sin(¥)y)
ms33 ms33 (7.49)

Substituting (7.49) into (7.44) and using (7.43) and the first equation of (7.1), we
have

i=J@mP (X,
X=-D,()X +Pp)M 'z, (7.50)

with Dy, () = P(n)M~1DP~1(y). It can be seen that the matrix P (y) given in
(7.49) does not use any ship velocities. This feature results in the main difference
between the partial-state feedback design in Section 7.2 and the output feedback de-
sign in this section. From (7.50), we use the following full-order nonlinear observer
to construct the unmeasured ship velocities:

i=JmP )X + Ko1(n— ),
X =-D,()X +P(M '+ Koa(n— 1), (1.51)

where 7 and X are the estimates of n and X, respectively. The observer gain matri-
ces K¢1 and Ky are chosen such that

Qo1 = K& Po1 + Po1Ko1,
Qo2 = D, (1) Poz + Po2 Dy (1)
are positive definite, and that
(J ()P ()T Po1 — Po2 Koz =0, (7.52)

with Pgy and Py being positive definite matrices. It is straightforward to show that
Ko1 and Ky always exist since D, (n) is positive definite. From (7.50) and (7.51),
we have

i=JmP )X - Ko1i,
X =-D,(n)X — Koz, (7.53)

where i := (£, 7.9) =p—fand X := (X1.%2.53)T = X —X. From (7.53) and
(7.52), we can show that there exist strictly positive constants ¥y and g such that

[ ] [ ]
(t), X)) é Yo (to),X (o)) Er%“—“”, Vit>ty>0. (7.54)
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Define & = [i1,9.7]” being an estimate of the velocity vector v as

=P l(nX. (7.55)
Then the velocity estimate error vector, ¥ := [ii, 7, 7]7 = v — b, satisfies

=P l(pX. (7.56)

Based on (7.56), we cannot conclude anything about the convergence of the velocity
estimate errors since some elements of the matrix P (), see (7.49), depend linearly
on x and y. However, our controller will guarantee that (x, y) are globally bounded.
Then (7.56) implies that the velocity estimate errors globally exponentially converge
to zero. Indeed, the linear dependence of P (7) on x and y will result in a challeng-
ing problem, which the control design will have to take care of. To prepare for the
control design, using (7.55), we rewrite (7.51) as

A . 0, PR
X =ucos(y)—vsin(y) + cos“(Y) +my1my, sin“(¥) X1+
0.5(may —my1)ms, sin(2y) %2,
y Elﬁ sin(y) + 0 cos(¥) + 0.5(man —my1)m5, sin(2y) X +
sin? (W) +myymy, cos*>(¥) Xz,

¥ o=F+myms3 (yX —x%) + %3,

i = Mom T} OF —dyymyl i+ myl v, +0 mamiss (y¥; —x%2) +
maam i ¥ cos()F + sin(Y)F —muyms3 (sin(y)x— cos(¥)y) .
0 = —mymyy UF —dapmy, 0 —limyymy, myymss (y¥; —x%2) + ¥3) —
miym53 (sin(¥)X —cos(¥)F) —miymay maz (cos(y)x +sin(¥)y) .
= (M11—Ma2)Maz 00 —dssmsy F +m3s Tr +m3 my, my3 i X
(—sin(y) X1 + cos()X2) —maym3zs O X&C"OS(W))?H-

SI(Y)F2) + (i) +m3z)mss X+ v Y+ mpmis x

O.S(rn%1 —-m mzzglin(2w)x+ (my1maz cos® (V) +
miysin® )y T+ 0.50n7, —muma)sin(2y)y—
(miymaz sin®(Y) +m3 cos®(Y))x J (7.57)

He

where for simplicity, we have taken Koz = (J () P~ 1(n)T.

7.3.2 Coordinate Transformations

If one applies the coordinate change (7.22) to (7.57), it will result in a very com-
plicated system, namely some quadratic terms of (X, ye, ¥.) multiplied by the ob-
server errors appearing in the kinematic part of the transformed system due to linear
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dependence of x and y on some elements of the matrix P (5). This makes the con-
trol design extremely difficult and might result in a finite escape. To avoid the said
difficulty, we propose the following coordinate transformation:

2 3 2 3 8 A
Xe X —Xq <Ue=U—U4,

A9 5=J""Wa)4 y—ya D, _ve=10-va, (7.58)
Ve Y=Yy T re=F—rg.

Indeed, convergence to zero of (X, ye, V) implies that of (x — x4,y —ya, ¥ —V¥q).
Differentiating both sides of (7.58) along the solutions of (7.57) and (7.5) yields the
error dynamics of the “kinematic part”:

Xe = Ue + (Ue +1ug)(cos(VYe) —1) — (Ve +vg) sin(Ye) +raye + hx,
J.fe = Ve + (Ve +vg)(cos(Ve) — 1) + (ue +ug) sin(e) —raxe +hy’ (7.59)
1//‘e :re+91//+h1/f,

where, for notational simplicity, we have defined

hxy =cos(Yg)Ax +sin(yg) Ay,
hy = —sin(Yg)Ax +cos(¥g) Ay,
hy =myim33 (ya%1—xa%2) + X3,
2y = mum33 ((in(Ya)xe + cos(Ya) ye) ¥1 — (cos(Va)xe —sins(Ya) ye) X2),
Ay = (cos® () +sin®(Y)my1m3z; ) X1 +0.58in(2y) X2 (m 1y —maz)ms, |
A, =0.5sin(2y) X1 (m1; —mzz)mgzl + (sin®(¥) + cosz(lﬂ)mnm;zl)fcz.
(7.60)

We define the following coordinate transformation, which is slightly different from
(7.24): 1
kugye

Ze = Y, + arcsin ——
o U + 52

(7.61)

where the constant k is such that |[kuy(t)| < 1, V¢ > 0. This constant will be speci-
fied later. Using the nonlinear coordinate transformation (7.61) together with (7.59),
the ship error dynamics are rewritten as

Xe :ue+(ue+ud)px_(ve+Ud)py+(ve+vd)kudw2_1ye+
rqYe +hx,
e =Ve+ e +v4)px + (e +1ua) py —kujmw; 'y, —
kudwz_lueye —rgXe+hy,
Ze =Te+ fr+gzue+ 82+ s,
Ue :mzzml_llﬁf—dllml_llﬁ +m1_117u—i¢d + 2y, + hy,
Ve =—mi1my; (UeFe +UqTe +UeTq) — dpamyy Ve + 2y + hy,
Fe = (my1—Mp)mys 0 —dssmys F +m33 1, —iqg + 2, +hy,  (7.62)
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where, for notational simplicity and convenience of the control design, we have
defined the following:
The terms w1, wy, px, py, fz, and g, are defined as
q q
w = 1+x2+(1—-k2ud)y2, wo= 1+x2+4y2,

Px = wz_l ((cos(ze) — Dy + (w1 — w3) +sin(ze)kug ye),
py =5 (sin(ze) w1 = (cos(ze) = Dkjiave) (7.63)
fz = kwl_l L'tijji— ug (1 —i—)cez)wz_2 Ve —kuflwz_lye + (ve +vg)X
Px FUapy —TaXe =5 XeYe (ua px— (Ve +va)(py —
kugw; ' ye)))),
g =kugo (1 +x) @5 2 (=kugms ' ye + py) = @5 2 yexe(1+ px)).

The terms 2., £2,,, §2,,, and §2, containing states multiplied by the observer er-
rors are defined as

Q.= Q.

2, = ﬁ(m22m§31 (yX1—xX2) +m22mf11i3) —
mllm;31 (sin(e)xe _COS(We)ye)lzf,

2y = —(ue+ug)myymyy (mymss (y¥1 —x%2) + 3) —
m3ymy3 m33 (cos(e)xe + sin(Ye) ye) V.

2, = m? mytm3310 (—sin(Y)F; + cos(Y)xz) —
m22m§31 U (cos(¥)X1 +sin(¥)Xz) + (7.64)
mgzlmgg (O.S(m%1 —my1mo)sin2y) Axg +
(m11maacos®(¥) + miy sin®(¥)) Ayq) X +
myy m33 (0.5(m7; —my1ma;)sin(2y) Ayg —
(miymaz sin® () +m7; cos® (Y1) Axa)J +
(m3ym33 + D2 + y2 + 2sin(Ya) (Xeya —

YeXa) +2c08(Ya)(XeXa + Yeya)) V.

with Ayxg = cos(V¥g)xe —sin(¥gq)ye, and Ay g = sin(Yg)xe + cos(Yg) ye.
The terms h,, hy, hy, and h, containing the observer errors multiplied by
bounded terms are defined as

z = kudwl_l((l +xe2)w2_2hy - wz_z)’exehx) + hl/l7

= cos(Y)X +sin(y¥)§ —mi1m3; (sin(¥)xq —cos(¥)ya) ¥,

= —m3 my; (sin(Y)% —cos(Y)§) —mi m3, m33 (cos(¥)xq +sin(y)ya) v,
= m;21m§31 (0-5(771%1 —my1mz2)sin(2y ) (xg X — yqy) + (myimaz 0052(‘/’) +
miy sin® () ya ¥ — (muymaz sin® () +mi, cos> (¥))xa 7) +m33 (m7, +
m33) (x5 + Y. (7.65)

>~ S S
< &

<
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The problem of forcing the underactuated ship (7.1) to track the virtual ship (7.5)
becomes one of stabilizing the system (7.62) at the origin. The effort, we have made
so far is to obtain the stabilizing term —kufi Ye/ > in the y.-dynamics.

7.3.3 Control Design

Before designing the control inputs, it is important to note that the terms §2,, and 2,
can be dominated by adding some nonlinear damping terms in the control inputs 7,
and t,. However the term £2,, cannot be dominated by any nonlinear damping terms
in 1, and 7,. Since £2,, contains u.x, and Uy, multiplied by the observer errors,
with x and y being substituted in from (7.58), if one designs a virtual control of u,,
which is linear in x, and y,, the sway velocity dynamics might have a finite escape
time due to the fact that separation principle does not hold for the nonlinear system
in question. The coordinate change (7.58) allows us to design a virtual control of u,
such that it is bounded for all x, and y, and stabilizes the x.-dynamics at the origin.
We design the controls 7, and t, in two steps.

Step 1

Define the virtual control errors as

Ue =ue—ud

Fo=re—r2, (7.66)

where u¢ and r¢ are the virtual velocity controls of u, and r,, respectively. The
virtual controls u¢ and r¢ are chosen as follows:

uZ' _ _klxe ’
w2
rf =—kyze— [ —gzuf, (7.67)

where k; and k, are positive design constants to be specified later.

Step 2

By differentiating (7.66) along the solutions of (7.62) and (7.67), the actual controls
7, and 7, with some nonlinear damping terms to overcome the effect of observer
errors, and without canceling the useful damping terms, are chosen as

d
1An _ . u
Ty =My —mzzmlllvr +d11m111(ug+ud)+ud+ < (e + (Ue +ug)X
e

ox
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ud
—= (Ue + (Ue + vd)px+

e

(ue +ud)py _kudyewz_l(ue ‘Elud)_rdxe —Cilie—gzZe +

-1 —1a ~
k3k4 mllmzzrve_(gluefudam s

] 4 ]
Px + (Ve +v4q) _Py+kudw2 Ye +TaYe

(I
Tr = mM33 —(m11—mzz)mgﬂﬁ—i—dggm;;(rf+rd)+i’d+
ard O O L, 0 O
Ix Ue + (Ue +Ug) px + (Ve +Vq) —py +hkUug@y ye +Taye +
e
Bred

O
Ve + (Ve +vg) px + (e +ua) py —kugyewy (e +uq)—

e
ord ard O
rdxe)+ (re+fz+gz e)_ 7 d22m220e+m11m22(uere+

e

8rd d 8rd 8rd
UgTe FUeTq)) + g + =g + —0g + ——=Fqg —Cafe —Zo +
oug oy vy org
k3k4_ mllmgz (ue + Ug)Ve —82FeTrdam) » (7.68)

where ¢y, ¢3, k3, and k4 are positive constants to be specified later, 6; and §, are ar-
bitrarily positive constants. We introduced the ratio k3 / k4 to enhance the feasibility
of design constants. The nonlinear damping terms 7, gum and 7,4, are defined as:

Tudam—(v +1)(X +ye)+v
Trdam = 07 + 0% + (X7 + y2)* + (x7 + y2) (> + 1). (7.69)

We now state the second main result of this chapter, the proof of which is given in
the next section.

Theorem 7.2. Under Assumption 7.2, assume that (a) there are no environmental
disturbances; (b) the ship parameters are known; (c) the reference signals (x4,
Yd, Ya, vg) are generated by the virtual ship model (7.5), and Assumption 7.1
holds. If the output feedback control law (7.68) together with the observer (7.51)
are applied to the ship system (7.1), then the tracking errors (x(¢) —x4(¢),y () —
ya (@), v (t)—vq(t),v(t)—vg(t)) globally asymptotically and locally exponentially
converge to zero with an appropriate choice of the design constants k, ¢, ¢2, and
ki,i=1,...,4.

Remark 7.4. The main differences between the partial-state feedback and output
feedback designs are the nonlinear coordinate transformations (7.6), (7.24), (7.43),
(7.58), and (7.61). Furthermore, the partial-state feedback controller can allow the
reference trajectory (x4, yq) to exponentially grow but the output feedback con-
troller cannot. This is because the observer errors of the partial-state feedback de-
sign do not depend on x and y while those of the output feedback design depend
linearly on x and y. Indeed, the output feedback control design can directly yield a
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controller for the partial-state feedback case but not vice versa. We have, however,
presented both control designs for the sake of completeness.

7.3.4 Stability Analysis

Substituting (7.68), (7.67), and (7.66) into (7.62) results in the following closed loop
system:

Xe = _klw'z_lxe + (_klwz_lxe +ug)px— (Ve + vd)py +
(Ve +va)kug w5 ye +raye + hy +iie(1+ px).

Ye = Ve+ (Ve+vg)px+ (_klwglxe +ud)py _kufiwglye +
kikugwy ' Xeye —raxe +hy +iie(1—kugws ' ye),

te = —koZe+2; +hy + golle + e,

. Ll U kymyy , .
Ue = — Cl+d11m111 ue_gzze+__rve_81ue":udam+
ka mop
oud ud
2y +hy——%hy——%hy,
u u axe X 8ye y
Ve = —dgzmgzlve—m“m;zl(ufrf +udrf +ugrd)—m11m;21 X
(ug‘i‘ud)fe_mllm;zlfﬂe“‘gv + hy,
. (| (| ard ard ard
2 1=
e = — C2+d33m33 re_Ze_ihx_ihy_é(Qz‘th)_
d

ar

ave (£2y + hy) +k3k;1m11m;21 (uf +Ug)Ve —82FeTrdam + $2r + hiy,
e

(7.70)

where, for brevity, we did not substitute the expressions of ufj and rj into the sway
dynamics. To prove Theorem 7.2, we just need to show that the closed loop system
(7.70) is globally asymptotically and locally exponentially stable at the origin. It
is noted that §2, contains x, and y, multiplied by the observer errors, see (7.64)
and (7.60). On the other hand, the x, and y.-dynamics are stabilized by the terms
—k1x./w, and —kué Ye/ 2, respectively. This makes the stability analysis of
(7.70) difficult, i.e., we cannot consider the (X., ye, V) and (ze, U, I'e )-subsystems
separately as is often done in applying stability results for cascade systems. To il-
lustrate our idea of proving asymptotic stability of (7.70), we first give a simple
example. For any initial conditions (§;(¢o), £2(%0)), the system

Bm gl 4 (6.

1+&7
£y = —& +Eje0e2(710) (7.71)
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is GAS at the origin for ¢ > t9 > 0, any oz, > 0, and [ (§2(2))| < A |&2(¢)| with A
being any positive constant. In the first step, we show that there exists a positive con-
stant o) < 0g such that |&; ()] < A1 (-)e%81 =) with A;(-) being a noﬁecreasing,
function of ||(£1(Zo),£2(f0))]|. Take the Lyapunov function W = 0.5 &2+ K2 ,
with K being a positive constant, whose derivative along the solution of (7.71) sat-
isfies
W <og1E2 + I%‘.25A2 Joe — K Eg'% + K& Epe082010), (7.72)

Pick K such that A%/(40g1) — K < 0, then (7.72) implies that
W <206 W + K max(1, K)We €210 (7.73)

which in turn yields |£;(¢)| < A;(-)e?€1 %) Therefore the term £;e2(t—%0)
in (7.71) globally exponentially converges to zero. The second step of proving
asympatic stability can be carried out easily by taking the Lyapunov function

W= 1+ 512 -1+ K, Sg K, > 0. We now present the proof of asymptotic stabil-
ity of the closed loop system (7.70) in two parts.

Part 1. In this part, we show that there exists a positive constant 0; < g such that

1Gee (@), ye D] < y11()e® 70 4 y10(2), (7.74)
where y11(+) and y;10(-) are nondecreasing functions of || = (fp)| with
E (to) := [7(t0), X (t0), Xe (00)],
Xe 1= [xe, Ve, Ze, Ue»ize’fe]T~

Consider the following Lyapunov function:

= ]
Vi= 5 xg 4 e Hkavg +ha(zg +iig +7) (7.75)

with k4 being a positive constant, whose time derivative along the solutions of
(7.70), after some lengthy but simple calculation by completing squares satisfies

Vi < —kiwy 'x2 —kudwy  y2 4 7o (x2 + y2) —azz2 —ayv? —ayiiz —
arf2 4+ (x11()Vi + x10(-)) e 710 4 g, (7.76)

where

az = kaks —0.2567" (kaksmyimy, (ki + ug|)? —e7" (k1 + [ual)?,

ay = ka(c1 +dymi})—5er,

ay = kadapmyy —6.75e7 —kamyimyy (ki + |ug ) (8 + [kug|) |kugl,

ar = ka(c2 + dzzm33), (7.77)
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with €1 and a¢ being positive constants. We choose the design constants k, ¢, ¢2,
and k;, i = 1,...,4 such that

e1<09/7, a; >0, a, >0, a, >0, a, >0. (7.78)

It is not hard to show that there always exist k, ¢, ¢co and k;, i = 1,...,4 such that
(7.78) holds for arbitrarily small ¢;. We will discuss more detail of (7.78) later. With
the choice of (7.78), we can write (7.76) as

Vi < lde; (Vi + (ao + x10())/(14e1)) +
x11() (Vi 4 (@0 + x10(-))/(14g1)) e 7000 =10) (7.79)

which, together with (7.75), yields (7.74).

Part 2. We now prove that the closed loop system (7.70) is GAS at the origin by
taking the Lyapunov function

d 2 2 ll:' 2 2 ~2 ~2 t
Vo= 1+xe+ye—l+§ kavg; +ka(z; +0, +7;) (7.80)

whose time derivative along the solutions of (7.70), after some lengthy but simple
calculation by completing squares, and using (7.74), satisfies

Va < —pxwy 227 = py (V@522 =z (025 = o (Vg = praily — 7 +
X21 () Vze_02(t_t0) + XZO(')e_GZ(t_t()), (781)

where

Mx =k —6p1,

fy (1) = kg — (kug)? (ki + |ua| + [va] +0.5) — [kug| (ky + p1) —
O.25p1_1(kudvd)2— 10p1,

o (t) = koka—p7 1 (0.5(k + |ug ) +5(1 4 v3) +0.25(ksmi1my, X
(k1 +ua ) (k3 + (kug)* (k1 + |ug) +v7) +4+4v7)),

o (t) = kadapmyy —Tp1 —0.25p7 (Jkug| +1) —0.5(kug)?® —
ksmyima, (ky+ [ual) lkug) (8 + [kug|) —0.2507 " (kami1m3, X
(ky + [ua D) ((kitg)? /(1 = (kug)?) + (kug)* (uf + k7 +
(kugva)®+rj +2) + (kug)?),

Mu = ka(c1 +di1/m11) —29/(4p1),

wr = ka(ca+dzz/m33), (7.82)

where 0, = 09 — 01, p; is a positive constant, and y,;(-) and y2¢(-) are nondecreas-

ing functions of ||(ﬁ(t0),X(t0),Xe (t0))]|- We now choose the constants k, ¢y, c2,
and k;, i = 1,...,4, such that
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Px = oy

My (1) > M;,

nz(t) > M:,

po(t) =y, (7.83)
P = oy

Pr > py

forall 7 > 0, where Y, uy, 17, fy, [y, and py are positive constants. Substituting
(7.83) into (7.81) yields

Va <~y 2x; — Wy tyE = uz — Wy v — il — 14T +
K21 ()Vae ™20 g ()20, (7.84)

From (7.84) we have V, < y21(-)Vae~920710) 4 y,0(-)e=92(=%0) which implies
that V5 < y22(-), with y2,(:) being a nondecreasing function of || & (¢p)||. With
V2 < x22(-) in mind, one can show from (7.84) that there exists 03 > 0 depending
on || E (t9)| such that || X, (2)] < y2(-)e™3¢~%) where y,(-) is a nondecreasing
function of ||Z (f9)||, which in turn implies that the closed loop system (7.70) is
asymptotically stable at the origin. However one can straightforwardly show that
(7.70) is also locally exponentially stable at the origin. By carrying out a similar ar-
guments in Section 7.2.5, one can show that there always exist the design constants
k, c1, and ¢p and k;, i = 1,2,3,4, such that |kug(¢)| < 1 and that the conditions
(7.78) and (7.83) hold.

7.4 Robustness Discussion

In this section, we discuss robustness of the output feedback tracking controller. A
discussion for the partial-state feedback can be carried out in a similar way. The
control law (7.68) has been designed under the assumption that there are no envi-
ronmental disturbances. Indeed, this assumption is unrealistic in practice. The aim
of this section is to discuss the robustness property of our proposed controller in
relation to environmental disturbances. Under additive environmental disturbances,
it is not hard to show that the observer (7.51) guarantees that the observer errors
(#i(t), X (¢)) globally exponentially converge to a ball centered at the origin. More-
over, one can prove that the tracking error vector X, (¢) also globally asymptotically
converges to a ball centered at the origin. The radius of this ball can be adjusted
by changing the control gains if the environmental disturbances are not too large.
When the environmental disturbances are large enough, the observer (7.51) cannot
provide a sufficiently accurate estimate of unmeasured velocities, and the control
law (7.68) cannot compensate for considerable environmental disturbances acting
on the sway axis. These will result in an unstable closed loop system, especially at
a low forward speed. This phenomenon should not be surprising since the vessel in
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question is not actuated in the sway axis and does not have velocities available for
feedback. One can see this phenomenon by observing the simple example system
(7.71) with some additive disturbance in the first equation. It is easy to show that
when this additive disturbance has magnitude larger than 1, then the system (7.71)
will be unstable. The robustness issue is still a challenging problem in control of
underactuated ocean vehicles and underactuated systems in general.

7.5 Simulations

This section illustrates the soundness of the control laws (7.68) by simulating them
on the same monohull ship in the previous two chapters. Details of the ship param-
eters are listed in Section 5.4.

The initial conditions of the reference trajectories are chosen as (x;(0), y4(0),
¥4(0),v4(0)) = (0m, Om, Orad, 0ms™!). The reference velocities are u; = 4ms™!
and ry = Orads™" for the first 300 seconds, and uy; = 4ms™! and ry = 0.02rads™!
for the rest of the simulation time. This choice means that the reference trajec-
tory is a straight line for the first 300 seconds and then followed by a circle
with a radius of 200 m. Indeed the above choice of reference velocities satisfies
Assumption 7.1. All of the initial conditions of # and ¥ are chosen to be zero.
We first choose k, =5, c; =1, ¢ =2, §; = 6, = 0.1, K93 = 10diag(1,1,1),
Po1 = Poz = 0.5diag(1,1,1), and Koz = (J (g) P! (n))T. The other design con-
stants are chosen as: k = 0.05, k; = 1, k3 = 5, and k4 = 100. Simulation re-
sults are plotted in Figures 7.1 and 7.2 with the initial conditions of the ship:
x=—-10m,y = 10m,¥ =0.1rad,u = O0ms™',v =0ms™!, and r = Orads™'. It is
seen from Figures 7.1a and 7.1b that all of the tracking and observer errors converge
to zero. The control inputs, 7, and t,, are within their limits. As always, the magni-
tude of t,, and 7, can be reduced by adjusting the control gains such as ¢; and c;.
However, the trade-off is a longer transient response time. For clarity, we only plot
the tracking errors for the first 180 seconds, and the observer errors for the first 10
seconds. To illustrate robustness of our proposed controller, we also simulate with
the same control gains and initial conditions chosen as above, and the environmental
disturbance vector Ty, () = 0.5M ([sin(z),cos(t),sin(¢)]” +1.5), i.e., the last equa-
tion of (7.1) is in the form of Mv = —C (v)v — Dv + T + T4 (¢). Simulation results
are plotted in Figures 7.3 and 7.4. For clarity, we only plot the tracking errors for
the first 300 seconds and the observer errors for the first 10 seconds. It can be seen
that the environmental disturbances deteriorate the performance of the controlled
loop system in the sense that the tracking errors do not converge to zero but to a
ball centered at the origin. This shows an important property of robustness of the
controlled system with respect to the environmental disturbances.
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7.6 Conclusions

The key to the control developments is an introduction of the global nonlinear co-
ordinate transformations (7.6), (7.24), (7.43), (7.58), and (7.61) to obtain an expo-
nential observer and to transform the tracking error dynamics to a suitable nonlinear
system, to which Lyapunov’s direct method and the backstepping technique can be
applied. The work presented in this chapter is based on [94, 114,116, 117].
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Chapter 8
Path-tracking Control of Underactuated Ships

This chapter deals with the problem of designing controllers to force an underactu-
ated surface ship with standard dynamics to track a reference path. Both full-state
feedback and output feedback cases are considered. In comparison with the preced-
ing three chapters, the requirement that the reference trajectories be generated by
virtual ships is relaxed, and the control design is simpler and more amenable for im-
plementation in practice. The control development is based on a series of coordinate
transformations, the backstepping technique, and utilizing the dynamic structure of
the ship.

8.1 Full-State Feedback

8.1.1 Control Objective

In addition to the assumptions made in Section 3.4.1.1, we ignore the nonlinear
damping terms. The case with the nonlinear damping terms requires more effort,
and is treated in Section 8.2 where an output feedback control design is addressed.
As such, the resulting mathematical model of the underactuated ship moving in
surge, sway, and yaw is rewritten as

[(2IW)v,
Mv=-C(v)v—Dv+ [ (8.1)
with
X u Ty
(Z2|(y|,v=|v ]|, ZF]| 0 [,
¥ r T

165
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cos(y¥) —sin(y) O
J(Y) = | sin(y) cos(¥) O |,
0

0 1
mii 0 0 dll 0 0
M=| 0 mypma|,D=| 0 dypdy|,
0 m3p ma3 0 dzp dss
0 0 —moypv— %(m23 +map)r
C(v)= 0 0 miu )
MoV + 2 (maz +max)r —myiu 0

where a definition of all symbols is given in Section 3.3.

Moreover, in order to clearly illustrate our idea we did not include the distur-
bances in (8.1) but will address this issue in Section 8.1.5 by a simple modification
of the control design. In this section, we consider the following control objective.

Control Objective. Design the controls t,, and t, such that the position (x, y) of
the ship (8.1) globally tracks a reference path ~ parameterized by (x4 (s), yq(s))
with s being the path parameter, the ship total linear velocity is tangential to the
reference trajectory ~, and the desired surge velocity can be adjusted on-line.

Since the ship system (8.1) is underactuated, it is not expected to force the ship to
track an arbitrary path 7. We here impose the following sufficient conditions on the
path

Assumption 8.1. There exist strictly positive constants &;, 1 <i <4, such that

X2(s)+y2(s) = €1, Vs R, (8.2)
p

L i) -1y = o2, V1 20, ®3)

Biiq(t) +1iq(t) > e3. V1 >0, (8.4)

and the solutions of the following differential equation

(t1g cos(8)(1 —a) + )/)8 =—(Bug + ﬁd) sin(§) — (a4 cos(8) —y)rq,
8(tg) =0 (8.5)

satisfy
b g
8] = 7 —e4. V121020, (8.6)

where x;i (s), y;i (s), ug and vy are defined as
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’ ’ 8yd
xd(s) = W’ yd(s) = K,

g = \|X7(5)+y 7 (9)8, (8.7)

o G0y () = xy (9)7g ()

8xd

(x2(s)+y7(5))
and the constants «, B, and y are
d d
Mg 42 2B 2223 (8.8)
Mmoo mao m35, —da3/man

Remark 8.1.

1. Condition (8.2) implies that the path ™ is regular with respect to the path param-
eter s. If the path is not regular, one can break it into different regular paths and
consider each path separately.

2. Conditions (8.3) and (8.4) mean that the path =~ does not contain or approach a
set-point, i.e., we do not consider stabilization/regulation problems. These condi-
tions also imply that #4 (¢) should not vary too fast. For clarity we only consider
the forward tracking case, i.e. the reference velocity 4 (¢) is always larger than
a positive constant. The backward tracking case (i.e. i1 4 (¢) is always less than a
negative constant) can be done similarly.

3. Conditions (8.5) and (8.6) imply that the desired surge velocity is always larger
than the desired sway velocity. These conditions are reasonable since the ship
in question is underactuated in the sway axis, one should not expect to force it
to track a path with an arbitrarily large curvature. These conditions place certain
restrictions on the path =~ but allow many types of trajectories such as a straight
line, an arc, and a sinusoidal path. For vessels with three planes of symmetry
(like spherical underwater vehicles see Section 3.4.1.3, i.e., « = 1, y = 0), the
differential equation (8.5) reduces to an algebraic equation, and condition (8.6)

holds if _ _
t t
HaOVaOL gy vy >0, (8.9)
Puia(t) +uq(r)
where &5 is an arbitrarily small positive constant. For other cases, an application

of Lemma 9.3 in [6] to (8.5) readily shows that sufficient conditions such that
(8.6) holds can be expressed as

0.5v2ii4(t)(1—a) —|y| > €6, V1 >0, (8.10)
aitg () +1y| . V2

—a X e V>0, 8.11
,31101(1)—H_td(f)|rd(l)|S y = ®10

where g¢ and €7 are arbitrarily small positive constants.
4. The variable § can be used to specify the desired forward speed.

The main ideas to solve the control objective are as follows:
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1. Introduce a coordinate to change the ship position (x, y) such that the ship model
(8.1) can be transformed to a diagonal form to overcome difficulties caused by
nonzero off-diagonal terms in the system matrices.

2. Interpret tracking errors in a frame attached to the path §2 such that the tracking
error dynamics are of a triangular form to which the backstepping technique can
be applied.

3. Use the orientation tracking error as a virtual control to stabilize the cross-track
error.

8.1.2 Coordinate Transformations

8.1.2.1 Transform Ship Dynamics to a “Diagonal Form”

Introduce the following coordinate transformation (changing the ship position, see
Figure 8.1):
X =x+ecos(y),
y =y +esin(y), (8.12)
v=v+er,
where & = mj3/mo;. Using the above change of coordinates, the ship dynamics
(8.1) can be written as

¥ = ucos(y) — vsin(y),

3 = usin(y) + v cos(v),

v=r (8.13)
U= Tu,

v =—aur—po+yr,

=T,
where we have chosen the primary controls t,, and t, as:

mp3+mszy ,

Ty = M11Ty — Mo VF — Tr +diu,
MoaM33 —M23M3y _ 1 5
T = = (m11m22_m22)uv+(m11m32_
Mmoo Mmoo
ma3 +ms3p
My ur + (m32daz —ma2d32)v — (ma2dsz —m3zadas)r |,

(8.14)

with 7,, and 7, being considered as new controls to be designed later.
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Figure 8.1 Interpretation of tracking errors

Remark 8.2. After the ship system (8.1) is transformed to the diagonal form (8.13),
the methods mentioned in the preceding three chapters can be used to obtain
controllers for specific tasks such as stabilization and model reference trajectory-
tracking if (X, y) are considered as the ship position instead of (x, y).

8.1.2.2 Transform Path-tracking Errors

We now interpret the path-tracking errors in a frame attached to the reference path
" as follows (see Figure 8.1):

Xe X—Xg4
ve |=3TW)| F-ya | (8.15)
Ve V—vYa
where 14 is the angle between the path and the X -axis defined by
(s
Vq = arctan yfi( ) ) (8.16)
x,(s

with x;, (s) and y:j (s) being defined in (8.7).

In Figure 8.1, Og Xg Y is the earth-fixed frame, O; X; Y, is a frame attached
to the path ~ such that Oy X4 and O, Y, are parallel to the surge and sway axes of
the ship, 14 is tangential to the path, CG = Oy is the center of gravity, and Oy is
referred to as the center of oscillation of the ship. Therefore x,, y., and Iﬁe can be
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referred to as the tangential tracking error, cross-tracking error, and heading error,
respectively. Differentiating (8.15) along the solutions of the first three equations of
(8.13) results in the kinematic error dynamics:

Xe=uUu—Uq COS(&e)""’)’ev
Ve = U +iig sin(Ye) —rxe, (8.17)
‘(ﬁe = r_fd’

where 14 and 7y are given in (8.7). From (8.17), it can be seen that (x,, ye, Ve) =
(0,0,0) is the equilibrium point only if the transformed sway velocity is zero, i.e.,
v = 0, which means that the ship must move on a straight line at the steady state.
Since we allow the reference path ~ to be different from a straight line, but also in-
clude it, the transformed sway velocity is generally different from zero at the steady
state, i.e., v can be different from zero. To resolve this difficulty we introduce an
angle § to the orientation error v/, by defining

Ve = Ve +6. (8.18)

Substituting (8.18) into (8.17) yields

Xe =u—uq cos(VYe) — Vg sin(Ye) +rye,
Ve = ug sin(Ye) + ve — vy (cos(Ye) — 1) —rxe, (8.19)
I,be =r—rq,

where

Ve =V—V4,

Ug = g cos(d),

vg = g sin(§), (8.20)
rqg = fd —8.

We refer to ug, vg, and r; as the desired surge, sway, and yaw reference velocities.
It can now be seen that (x., ye, ¥.) = (0,0,0) is the equilibrium point of (8.19) if
ve = 0. At the steady state, the surge and yaw velocities (u,r) should converge to
their desired values (u4,rg) with the help of a control to be designed later. There-
fore, to determine the angle & that guarantees v, = 0 at the steady state, from the
fifth equation of (8.13), the desired sway velocity should be chosen as

Vg = —Qugrg —Bvg +yrg. (8.21)

Substituting (8.20) into (8.21) results in (8.5). We make the following important
observations:

Remark 8.3. With |§(¢)| < /4, Vt >ty > 0, we have |vg(¢)| < |ug(t)| since ug =
g cos(8) and vy = uy sin(8). In addition, with the help of a control (to be designed
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later), convergence of (X, ye, V) to zero implies that v, converges to —8(¢). Since
|6(¢)| < 7/4, the ship will not turn around.

To prepare for the control design, we rewrite the path-tracking error dynamics as
follows:

Xe =u—ugcos(Ye) —vgsin(Ye) +rye,
Ve = ug sin(Ye) + ve —vg(cos(Ye) — 1) —rxe,

1.pe =r—rq,

Ve = —a(ur —ugrg) — Bve +y(r—rg), (8.22)
U =Ty,

F=T.

The control objective has been converted to one of stabilizing (8.22) at the origin.
The tracking error dynamics (8.22) are similar to the ones in the preceding chapters.
The techniques in these chapters can be applied to design the controls 7, and 7, but
will result in an extremely complex procedure to determine the control gains. In this
chapter we will propose a much simpler technique to design 7,, and 7, to globally
stabilize (8.22) at the origin.

8.1.3 Control Design

We divide the control design into two stages. At the first stage, we consider the first
four equations of (8.22), with u and r being viewed as controls. At the second stage,
the last two equations of (8.22) are considered to design the actual controls 7,, and
7, using the backstepping technique.

8.1.3.1 Kinematic Control Design
Substep 1 (Stabilizing x.-dynamics)
Define
Ue = U — 0y, (8.23)

where o, is a virtual control of u. The first equation of (8.22) suggests that we
choose
oy = —kixe+ugy, (8.24)

where k; is a positive constant to be selected later. Substituting (8.23) and (8.24)
into the first equation of (8.22) yields

Xe = —k1xe —ug(cos(Ye) — 1) —vg sin(Ye) +rye + ue. (8.25)
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Note that we have chosen a,, not to cancel —u g (cos(¥.) — 1) —vg sin(Y¥e) + ry. to
simplify the control design.

Substep 2 (Stabilizing (Y., ve)-dynamics)

Introduce a coordinate change

vV
21 =Ye+ Fe (8.26)

Differentiating (8.26) along the solutions of the second and fourth equations of
(8.22), and using (8.23) and (8.24) yields

Z1 = ugsin(Ye) —va(cos(Ye) —1) —rxe —

o
E((ue—klxe+ud)r—udrd)+%(r—rd). (8.27)
For simplicity, we now choose
ki = ﬁ (8.28)
o

to cancel the term —r x, on the right-hand side of (8.27) to have z;-dynamics “inde-
pendent” of x.. Substituting (8.28) into (8.27) yields

£ = g sin(Pe) — va (cos(Ye) — 1) — %(aud N =r)=Guer. (829

It is now seen that the third equation of (8.22) and (8.29) are of a forward struc-
ture with r being considered as a control. One can apply forwarding control design
techniques to design a control law for r. However, it is difficult to find a proper Lya-
punov function to handle cross terms. The reader is referred to [7] for more details
on control design techniques for forward systems. Here we use the backstepping
technique by using ¥, as a virtual control to stabilize z;. Define

Zy = Ye —ty,. (8.30)

where oy, is a virtual control of v.. By noticing (8.3), (8.7) and |6(¢)| < 7 /4, Vit >
o > 0, we have u4(¢) > 0. Therefore, a simple control law for ay,, can be chosen
as

k
0y, = —arcsin (2721) , A= /14 (kaz1)?, (8.31)

where k is a positive constant to be selected later. It is of interest to note that (8.31)
is well defined for all z; € R.

Substep 3 (Stabilizing z,-dynamics)

Define
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Te =F—Tg—Qr, (8.32)

where o is a virtual control of r. Differentiating both sides of (8.30) along the
solutions of the third equation of (8.22) and (8.29) yields

2y = (1—@%) (re +ar) +

(ud sin(Ye) —vg(cos(ye) — 1)) — ﬁA2 (8.33)
We choose the constant k, such that
1—ky 2 ”’_V>0=>0<k2_L. (8.34)
pA? aug — |yl

There always exists k, satisfying (8.34) under condition (8.3) since |§(¢)| < 7 /4
and ug = u g cos(8),Vt > tg > 0. We choose the virtual control «, from (8.33) as

o — 1 (_ c1z2 _k_Z(udsin(we)—vd(COS(We)—1)))’
1—m(a”d Y) 1+:z3 A

(8.35)

where c; is a positive constant. It is noted that «, is bounded by some constant for
all (215227 1//8) € R3'

8.1.3.2 Kinetic Control Design

By differentiating both sides of (8.23) and (8.32) along the solutions of the first,
third, fifth, and sixth equations of (8.22), the control 7, is chosen as

_ oay, . day, . koo
Tuz_c2ue+_uxe+_uud+ 2

o, By _,3A2 ZoF, (8.36)

and the control 7, is chosen as

_ doy . 8ozr. day . ooy . day
Tr 07, Z1 31//ew +—dud+ 30, Vg —
(1—£(aud—y)) Zy—C3re + g (8.37)
BA? cw '

where ¢, and c3 are positive constants. Substituting (8.30), (8.31), (8.35), (8.36),
and (8.37) into (8.29) and (8.33), derivatives of u, and r, along the solutions of the
last two equations of (8.22) gives the following closed loop system:
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Xe = —kixe —ug(cos(Ye) —1) —vgsin(Ye) + (ra +ar +re)(z1 —
ﬂ_lve) + U,

Ve = —((Ue +y)(rqg +0r +1e) —ugrg) — Pve +y(ar +re),

21 = —kaugzi/A—vg(cos(Ye) — 1) — B (aug —y)(ar +re) +
u g (sin(zz) cos(oty, ) + (cos(zz) — 1) cos(oty, ) —af e (rg +

ar +re)a
= —c1z2/\1+ 22+ (I —ka(aug —y)B~ ' A P)re —kaafp~' A 2uer,
e = —Coue + ka7 A2y,
Fe = —C3re—(l—k2(aud—y),8_1A_2)zz. (8.38)

We now present the first main result of this chapter, the proof of which is given in
the next section.

Theorem 8.1. Assume that the path ~ satisfies all conditions specified in Assump-
tion 8.1, then the controls 1, and t, given by (8.14), (8.36), and (8.37) force the
transformed tracking errors (X, Ye, Ve ) to converge to zero globally asymptotically
and locally exponentially with an appropriate choice of k,. As a result, the actual
position tracking errors (x — x4,y — yq) and orientation tracking error (Y —¥g)
globally asymptotically and locally exponentially converge to balls with radii of
|mas/mas| and |8(t)| < arcsin((awitg + |y |) [Fa|/(Biig +1iq)) < /4, respectively.
Furthermore, the desired forward speed of the ship on the path can be adjusted by
adjusting s.

8.1.4 Stability Analysis

To prove Theorem 8.1, we first show that the closed loop system (8.38) is forward
complete, i.e., there is no finite escape in the closed loop system. We then consider
the (z2,Ue,7e)-, Z1- and (X, Ve )-subsystems separately. We first consider the Lya-
punov function

Vi=x2+z27+z23+v2+ul+r2. (8.39)

A simple calculation shows that the derivative of V; along the solutions of (8.38)
satisfies

Vi < p1iiVi+piz
= Vi(1) < (Vi(to) + p12/p11)ePr1t—10) (8.40)

where p11 and pp, are some positive constants, which implies that the closed loop
system (8.38) is forward complete.

To investigate stability of the (z,,u,, 7 )-subsystem, we consider the Lyapunov
function
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1
V21 =§(Z%+u§+rez), (8.41)
whose derivative along the solutions of the last three equations of (8.38) satisfies

2
Z

V1+z2

Since V21 < 0, we have V,1(¢) < y21(-) where x21(:) is a class-K function of
X1(t0) = ||(z2(20), ue(20), e (20)) ||- With this upper bound of V5, we have

Va1 = —¢4 —cou2 —c3r2 <0. (8.42)

2
. zZ
V21 = —61—2—621,{5—637'62, (843)

V14+2x21()

which implies that the (z3, u,, . )-subsystem is globally asymptotically and locally
exponentially stable at the origin, i.e. there exist a class-K function y,1(:) and a
constant 031 depending on X (o) such that

1(z2(0) ve (1) e ()] < ya1 (e 710, (8.44)
For the z;-subsystem, we take the Lyapunov function

1,
V22 = EZI. (845)
By substituting o, see (8.35), into the derivative of V5, along the solutions of the
third equation of (8.38), we have

. loug —y| ug —va| ,
V22§ —kz (1—k2 zr +
(B—ka|aug —y| A !

Y21 () (Vaz + y22())e 021 =10, (8.46)

where y,1(+) and y»,(+) are class-K oo functions of X (#p). We now choose k, such
that

_ ka(aug —|y)
B —ka(aug —|y|)
B

aug —|y|’

>0

= 0<ky<05 (8.47)

then (8.46) together with conditions (8.3) and (8.10) in Assumption 8.1 imply that

Vaz < y21 () (Vaz + yaa(-))e 021 =10, (8.48)

Solving the above differential inequality results in V5 (¢) < y23(-) with y,3() being
a class- Ko, function of X5(t9) = ||(z1(t0), z2(%0), Ue(f0), e (t0))||- Substituting this
upper bound of V5, into (8.46) yields
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) loug —y| ug —|val , —oa1 (1—10)
Voo <—ko (l—kz z1 +y24()e 72T
B—kalaug—yl) A 7!

< ya4(-)e 021 =10), (8.49)

where y24(-) = y21(-)(y23(-) + y22(+)). The second inequality of (8.49) implies that
there exists a class- K function y»5(-) of X2 (#p) such that |z1(¢)| < y25(:). Sub-
stituting this upper bound into the expression of A and using the first inequality of
(8.49) yields global asymptotic and local exponential stability of the z;-subsystem,
i.e., there exist a class- Ko function of X, (#y) and a constant o2, > 0 depending on
X (to) such that |z, (¢)| < y26(-)e22(=%0) Note that condition (8.47) covers the
condition (8.34).
For the (x,, v )-subsystem, we consider the Lyapunov function

1
Vs = 5(xe2 +v2). (8.50)

By taking the derivative of this function along the solutions of the first two equations
of (8.38), it can readily be shown that there exist class-Ko, functions y3;(-) and
v32(+) of X»(tp) such that

Vs = —§x3 = B2 + 731 ()(Va + ()20
< p31() (V3 + p32(-)e 0220 710), (8.51)

The second inequality of (8.51) means that V3(¢) < y33(-) with y33(-) being a class-
Koo function of || (xe(f0), ve(t0)z1(t0), 22(t0), Ue (t0), Fe(f0))]|- Substituting this up-
per bound into the first line of (8.51) readily yields global asymptotic and local
exponential stability of the (x., v, )-subsystem. We have so far proven that the trans-
formed tracking errors (X,Z1,22,Ve,Ue,"e) globally asymptotically and locally
exponentially converge to zero. By (8.26), convergence of z; and v, to zero im-
plies that of y,. Convergence of the actual position tracking error (x —xgz,y — y4)
and orientation tracking error (Y — ;) to balls with radii of |ma3/ms2,| and
8()| < (citg + 1) |Fal/|Bita +ia| < 7/4 follows from (8.15) and (8.18). Fi-

nally, since vg = iig sin(8), ug = iig cos(8) and iig = /X7 + y/75, we can see that

the total linear velocity of the ship is tangential to the path and the desired forward
speed uy can be adjusted by adjusting s.

8.1.5 Dealing with Environmental Disturbances

To clearly illustrate our idea, we have not included constant (or at least slowly time-
varying) environmental disturbances induced by waves, wind, and ocean currents
in the control design. To use the proposed controller in practice, the environmental
disturbances should essentially be taken into account in the control design. The aim
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of this section is to discuss a simple way to modify the proposed control design in
the previous section to handle these disturbances. When the constant disturbances
are present, the last equation of (8.1) is of the form

Mv =-C(v)v—Dv+ [# [l (8.52)

where [gl= [tyE TyE T,E]T with 7, g, Tyg and 7,g being the environmental dis-
turbances acting on the surge, sway, and yaw axes. Processing the same coordinate
transformations as in Section 8.1.2, the last three equations of (8.13) are written as

U= 'Eu +7?uE,
V= —our—po+yr+ g, (8.53)

’::fr‘i‘frEs

with
_ 1
TwE = —TE,
mii
_ 1
TwE = — WE, (8.54)
maa

(—ma3Tyg +M22TrE)
(mopm33z —ma3msy)

TE =

We first deal with 7,g. The idea to handle 7, g is to introduce an angle to the yaw
angle. This angle together with the ship forward speed will compensate for 7,g. We
design an observer to estimate T,z as

=k01(5—5)—aur—ﬂﬁ+yr+%v5,

A (8.55)
vE = —Y01Proj(V — v, TyE),

Qe S

where ko1 and y; are positive constants, %U E 1s an estimate of 7,g, the operator
proj represents the Lipschitz projection algorithm [118] as

proj(w, &) = w if E(®) <0,
proj(w, &) = w if Z(®) > 0and E4(w)w <0,
proj(w, ®) = (1— E(®))w if E(®) > 0and E4(w)w > 0,

where 5(@) = (0% — w3,)/(E? + 26wum). E4(d) = 05 (0)/0d, § is an arbitrar-
ily small positive constant, & is an estimate of w, and || < wps. The projection
algorithm is such that if ® = proj(w, ®) and ®(¢9) < wyy, then

. o) <oy +& V0O<ty <t <o,
2. proj(w, @) is Lipschitz continuous,
3. |proj(w, ®)| < |w|,

4. oproj(w, ®) > dw with® = w —d.
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From (8.55), the second equation of (8.53), and property 4 of the proj operator,
it is readily shown that lim;—, o Tyg (#) = 0 with 7,g (t) = Tyg — TyE (t). Now, by
comparing the transformed sway dynamics with disturbances (the second equation

of (8.53)) and the one without disturbances (the fifth equation of (8.13)), the desired
sway velocity v; dynamics should now be modified from (8.21) as

Vg = —@ugrg —Pva +yra + tE. (8.56)
With this choice, we have
Ve = —a(ur —ugrq) = fve +y(r —rq) + Lok (8.57)
Notice that (8.56) is equivalent to

(i1g cos(8) (1 —a) + )8 = —(Bily +iiq) sin(8)—

(aitg cos(8) — y)Fg + TvE, 8(tg) = 0. (8.58)

Therefore the tracking objective is solvable if condition (8.11) is replaced by

(ot + Iy Fa |+ max((rur]) 600 _ V2 (8.59)
Bug+iug 2

where property 1 of the projection algorithm that guarantees |%v E | <max(|Tyel|) +
01 has been utilized, with &y; an arbitrarily small positive constant. Hence, if the
disturbances are not too large and the path ™ is feasible, i.e., Assumption 8.1 with
condition (8.11) being replaced by (8.59) holds, then the control objective is solv-
able under constant disturbances. Now processing the same coordinate changes as
in Section 8.1.2 results in the same tracking error dynamics as (8.22) but the last
three equations of (8.22) are replaced by

Ve = —a(ur—ugrqg) —Bve +y(r—ra) + e,
U=7t,+TuE, (8.60)
F=71+7E.

Since lim;_s oo %v e(t) =0, and 7, g and 7, satisfy a matching condition, the control
design is much the same as in Section 8.1.3 and is briefly described in the following.

Kinematic Control Design. The same as in Section 8.1.3.

Kinetic Control Design. The controls 7,, and 7, are almost the same as in Section
8.1.3 but we cannot directly use z; and Z; since they contain an unmeasured term
Tyg () and we need to compensate 7,r and 7,g. These controls are designed as
follows:



8.1 Full-State Feedback 179

+ day | i day, . n koo 2
Ty = —CoUle+ —Xo +—1 = Zor —T,E,
u 2Ue 8xe e Bud d ,BAZ 2 uE

da, .
T, = —C3le+Fg+ a%(ud sin(y¥e) —vg(cos(Ye) —1) —
1

1 0
— (ot —Y)(r —ra) — 2uer + ot [ - 122

S
IB ﬂ a22 /1+Z%

ka(aug —7y) koo 0oy . 0o, .
1— — _r _r
( gar ) par" ) Ty Ve T oM T

9 1—k - .

o Vg — (2;+y)22_fr157 (8.61)

ovg

where T, g and 7,g are estimates of 7, and 7,g updated by

%uE = —)/ozproj(ue, %uE),
Tg = —Y03proj(re, T£), (8.62)

where Yo, and yg3 are positive constants. From the above control design, we have a
closed loop system as

Xe = —kixe—ug(cos(Ye) —1) —vgsin(Ye) + (ra +ar +re)(z1 —
ﬁ_lve) +Ue,

Ve = —a((Ue +ay)(rg +ar +71e) —ugrq) — Bve +y(ay +re)+1:'vE»

21 = —kaugzi/A—vg(cos(Pe) — 1) — B~  (aug —y)(ar +re) +
U g (sin(zz) cos(oty, ) + (cos(zz) — 1) cos(oty, ) — af Ve (rqg +
oy +re)+:3_17:7vE,

L= —ciza/\1+ 55+ (I=ka(@ug =)~ A7) re —kaap™ A 2ur +

kof1AT Ty,
Ue = —ColUp + kzaﬂ_lA_zzzr + Ty,
. ko :L_:vE ooy kZ%vE ooy =
Fe = —C3re—(1— W(a“d —y)z2— B 9z, BA? om +TE,

(8.63)

where T, g = Ty — Tyg and T, = Trg — Trg. We now present a result for the case
with constant disturbances.

Theorem 8.2. Assume that the path = satisfies all conditions specified in As-
sumption 8.1 except for (8.5) being replaced by (8.58) and that the disturbances
are not too large, i.e., (8.59) holds, the controls t, and t, given by (8.14) and
(8.61) force the transformed tracking errors (Xe,Ye,We) to globally asymptoti-
cally converge to zero with an appropriate choice of ko. As a result, the ac-
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tual position tracking errors (x —xg4,y — Yq) and the orientation tracking error
(¥ —Va) globally asymptotically converge to balls with radii of |ma3/ma2| and
|8(t)| < arcsin((attg + |y]) [Fa| +max(|Tve|) +§o01)/(Bua +ua)) < 7/4, respec-
tively.

Note that convergence of the tracking errors in the case with disturbances is
asymptotic (not locally exponential due to adaptation), and the magnitude of 5(¢)
is generally larger than the one in the case without disturbances. Since

lim (Tur (1), Tug (). Tre (1) = 0,

da, /0zq and da, / 0z, are bounded by some constants, the structure of (8.63) is very
similar to (8.38), and the proof of Theorem 8.2 follows the same lines as for Theo-
rem 8.1 plus an application of Barbalat’s lemma, we omit proof of Theorem 8.2.

8.1.6 Numerical Simulations

We perform some numerical simulations to illustrate the effectiveness of our pro-
posed control laws given by (8.14), (8.36), and (8.37) on a supply vessel with the
length of L = 76.2 m and a mass of m = 226 x 103 kg. This vessel has a minimum
turning circle with the radius of 250m, a maximum surge force of 6.5 x 10'° N, and
a maximum yaw moment of 3.2 x 102 Nm. The Bis-scale parameters of the vessel
taken from [11], pp. 446, are as follows:

mi = 1.1274, Moy = 18902, mp3 = —0.0744, ms3z = 01278,
dy1 = 0.0358, dpy; = 0.1183, dpz3 = —0.0124, d3, = —0.0041, d33 = 0.0308.

From these values, we have o = 0.5964, = 0.0626, and y = 0.0041. The refer-
ence path 7 is chosen as x4 (s) = s, y4(s) = 100sin(0.01s) and § = 1. Therefore,
g = 2+/14c0s(0.015)2 and 7y = —0.025in(0.01s)/(1 + cos(0.015)?). A simple
calculation shows that all of conditions of Assumption 8.1 hold. In the simulations,
the initial conditions are chosen as x(0) = —20, y(0) = 50, ¥ (0) = 0.5, u(0) =
0,v(0) = 0.1, and r(0) = 0. The control gains are chosen as k; = /o = 0.1049,
ko = 0.025, and ¢; = ¢ = ¢3 = 2. A simple calculation shows that k, satisfies the
condition specified in (8.47). Simulation results without disturbances are plotted in
Figures 8.2 and 8.3. In these figures, all variables are converted back to their original
values using the following table with g being the gravitational acceleration:

The tracking errors are plotted in Figure 8.2a, and the angle § is plotted in Figure
8.2b. It is seen that the proposed controller nicely forces the ship to track the given
reference path in the sense that the tracking errors asymptotically converge to zero.
From (8.20) and the fact that the surge and sway velocities (1, v) converge to their
desired values (u4,v4), the change of the angle § reflects the change of the surge
and sway velocities of the ship with the total ship velocity # = ~/u? + v2 as time
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Table 8.1 Normalization variables used for the Bis system

Variable Bis-system
Time JL/g

Position L
Angle 1

Linear velocity | +/Lg

Angular velocity| +/g/L
Force mg
Moment mgL

evolutes. The ship and reference trajectories in the (x,y)-plane, and the control
inputs are plotted in Figure 8.3.

To illustrate how our controller in Section 8.1.5 can compensate for the dis-
turbances, we also simulate with the disturbances as [gl= [0.15, 0.08, O.OS]T
in the Bis system. This choice of [glimplies that the disturbance forces on the
surge and sway are 0.15 and 0.08, and the disturbance moment on the yaw is
0.05. The adaptation gains are chosen as yo; = 1, ko; = 1, and &y; = 0.05,i =
1,2,3. With these disturbances, one can verify that condition (8.59) holds, i.e.,
(aiig + |y]) |Fa| + max(|Zye|) + £01)/ (Biig +iig)) < 0.71. Simulation results are
plotted in Figures 8.4 and 8.5. It is seen that our controller forces the heading angle
to a value §(¢) to compensate for the disturbances.

400

200

Tracking errors
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-200
-400 . ’ . .
0 500 1000 1500 2000
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b
0.2 T T r T

0 500 1000 1500 2000
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Figure 8.2 Simulation results without disturbances: a. Tracking errors ((x —x4), (¥ —ya), (¥ —
¥q)); b. Variation of angle §
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Figure 8.3 Simulation results without disturbances: a. Ship position and orientation in the (x, y)-
plane; b. Control input 7,,; ¢. Control input
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Figure 8.4 Simulation results with disturbances: a. Tracking errors ((x —x4), (¥ —yaq), (¥ —

¥4)); b. Variation of angle §
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Figure 8.5 Simulation results with disturbances: a. Ship position and orientation in the (x,y)
plane; b. Control input 7,,; ¢. Control input t,

8.2 Output Feedback

8.2.1 Control Objective

For the reader’s convenience the mathematical model of an underactuated ship mov-
ing in a horizontal plane is rewritten here, see Section 3.4.1.1:

(2IW)v,
MV = —-C (v)v—(D +Dn(V))v+ ] (8.64)
where

X u Tu

(2| y|,v=|v ]|, | 0],
1// Tr

cos(¥) —sin(y) 0 myp 0 O

J ()= sin(y) cos(y) 0|, M= 0 myy ma3 |,
0 0 1 0 ms3p mss
0 0 Ci3 Di; 0 O
C (V) = 0 0 Cy3 |,D+ Dn(V) = 0 Dy Dys3 |,
C31C3 0O 0 D3 D33

with
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miy =m—Xy, map =m—Yy, my3 =mxg—Y;,
m3y =mxg — Ny, m3z3 = I, —N;

Ci3 =—C31 = —(m—=Yy)v—(mxg —0.5(Y; + Ny))r,
Co3 = —C3p = (m— Xy)u,

Dy = —(Xy + Xjupu |ul), Doz = =Yy + Yjypu [V]),
Di3 = —Y;, D3y = =Ny, D33 = —(Ny + N 7).

All the symbols used here are defined in Section 3.3. It is noted that we did not
include environmental disturbances in the ship dynamics (8.64). In the control de-
sign, we will add integrators to the path-tracking error outputs to compensate for the
disturbances. In this section, we consider the following control objective.

Control Objective. Assume that the ship velocities, u, v, and r are not available
and that Assumption 8.2 holds, design the controls 7,, and 7, to force the ship (8.64)
to follow a prescribed path =~ parameterized by (x4 (s), y4(s)) with s being the path
parameter in the sense that the position of the ship (8.64) globally tracks the path
“7, the ship total linear velocity is tangential to the path ~, and let the desired surge
speed, u ¢ (t), be adjusted on-line. The desired surge speed, u4¢(?), is assumed to
be bounded and twice differentiable.

Assumption 8.2. There exist strictly positive constants €;, 0 <i <5 such that

g9 < x;?(s) + y/dz(s) <e1, Vs €R, (8.65)

Ugo(t) > &2, V1 >0, (8.66)

Ny = Y;, (8.67)

I —(a(ugo(t) +&3) + v/ (uao(t) —e4) > &5, V1 =0, (8.68)

where x; (s), y:i (s), @ and y are defined as

, 0xqg Y4
xg(s) = B Va(s) = ETR
Y,
g="1 ., _ Tr (8.69)
maa maa

Remark 8.4. The following observations are made on Assumption 8.2.

1. Condition (8.65) implies that the path ™~ is regular with respect to the path pa-
rameter s. If the path is not regular, one can break it into different regular paths
and consider each path separately.

2. Condition (8.66) means that the path ™ does not contain or approach a set-point,
i.e., we do not consider stabilization/regulation problems. For clarity we only
consider forward tracking. Backward tracking can be done similarly.

3. Condition (8.67) implies that the added mass matrix is symmetric. This condition
is needed for designing an observer. If this condition does not hold, we can use
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an acceleration feedback in the yaw dynamics [12] to reshape the added mass
matrix.

4. Condition (8.68) is needed to guarantee stability of the sway dynamics under
the proposed controller (to be designed later). Since « is strictly smaller than 1
(added mass, —Xj;, in surge is smaller than that, —Y}, in sway) and |y| is small
for most ships, Condition (8.68) is satisfied under (8.66) with &, being strictly
larger than |y|.

The main ideas in solving the above control objective are as follows:

1. Choose an appropriate body-fixed frame origin to avoid the yaw moment control
7, acting directly on the sway dynamics. This choice will overcome the difficulty
caused by off-diagonal terms in the mass matrix.

2. Transform the ship dynamics to a system, which is linear and monotonic in un-
measured velocities, so that an observer can be easily designed.

3. Interpret path-tracking errors in a frame attached to the path =~ such that the
error dynamics are of a triangular form to which the backstepping technique can
be applied.

4. Use the orientation error as a virtual control to stabilize the cross-track error
where a filter of the sway velocity is designed and used in the virtual control.
This filter and the derivative of the path parameter used as an additional control
allow a global controller and desired path with arbitrary curvature.

5. Add projection integrators to the path-tracking error dynamics’ output to com-
pensate for constant bias of the disturbances.

Figure 8.6 Interpretation of path-tracking errors
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8.2.2 Coordinate Transformations

8.2.2.1 Choosing the Body-fixed Frame Origin

To avoid the yaw moment control 7, acting directly on the sway dynamics, we
choose the body-fixed frame origin such that it is on the center line of the ship
(see Figure 8.6), i.e., y, = 0 and that:

xg = L. (8.70)

With this choice, the ship model (8.64) can be written as:

(2JIW)v, &71)
MV = —C (V)V— (D + Dn(V))V + [ '
where
B my; O 0 _ dnl |u| 0 0
M=]| 0 myp 0 |, DnV)= 0 dplv] O ,
0 0 ms3 0 0 d,,3|r|
B d11 0 0 _ 0 0 —Mmo2V
D=| 0 dyppdy |,C(v)=| 0 0  mpu |, (8.72)
0 d32 d33 MoV —MmMi1U 0
with

diy = =Xy, dan = =Yy,
dyz ==Y, d3p = —Ny,
d33 =—N;, dpn = _X|u|uv
dpr = Y|v|v» dpz = N|r|r~

It is noted that the ship position (x, y) is the coordinates of the body-fixed frame
origin (not the ship’s center of gravity) with respect to the earth-fixed frame.

8.2.2.2 Transformation of the Ship Dynamics to be Linear and Monotonic in
Unmeasured State System

The transformation here is very similar to that in Section 7.3.1. For the sake of com-
pleteness, we give the full derivation of the transformation. As such, we first remove
the term C (V)V in the right-hand side of the second equation of (8.71), which causes
difficulties in the observer design, by introducing the following coordinate:

X =P (DM, (8.73)
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where P (D& R3*3 is a global invertible matrix to be designed. With (8.73), the
second equation of (8.71) is written as

X = [P(ou-P@MC wv]-
P(DM (D +Dn(PHDX)P HDX +P(DM 1 (8.74)
It can be seen that in order to remove the term C (V)v, we need to find the matrix
P (D3uch that
[P’([m—P([IN?l—lcE(v)v] -0, (8.75)

for all (CM) € R®. Assuming that the elements of P (Dare p;; (DL =1,2,3, j =
1,2,3, (8.75) is expanded to:
. . . m m mypy—m
Dit¥ + pi2v + pisr + ﬁPilvr - ipizur + upi3uv =0,
mi1 ma2 mass
i=1,2,3, V(La,v,r) eRS, (8.76)

where for brevity, we omit the argument [df p;; (D-IWith the first equation of
(8.71), we expand (8.76) as

(% cosy+ Fsineyn )+ (=22 sincu) + ﬂcos(w)) v+
T (< sy + 2 cos(y) + 2 costy) + 2 sin() +
fu—Tz pi3) uv + (8}7—’1 + 81)—’3 os(y) + ﬂ sin(y) — _PZZ) ur +

ms3 oy

31712 ]713 _
( oy 8x (Iﬂ)+—yco (W)—i——p,l) vr =0. (8.77)

Therefore (8.77) holds for all (x,y,¥,u,v,r) € R if

8 1 1

oL cos(y) + %sm(vf)

a 1 1

~ T2 n(vf)+%cos(w)

3Pi3 _

By

(85’—2—%) n(y) + (ﬂ +a”—’2) W)+ iy =0,

y ox dy a

ap; ap; j

T os()+ B2 sin() 22 iy =0,

oy dy

dpiz 3]713 dpis _

By ax (1/f)+—yC S(W)‘F—le =0. (8.78)
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A family of solutions of the above set of six partial differential equations is

((m11Cizx +m33Ci1) sin(Y) — (m11Ci3y —m33Ciz) cos(¥))

Di1 M3

__ maa (11 Cisx +m33Cin) cos(Yr) + (m11Cizy —m33Cia) sin(y))

2 mp1mss 7
pis = Cis, (8.79)

where C;j1, Ci,, and C;3 are arbitrary constants.

We now choose the constants Cj;, Cj», and C;3 such that the matrix P (Dds
invertible for all (x,y,¥) € R3. A trivial choice of C;3 =C;; =0,Cia =1, Cap3 =
Cyy =0,Cy1 =1, C31 =C3 =0, and C33 = 1 results in

cos(¥) — sin(tﬁ)nm1—ﬁ 0
P(O% sin(y) cos(lﬂ)nmi—ﬁ 0

(Sin(Y)x —cos(P)y) 1 (cos(y)x +sin(¥)y) o 1
mss3 ms3
(8.80)
Indeed this matrix is invertible for all (x, y, ) € R>. Substituting (8.80) into (8.74)
gives

X =—P(OM (D +Dn(P™H(OX))P (DX +P(OM [ (8.81)

8.2.3 Observer Design

It can be seen that system (8.81) is linear and monotonic in the unmeasured state
vector X. We now design a simple observer to estimate X as:

X = ~P(OM (D +By(PH(0X)PH(OX +P(OM [ (8.82)

where X is an estimate of X . From (8.81) and (8.82), we have

X =—P(OM*DP (X — P(OM *x
[Dn(P~H(DX)P (DX —Dp(P~H(DX)PL(DX],  (8.83)

where X := (X1,%2,%3)T =X —X. We will use (8.83) in stability analysis of the
closed loop system later. Define ¥ = [1,9,7]7 as being an estimate of the velocity
vector V as:

V=P Y(DX. (8.84)

Then the velocity estimate error vector, V := [, U, F]T = Vv —V, satisfies:
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i X1cos(y) + Xpsin(y)

5 | = | 2L (=% sin(y) + F2cos(¥)) | (8.85)
ma2

P mi

—(X1y —X2x) + X3
ms3

Using (8.84), we rewrite the first equation of (8.71) and (8.82) as:

X = (@+u)cos(y)— (v+0)sin(y),
y = (@+u)sin(y) + (v +v)cos(¥),
¥ = P47,
2 Mmoo . di1 . d A 1 Mmooy ..
h= 225p - g S a4 — 1 + 267, (8.86)
miy miy miy miy mii
X mit . dop . doz, dua . . Mil..
V= ——iUr——0——7— |0]| 0 — —1rF,
maa map mao map ma2
i mii—mo ., dy . d3z,. dp3 . .
F= ——0——F— |7| 7 +
ms3 ms33 ms3 ms3
1 Myl .. Moy ..
_-L'r+i v_ﬁv
mss3 mss3 ms3

Transformation of Path-tracking Errors

We now interpret the path-tracking errors in a frame attached to the reference path
" as follows (see Figure 8.6):

Xe X —Xq
ye |=3TW) | y-ya |- (8.87)
We 1/’ - I/fd
where 14 is the angle between the path and the X-axis defined by
" (s
ya = arctan [ 24) ) (8.88)
Xa (s)

with x;, (s) and y; (s) being defined in (8.69).

In Figure 8.6, Og X YE is the earth-fixed frame; O, X,Y), is a frame attached
to the path ™ such that O, X, and O,7Y,, are parallel to the surge and sway axes
of the ship, respectively, u4 is tangential to the path, CG is the center of gravity
of the ship; and Op X3, Y} is the body-fixed frame. Therefore x., y., and ¥, can be
referred to as tangential, cross and heading errors, respectively. Differentiating both
sides of (8.87) along the solutions of the first three equations of (8.86) results in the
kinematic path-tracking errors:
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u—ugcos(VYe)+ (F+7)ye +1,

Ye = U+tugsin(ye) — (7 +7)xe + 0,

Vo= P—ra+F, (8.89)

Xe =

where u; and rg are given by:

ug = X7 () +y 7 ()3,

O OROINON ©90)

X7 () +y7(s)

8.2.4 Control Design with Integral Action

There are often two methods to let a control system compensate for constant (or at
least slowly-varying) environmental disturbances: (1) deriving an adaptive control
law to estimate a constant bias (as the one in Section 8.1.5), and (2) adding extra
integrators to the output of the path-tracking error system. Here we use the second
method for simplicity since the first one will result in a complicated control law due
to the observer developed in the previous section, see Section 8.2.6.1 for a discus-
sion. We divide the control design procedure into two separate stages. At the first
stage, we consider (8.89) with # and 7 being viewed as controls. At the second stage,
the last three equations of (8.86) are considered to design the actual controls 7,, and
7, using the backstepping technique.

8.2.4.1 Kinematic Control Design
Substep 1 (Stabilizing (X., ye)-dynamics)

First we add two projection integrators to the position path-tracking error dynamics
as

Oxe = Proj(y1xe/ A, 0xe),

Oye = Proj(y2ye/ A, 0ye),

Xe =t—ugcos(Ye)+ (F+7F)ye + 1,

Ye =0+ ugsin(ye) — (F+7)x. + U, (8.91)

where A = /14 x2+ y2, y1 and y, are positive constants and the operator proj
represents the Lipschitz projection algorithm (repeated here for the reader’s conve-

nience)



8.2 Output Feedback 191

proj(w, @) = w if (@) <0,
proj(w, ®) = w if (@) > 0and E4(0)w <0,
proj(w, ®) = (1— E(®))w if E(®) > 0and E4(w)w > 0,

where (@) = (0% —w3,)/ (62 + 26 wm). E4(d) = 0E(D)/dd, & is an arbitrarily
small positive constant and wjys is the maximum value of the constant bias that &
will compensate for. The projection algorithm (repeated here for convenience of the
reader) is such that if ® = proj(w, ®) and @ (ty) < wps then:

o) <wy+E& V0<ty<t<oo,
proj(w, @) is Lipschitz continuous,
lproj(w, @)| < |=],

oproj(w, @) > dw with ® = w — ®.

bl

It is noted that we have added the integrators via the projection algorithm to guar-
antee that o, and oy, are always bounded by some predefined constants. Define

Ue = U — 0y,

Ve = Ve —ty,, (8.92)

where o, and oy, are virtual controls of # and ., respectively. Substituting (8.92)
into the last two equations of (8.91) gives

Xe = Oy +Ue —Ug cO8(0ty, ) —Uq ((cos(Ye) — 1) cos(ary, ) —
sin(Vre) sin(ary, ) + (7 + F) ye +il.

Ye = 0 +ugsin(oy,) +ug(sin(Pe) cos(ay, ) + (cos(Ye) — 1) x
sin(ay, ) — (F +7)xe + 0. (8.93)

From the first equation of (8.91) and first equation of (8.93), we can easily design a
control law for «,, to stabilize the x.-dynamics as follows

oy = —@1 — Oxe +Ug COS(ly,, ), (8.94)
with
X
o1 = klze,

where k is a positive constant to be specified later. It is noted that we have chosen
o, not to cancel the known term,—u 4 ((cos(e) — 1) cos(ay, ) — sin(ye) sin(ay, ) +
e, to simplify the controller expression.

However, stabilizing the second equation of (8.91) and second equation of (8.93)
is more difficult. We cannot directly use oy, to cancel ¥ since the term u g sin(ay, )
cannot cancel ¥ without imposing a restriction on the initial conditions, i.e., no
global result can be obtained. To resolve this difficulty, the derivative of the path
parameter is used as an additional control and is designed as:
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\/ugo + U)%e + (92 + Oye 1+ vg)?
§ = , (8.95)

X7 () + i)

with ¢ = kj yf, where from now we drop the argument ¢ of u ¢ and its derivatives,
ko is a positive constant to be specified later, and v, is a filtered value of 0 to be
designed later. From (8.95) and (8.90), we have:

Ug = \/“?10 +02, + (2 +0ye +v4)2. (8.96)

From (8.96), the second equation of (8.93), and (8.90), we design a control law for
Ay, as:

02+ Oye + vd) , (897)

oy, = —arctan(
‘ Tugo

with

Tugo = U3+ 02, (8.98)

Substituting (8.97), (8.95), and (8.94) into (8.93) results in

Xe = _klxe/A —Oxe +Ue— ud((COS(I/_fe) - l)COS(Oh/,e) -
sin(Ye) sin(ary, ) + (F +7)ye + 1,
Ve = —ko2Ye/A—0ye+ Ve + ud(sin(gh)cos(awe) +
(cos(e) — D sin(aty, ) — (F +7)xe + 1. (8.99)

where v, = 0 —vy.
Substep 2 (Stabilizing Ve dynamics)

Define
Fe =F—ay, (8.100)

where «, is a virtual control of 7. Differentiating both sides of the second equation
of (8.92) along the solutions of (8.97), and adding a projection integrator gives

: , Ve
O—,&e = proj }/3—_ ,U&e s
y1+v2
= - Yu,oIT+04 +0
Ye=b1(re +0ty +7)—rg + udo( uzd ye)_
d
(¢2 +0ye +v4)(UdoUdo + OxeOxe) _ ko Ty g0 (Xeye(ue + 1) + (1 +X62)(ve +0))
M¢21 Tugo ”§A3 ,

(8.101)
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where Y3 is a positive constant and

Yy Xe
b= 1—k, M(ZZAS ,
= ky (Ud +ug sin(y,) e (xe (o —ugcos(Ye)) + ye(va +ug Sin(We)))
B A A3 '

(8.102)
From the first equation of (8.102), we choose the design constant k, such that:
ko <min(ugg) — €, (8.103)

where &g is a strictly positive constant. Then b, is always larger than some strictly
positive constant. Now the virtual control o, can be designed from (8.101) as

1 ks T . . @2+ 0ye + Vg
(T g ra = T (T 5y )+ LN

V1+v2 Uq g Yugo

(ttgoUgo + OxeOxe)) . (8.104)

oy =

where k3 is a positive constant. Substituting (8.104) into the second equation of
(8.101) gives:

= ka1, k2 Yy (1 2
Ve = —hL—o&e—de—M(ue%—ﬁ)%—Mx
75 uz A3 uz A3
1+ 92 d d
(ve + B) + b1 (re + 7). (8.105)

To determine v, we differentiate v, = 0 — vy along the solutions of the fifth equa-
tion of (8.86) to obtain:

. m d d
be = =~ (ot +1e) (@ +7e) = = (Ve +va) = =@y +7e) =
maa ma2 mao
dn2 | .
"2 18] (v + va) — —LAF iy (8.106)
22 ma2

which suggests that we choose:

. my10y +da3 d dn2 koYuyo(1+x2) Ve
Vg=—————p— —— Vg — [va|vg + > ,
maa maa maa MdA3 /1 +152
e

(8.107)

where the last term on the right-hand side of (8.107) is added to take care of the
second last term in the right-hand side of (8.105). Substituting (8.107) into (8.106)
gives:
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) dr dna | mi1i +das miy da3
Ve = ———Vp— [0] Ve — ——"Fe— ——FlUe — ——F¢ —
maa nmaa maa maa maa
5 _
miy . kT 14x
—— (e + )7 — uag I+ xe) Ve (8.108)

0 —.
a2 g g2

Now notice that o, depends on v4, see (8.104). Hence, we substitute (8.104) into
(8.107) to obtain:

. 1 drvg +dpavglvg  myroy +das k3e
Y=\ m C byma a — —OjetTd—
2 22 /1 2
Yo, (IT+6 +0ye+vg . ) Yoo (1+x2)0
udo( B ye) + $2 > ;e d (MdOMdO +0xe0xe)) —kz—ud()( e)i/fe)’
Uy Ugtugo w2 43, /14 92
(8.109)
where
dys; 7T, k d
by =1 Mm110y + da3 ;do by > 1 mi1(ugo +k1)+| 23'.(8.110)
my  uzb Mz (Ugo —k2)
From condition (8.68) in Assumption 8.2, if we pick k1 and k, such that
ki <e3, ky <ey, (8.111)

then we have b, > g3, i.e., there is no singularity in (8.109), see Assumption 8.2 for
the constants €3, &4 and 5.

8.2.4.2 Kinetic Control Design

Before designing the actual controls t,, and t,, we note that the virtual control o,
is a smooth function of x., V., 449, and ox., and the virtual control ¢, is a smooth
function of xe, Ye, Ve, Oxes Oye, O Udo 140, V4, and s. By differentiating both
sides of (8.100) and the first equation of (8.92), and noting (8.101) and (8.108), we
choose the actual controls 7, and 7, as:

Ty = —CiMiiUe —Mo 07 + (d11 —dn1 |1t])ot, +
a(xu A ~ aau A . A
miy (it —ugcos(Ye) +7ye) + —— (U +ugsin(ye) —rxe) +
dxe dye
o oo koY 0 X ) m
u bre + u figo + 214y oXeYe Ve + llfve ’

00, duqo MZA?’ /1 +¢3 maa
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T = —Ccam33re + (d33 + dp3 |[F|)oty 4 d3z0 — (M1 —ma2)l0 +
doy . doy . o
mas | 5= (i —uqcos(Ve) + Fye) + — (b +ug sin(ye) — Fx,) +
0xe dYe
doy . 0oy 0o, . oo, . ooy .
5+ 1) + 7 Oxe + 7—Gye + G
TR AL R P P L e T
do, . ooy . oo, . by mi1 + da3)v
8urud0+3urud0+8v_rvd_ /11//8- +( llm 2l ’
do do d 1+we2 22

(8.112)

where ¢ and ¢, are positive constants. The closed loop system is:

. rnixe . {v2Ye . A v3ve
Gxe = PrOj{ —=.0xe ). Gye = proj{ =~ =.0ye | G5, = proj| —=——=.0y,. |,
VI+v2

. x -

Xe = —kq Ze —0Oxe +Ue —ug((cos(Ye) — l)cos(a,/,e) -
sin(Ve) sin(ary, ) + (F + ) ye + i,

Ve = —kaye/A—0ye + Ve + ud(sin(lﬁe)cos(awe) +
(cos(e) — 1) sin(ary, ) — (F 4 F)xe + D,

- 1/_/6 kZTudoer’e

'g//e:—k3—_—0']/‘,e+b1(re+;)— 2 13 (e +u)+
V1+v2 “d
kZTudo(1+xe2) ~
T(”e‘“}),
. di1+dn |0 Moy . 00ty . .
uez_(cl‘i‘ll—m)ue"‘ﬁvr_ u(u+yer)_
mi mii 0xe
ooty - kT xey v mi ,
8_)]:(1)_xer)+ uudeA; e e _ + m_rve»
d yi+yz 7
dr» dna | . my1i + das mip . da3
Ve = ———V¢ — [0| ve — ———re— —TUg— —T¢—
map mas mao ma2 ma2
ML G 4 )7 — 2 Tuag (LX) Ve

2 _ b
M2 LN (7

+d33+dn3|r| mi .. My, . o

Fe = —(ca Yre+ —uv— —0u— (U + yer)—
ms3 mss3 mss 0Xe
aar - - 8“,- - (muﬁ +d23)ve blwg
3 (0 —x7)— F+ —
Ve

Ve Mmoo /1 2
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) 1 dxvg +dnalvalva  muay +das kave
Vg =4-| = m  bim g et
» 22 1m22 1+y2
You,o (IT +6ye) +0ye + Vg . .
rg— Uq0 > ye »2 2ye (ttgouqo + OxeOxe) | —
uy ”dTudo
. Youyo (1 4+ X2V,
2— — |I»
uz A3\ 1+92
o dxg Uug . _ 0ya Ud
fa = S e g = S (8.113)
x7(s)+ v () X7 ($)+ 3 ()

We now present the second main result of this chapter, the proof of which is given
in the next subsection.

Theorem 8.3. Assume that Assumption 8.2 holds, the controls t, and t, given by
(8.112) solve the control objective with an appropriate choice of ki and k, such
that (8.103) and (8.111) hold. Particularly, the transformed path-tracking errors
(Xe, Ve, Vo) globally asymptotically converge to zero. As a result, the actual position
path-tracking errors (x —xg,y — yq) and orientation path-tracking error (Y —¥g)
globally asymptotically converge to zero and to a ball with a radius of smaller than
0.57, respectively. Furthermore, the desired forward speed of the ship on the path
can be adjusted by adjusting u 4o (t) and the total linear velocity of the ship is tan-
gential to the path.

8.2.5 Stability Analysis

To prove Theorem 8.3, we first show that the closed loop system (8.113) is for-
ward complete (i.e. no finite escape in the closed loop system), and there exist an
arbitrarily small positive constant ¢g, and a class-K function Z¢ of || yo(fo)||, with

Xo(to) := [Xe (o). ye(t0). Ye(t0). Xa (10). ya (10). Oxe(fo).
Oel10).0310). e 1), e(10).ret0) va ()]
such that

[ (xe (1), ye(t), xa (1), xa ()| < Boe®U™0) Vi > 1.

The reason for doing this is that the term, 7, contains (x,y), see (8.85). We then
consider the (01/-/ o» Ve Ue, Ve, Te)-subsystem and prove that vy is bounded by some
constant. Finally we consider the (0xe,0ye. Xe, Ve )-subsystem.
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To prove that the closed loop system (8.113) is forward complete, we consider
the Lyapunov function

1 1 ares
W=§1og(1+W0)+5K2xTx, (8.114)
where
Wo = xZ + 7 + x5+ i +03, +05, +03 + Ki(J7 +ug +v; +r7 +v7),

K; and K, are positive constants to be picked later. Differentiating both sides of
(8.114) along the solutions of (8.113) and (8.83), and using properties of the projec-
tion algorithm, after some calculations we obtain:

(ol

X2, 8.115
1+WOJrcbzIIII ( )

. 1
W< -
< 2¢0 +
with constants ¢;, i = 0, 1,2 being defined as

1 din  dyn  disz
$po = 2| 5e01 +4e02 + 16603 + —(c2+—+—+—]),
2K 1&01 myy My m33

=2 =2
_ ZxeF%e | i(zzf,o 462, 4362, +3k3) + (62, + 62, +52)
4e01 o1 ve

- - - 0.75 eoa 1 |d23]
0ye,05,) + Ki | — +—+— +
maX(Oxe Oye Uwg) 1 ( 03 Qz 4805) (leZZ

miy (k1 +ugqo)
lezz

(2+k2 +(77xe +(77ye +(_7xe +6ye))>

<k3 +05,+ ”
Ugg

o 1 225 1
$r = —Kodmin(M™ID) + — + K1 (5= + —(0.5k2 +0.25(A4% +
2g01 £02 €03
2
A2) + 8.25:;‘—52 (23 +2K2 4 3(1 + ky +iigo)® +24% +
33

245+ A43)). (8.116)

where c1» = ¢1 + ¢2, €0i,1 = 1,...,5 are positive constants. The constants 4;, i =
1,2, 3 denote upper bounds of |de, /0xe|, |00ty /0Ye|, |0ty /0e|, respectively. These
constants can be calculated by taking corresponding partial derivatives of ¢, see
(8.104). Inequality (8.115) implies that the solution of the closed loop system
(8.113) exists.

Now we pick the constants g¢g;,i = 1,2,3 and K; such that ¢y is strictly less
than )Lmin(M -1 E_)). Then picking the constant K, such that ¢ <0, we have

$1

. 1
W<- . 8.117
_2¢0+1+WO ( )
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On the other hand, it is noted from (8.114) that
o Wo
Amax (MDY |IX|? > ————, 8.118
mn (D)X P2 S, B18)

W W
~2(1+ W)

where Ama (M ™1D) > 0 is the maximum eigenvalue of M ~1D. From (8.117) and
(8.118), we have )
Wo < poWo + 2¢1 + do. (8.119)

From (8.119) and the expression for Wy, we have
(e (@), ye (1), xa (@), ya ()]l < Eoe® ™), V1 = 1q.
To show that X (¢) globally exponentially converges to zero, we take the Lya-

punov function

1 ~+ ~
Vo=-X"X,
2

whose derivative along the solutions of (8.83) satisfies

I./0 =< _Amin(lvI _15)”)2”2
= X0l = Hi(to) H ehminMTIDYI—10) s> 40> 0, (8.120)

where Lemma 2.2 has been used. To investigate stability of the (o7, Ve Ue, Ve, Te)-
subsystem, we take the Lyapunov function

. 1 1
Vl=,/1+1//62—1+§(u§+vz+r3)+%o§e, (8.121)

whose derivative along the solutions of the third, sixth, seventh, eighth, and ninth
equations of (8.113) satisfied

. 52 d
V1 < —(kz—&o6) We_ —(Cl+i—806)”§—

1+ y2 mii
d d
(mﬁ —806) Uz — (C2 + mﬁ —806) rez + Ele_sl(t_t())
22 33
< gje 810t (8.122)

with &1 = A4] X (10)[| + As [ X (t0) |2, where

Ay = max(by.kaugp).

As = 0.25e50 max(k? + by uge(ky +k2)? (g +04)* +
(miim33)> (14 04).2kT + (my1m33)* (1 + @) +
by ugg(ky + ko) (iig + 0a)*.2kF + (my1m33)* x
(4 @) + b7 'ugg ey +k2)? (g +9a)* +k3), (8.123)
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and 8; = Amin(M~1D) — 0, €06 1S a positive constant that is strictly smaller than
min(ks,cq +di11/m11,d22/ Moz, c2 +dsz/ms3). Since we have already proved that
o is strictly less than Amin(M ~1D), 8; is a strictly positive constant. The second
inequality of (8.122) implies that V;(¢), i.e., (0,(7), Ve(t),ue(t),ve(t), 7o (1)), is
bounded. By integrating both sides of the first inequality of (8.122) and applying
Barbalat’s lemma, we have lim;_s oo (Ve (1), e (), Ve (2), 70 (¢)) = 0.

To show that v, is bounded, we take the Lyapunov function

1

2
V2 = Evd,

whose derivative along the solutions of the last equation of (8.113) yields
Vo = b5 (=dnamiy |va|v3 — Biv3 + Ba [va| + Bs), (8.124)

where B;, 0 <i < 3 are given in (8.142). Since d,,»/m3> is a positive constant, an
application of Theorem 4.18 in [6] shows that v, is bounded by some constant. It is
further noted that if nonlinear damping terms are ignored, i.e., d,; = 0,1 = 1,2,3,
then the path and desired surge velocity must satisfy an additional condition such
that B; is strictly positive otherwise the filtered sway velocity dynamics will be
unstable. This will result in an unstable closed loop system.

To investigate stability of the (0xe,0ye, Xe, ye)-dynamics, we take the Lyapunov

function
2 2

l/o o
Vs = \/1+x3+y3—1+—(ﬂ+ﬂ),
2\n »
whose derivative along the solutions of the first four equations of (8.113) satisfies

(k1 —3807)x2 + (ko —3e97)y2 U2 +v2 +8u2 2
_ 3 + +
A deo7
E2 Ain 1D 1)
€07
ug +v7 + 8”31//82 + ée—/\minﬂ\_’l*'ﬁ)(i—to)

deoy £07

I73 =

(8.125)

where g¢7 is a positive constant, &, is a class-K function of || [g{)||. We have
picked this constant such that e97 < min(ky,k5)/3. Since we have proved that
(076 (1), Ve(t),ue(t),ve(t), v (1)) is bounded and u, is given by (8.96), the second
inequality of (8.125) implies that (0xe (¢),0ye(?), Xe (1), ye(t)) is bounded. Hence in-
tegrating both sides of the first inequality of (8.125) and applying Barbalat’s lemma
yield lim; o0 (Xe (1), Ye (1)) = 0.

It now follows from (8.97) and the second equation of (8.92) that |y, (¢)| con-
verges to }arctan((goz +0ye +vq)/Tu do)‘ < 0.57, since we have already proven
that lim;_, oo (X (2), ye(t)) = 0, vg(¢) is bounded and u4¢(¢) is larger than some
positive constant by assumption, see Assumption 8.2. Proof that the ship’s total
linear velocity is tangential to the path follows readily, since ¥, (¢) converges to
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arctan((¢2 + 0ye +v4)/Yu,,), and the proven fact that lim; oo (v(t) —vg (¢)) = 0.
Finally, we note that all constants &g;, 1 <i <7, 4;, j =1,2,3, Ky, and K, are
only used in the proof. They are not needed in controller implementation.

8.2.6 Discussion

8.2.6.1 Adding Integrator Approach Versus Adaptive Approach

We have used the projection integral actions instead of an adaptive approach to com-
pensate for the disturbances. The trade-off is that the integral action approach does
not give deep insight into the ship dynamics with disturbances. However, it results
in a simple controller that is suitable for practical implementation. An adaptive ap-
proach would be extremely complicated (even when nonlinear damping terms are
ignored) if the controller design follows the methodology proposed in this chapter.
In an adaptive approach, the disturbances, [l can be considered directly in the ship
dynamics as:

Mv = —C (v)v—Dv + [# [] (8.126)

where the nonlinear damping terms are ignored. Using the same coordinate trans-
formation (8.73) with P ( D_given in (8.80) gives

X =—P(OM™'DP (DX + P (DM (L Lg). (8.127)
Because of the unknown [g] we would design a dynamic observer for X by defining
X=X-X-WIgl (8.128)

where W € R3*3 is a matrix to be determined and X is an estimate of X . Differen-
tiating both sides of (8.128) and choosing

X = ~P(OM*DP (X + P(DM ~* [] 5.129)
W =-P(DM'DP~(DW +P(DM™* '
results in . B B B
X =-Q(DM'DQ *(DX. (8.130)

From (8.129) and the first equation of (8.71), a controller can be designed but this
will be very complicated since some elements of P ([ tlepend on (x,y) and W
must be generated by the second equation of (8.129).

8.2.6.2 Dealing with Parameter Uncertainties

In the control design, it was assumed that all the system parameters are known. The
ship’s mass and added mass and linear damping coefficients are determined quite
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accurately by using semi-empirical methods or hydrodynamic programs (such as
MARINTEK). However, it is difficult to obtain nonlinear damping coefficients ac-
curately. The purpose of this section is to discuss how the proposed observer and
controller can be modified so that the inaccuracies of the nonlinear damping coef-
ficients can be taken care of. Dealing with inaccuracies of the linear damping coef-
ficients can be carried out similarly if these coefficients are not known accurately.
The idea is to replace the real coefficients d;, i = 1,2,3 in the nonlinear damping
matrix Dp(V), see (8.72), by their estimates. These estimates will be used in the ob-
server (8.82) instead of the real nonlinear damping coefficients. The estimates of the
nonlinear damping coefficients are updated in such a way that the modified observer
guarantees that the observer error vector X (t) globally asymptotically converges to
zero. Then the proposed control design can be simply modified by replacing all the
nonlinear damping coefficients d,;, i = 1,2,3 by their estimates to take care of in-
accuracies in the nonlinear damping coefficients.

Observer Design Modifications

Letting cf,,i, i =1,2,3 be estimates of d,,; and defining the estimate errors as J,,i =
dyi —d,;, we can write (8.81) as

X = —P(OM (D + Dn(P~1(DX))P (DX + P (DN 1 [

P(OM 'Dn(P~H(DX))P (DX, (8.131)
where
dalul 00 ] dulul 0 0
Dn(V) = 0 duplv] 0 |.Dnv)= 0 dwlv] 0 |.
0 0 duslr| 0 0 duslr|

with (8.73) having been used for a short notation. From (8.131), we design an ob-
server to estimate X as

X = P (DM ~1(B + Dn(P1(DX)P (DX + P(OM L[ (8.132)

From (8.131) and (8.132), we have the observer error dynamics

X =—P(OMDP~L(OX — P (DM % x
[Dn(P~1(OX)P (DX —Dy(P~(0X))P (DX ] -
P (DM ~1Dn (P~ (0X))P (DX
=-P (DM 'DP~H(DX - Q(OM ' x
[Dn(P~H(DX)P (DX — Dn(PH(DX))P~H(DX] -~ £8.133)

where X = X — X and we have defined
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|12|1:\I O 0 dnl
CS=P(OM | 0 [3]p 0 |. E=| dp
0 0 |FIF dy3

It is noted that we have used (8.84). To determine an update law for c?,, i, 1=1,2,3,
we take the following Lyapunov function

loors 1 - 5
Lo = ExTx +3 C 1 (8.134)

where [k a positive definite matrix. Using Lemma 2.2, the derivative of L along
the solutions of (8.133) satisfies

fo= —XTP(OMDP~H(OX —XTP (O~ x
[Dn(P~H(DX)P~H(OX — Dp(P~1(DX))PH(DX] -
XT3

~Amin(MTID)||IX[|Z=XT < = - (8.135)

IA

where . O

IEl[dnl dnz dn3] >
and Amm(l\7| _1[_)) >0 iAs the minimum eigenvalue of M ~1D. From (8.135), choos-
ing an update law for [_asl

(=117 ()X (8.136)

results in ] B o
Lo < —Amn(MT'D)[IX] 2, (8.137)

which means that lim;_, 009 X (f) = 0. Indeed, we can use the projection algorithm
instead of (8.136). Now it is important to note that the update law (8.136) cannot be
used since X contains the unknown vector X. We need to get around this problem.
Substituting X =X —X into the right-hand side of (8.136) and integrating both
sides gives

t
(= 0 - I:/ T (X (1)~ X (1))dr. (8.138)
to

On the other hand, from the first equation of (8.71) and (8.73), we have
X =P (pricd (8.139)
Substituting (8.139) into (8.138) gives

t NG
Col= () + #"T)ﬁ(r)df— |:|/ *TJ )P (o) 'do,  (8.140)
to @)
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where we have abused a notation of J () as J (DIt is seen that (8.140) is a linear
Volterra equation, which can be numerically solved by using a number of methods
available in the literature, see [119]. Noticing that the right-hand side of (8.140) con-
tains only known terms, we can use (8.140) to calculate [ ({f)linstead of (8.136). We
summarize this section as follows: The observer (8.82) is replaced by the adaptive
observer consisting of (8.132) and (8.140) for the case where the nonlinear damping
coefficients are not known accurately.

Control Design Modifications

The modified observer, see (8.132) and (8.140), guarantees that lim;_, 50 X (t)y=0.
The control design is the same as in Section 8.2.4 but the nonlinear damping coef-
ficients d,;, i = 1,2,3 are replaced by their estimates c?n,-, i =1,2,3. The result
with the modified observer and controller as discussed above is almost the same
as the one stated in Theorem 8.3. The only difference is that in the case where the
nonlinear damping coefficients are known accurately, the observer error X (1) glob-
ally exponentially converges to zero but only globally asymptotically converges to
zero in the case where the nonlinear damping coefficients are not known accurately
due to the adaptation. Proof of the result under the modified observer and controller
follows the same lines as that of Theorem 8.3, and is therefore excluded here.

8.2.6.3 Dealing with Actuator Saturation

In Section 8.2.4, the controller was designed without imposing any limitations on the
magnitude and rate of the ship actuators. Actuator saturation restricts the reference
path, deteriorates the overall path-tracking performance, and can even destabilize
the closed loop system. These problems are difficult to deal with but it is important
that they are taken care of. In many cases, global stabilization and/or tracking results
cannot be achieved when actuators are subject to saturation. For example, consider
the scalar system X = x2 +u with x the state and u the control. For this system, no
bounded control u can globally exponentially/asymptotically stabilize the system
at the origin. In fact, any bounded control u can result in a finite escape time. On
the other hand, only restrictive tracking can be achieved for many systems such
as a simple system consisting of an integrator chain, see [120]. In this section, we
will discuss how to use the controller proposed in Section 8.2.4 when the actuator
saturation presents. We will focus on the magnitude saturation. A discussion on the
rate saturation can be carried out similarly. The idea is to set |7, | < 7,/ and |z,| <
7, where 7,;** and 7" are the maximum values that the actuators can supply,
then to find restrictions on the reference path, control gains, and initial conditions
such that |t,| < 7™ and |7,| < t/" hold. From the control design in Subsection
8.2.4, we calculate the upper bounds of &y, ttye, and o, as
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where

B, =

B, =

B3 =

By =
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Qy = ki +0xe + ,/1230 +02,. Qye = arctan(

& = by (ks + 65, +Fa +uge((ka + 1)(0g +iiq) +

k2 +6ye + 17d

2 .
Va0 T 0%

), (8.141)

Qy +ug + 13d + f}ye) +ZE(2)(1;doﬁdo +&xe6xe))s

g = \/ﬁfw +02,+ (ko +6ye +04)2,

B3 [Bymy)
max | [ —, ,
B dn2

(M 118y + d23) Gy + dazVa + dna 03 +kauzg

ma2
de(S)yd (s) — X4 (s)yd (5)] iy
JEZ6) + 57 (5)?
42 _op,
na2

my1(ky +ugo) + |das| (k3+6- n
Yve

lezz

LR
Ugo

’

2

UgoUdo + OxeOxe )
Yo

1, _
EBo(uj0 +67, +3k3 +357,).

myy(ky +igo) + das )x:j (S)y; (5) —x;: (s)y; (5)

’

ka(2+k1 +k2) + 6ye n

Ugo

, (8.142)

bymay;

JEZ6) + 3760

and the notations e and e denote the upper and lower bounds of | e |, respectively.
By substituting ## = u, + o, U = v, + vg, and 7 = r, + «; into (8.112), we can
calculate the upper bounds of 7, and 7, as

where

|Tu| < D112 4 D02 + 9372 + D,

2 2 2
|tr| < viug + vav, + vsry + vo,

=
2

(8.143)

0.5(my11 (k1 +c¢1) +du1),
Mmoo + 0.5k, +m11m;21,
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B3 = map+0.5(ky +ka+myims,),

Bo = 0.5cimuy +ma2(0.5(@7 + 03 + 04@r) + d11Gy + 1.5dn1 &2 +m1y X
(k1 + k) (1 + g + @) + 20ve + tao + kough +0.5my1m5) a7),

vi = |mi1—maa| + by uge (ki + ko) (g +va) +miimy,

0.5d32 + |m11 —mas| + by ugamas(ky +ka) (g + ) +

7”1177133771;21 + 0_5m33m;21 da3,

vs = 0.5cam33 +0.5dy3 +27 ' ugamss(ky +k2) (g + v4) +0.5b7 ks,

vo = 0.5¢am33 +1.5d,3a2 +0.5d33 + da3ig + |mi1 —maz|(0.553 +
0.562 + @y 0g) +m33(by 'uge (ki +ka)(iig + 0a) (2 + Gy + 2iig +
28, +04) + by max(|(xy (5)y4(5) = x4 ()3 ())(x7 () + y7 () —
207 ()7 (8) = X ()Y () (xg ()7 (5) = y 4 () y 4 ()] X
(2 + Y2 D) +ilg +7" ka(Fa +0.5+ &) + by (uge(6Z, +
Gye) + 0o + 1150+ Va) +0.5myymay @l + 0.5m5) da3). (8.144)

U2

On the other hand, integrating both sides of the second inequality of (8.122) results
in
uZ(t) +v2(t) +r2(t) < D(to), Yt >t > 0, (8.145)

where

B(t0) = 2(y/ 14+ 92(t0) =1 +0.5(u2(10) +vZ (t0) + 2 (10) +

1 _ - B -
57302, (t0) + 67 A X ()| + 57 AsIX (0)[?). (8.146)
with A4, A5 and §; given in (8.123). Now using (8.143) and (8.145), and setting

|7u] < TM™ and |z, | < T, we deduce that

"= Vo i ) (8.147)

@ [ < . u
(fo) < min (max(z%, ¥2.93) max(v1, vz, v3)

which implies that under the actuator magnitude saturation, restrictions must be
placed on the type of reference paths (both desired velocity of the vessel on the
path and the path curvature cannot be arbitrarily large), control gains, and initial
conditions such that (8.147) holds, i.e., the proposed controller under the actuator
magnitude saturation is not only local but also restricts the commanded paths.

8.2.7 Experimental Results

This section describes the experimental set-up and tested results performed on a
model ship in the Swan River, Western Australia. The model ship has a length of
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\ R

Figure 8.7 Equipment for experimental tests

1.2 m and a mass of 17.5 kg. The model ship is equipped with one differential global
positioning system (DGPS) SF-2050G from NavCom, which can provide an accu-
racy of 25 cm, to obtain longitude, latitude and altitude, one compass TCM2-50
from PNI to measure yaw angle, two direct current motors Torpedo 850 with two
remote speed controllers driving two propellers to provide surge force and yaw mo-
ment, three batteries to supply power for motors, DGPS and wireless communica-
tion equipment, and two sets of wireless transceivers to transmit and receive signals
between the model ship and the host computer, see Figure 8.7. The parameters of
the ship model are calculated by VERES:

mi1 = 258, mop = 338, ms3z = 276, Mp3 = M3y = 6.2,
D1y =12+42.5|u|, Dap = 17+ 4.5|v|, D33 =0.5+0.1|r|,
Dy3=0.2, D33 =0.5.

The global coordinates (longitude, latitude, altitude) are transformed to the “river
coordinates” based on a three-point algorithm as follows, see Figure 8.8:

1. The DGPS is first used to measure the global coordinates of two fixed points
My (hy,l1, 1) and My (ha,ls, o) with bl pui, i = 1,2, being the altitude,
longitude and latitude of the point M; (h;,/;, ;). These points are chosen along
the river bank.

2. We calculate the distance, M; M, between these two fixed points by the follow-
ing formula, see [11]:
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MMy = \/(xe1 — Xe2)? + (Ve — Ye2)? + (Ze1 — Ze2)?, (8.148)

where

Xei = (N; +h;)cos(u;)cos(l;),
Yei = (N; + h;)cos(u;)sin(l;),

2 |
Zei = (r_zNi + hi) sin(u;),

e

r2
N; = £ =12,
Jr2eos2(ui) + r2sin® (u;)
rp = 6356752,
re = 6378137. (8.149)

In the experimental set-up, we adjusted the fixed points M;(hy,lq, 1) and
Mz(hz, lz,,LLz) such that M; M»>=100 m.

3. The river coordinate system, O Xg YE, is formed such that the Og X g-axis
coincides with the line connecting between My (hy,l1, 1) and My (ha, 1o, 12),
and that the origin O coincides with M7 (hy,[1, t1). The QY axis is perpendicular
to the OX axis.

4. From this coordinate system, the position coordinates (x,y) of the point, say
M;(h;,l;, 1), of interest on the model ship are obtained by calculating the
distances, M; M and M; M,, from this point to the points M;(hy,/1, 1) and
Mz(hz, 12, ,LL2)

Swan river
River bank

A (.0, ) A, (hy, 1, [,)
o, i —>
Wireless X Xy
communication
Work station

Figure 8.8 Experimental set-up

The position coordinates (x, y) and the yaw angle ¥ are sent to the host computer
by the transceivers. The control signal is calculated in the host computer and is sent
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back to the remote speed controllers by a Futaba® transmitter connecting to the host
computer via a data acquisition card. A program is written in LabWindows™/CVI,
a product of National Instruments™, to implement the control algorithm developed
in this chapter. The reference path =~ is chosen as follows: For the first 90 seconds,
X4 =8, yq = 60, and x; = 20sin(0.1s) + 60, yg; = 20cos(0.1s) + 40 for the re-
mainder of testing time. This choice implies that the reference path is a straight line
for the first 90 seconds and is a circle centered at (60 m, 40 m) with a radius of 20 m.
The desired forward speed is chosen as u 49 = 0.5 (m/s). Based on conditions spec-
ified in Theorem 8.3, the design constants and initial conditions of the observer and
filters are chosenasc; =cy =4, k1 =k, = k3 =157 =0.1, §&=0.1,i =1,2,3,
V4 (0) =0, 0xe(0) =0, 0y¢(0) =0, 05,(0) =0, X(0) = (0,0,0)7, Gye = Gye = 10,
and o, = 6.5.

=1 Main Panel

Y Flok | General information

Latifude Longituda Atttuda
[3192371E0 | 11581526007 [11.02390967

: Hmhg (_tgl Speed mie)  Time fiz)
/ [-73.1000 0.5200 £.0200

= L
L ry LOG_DATA |

- EMERGENCY STOP

QuIT

X fn]

Figure 8.9 A screen shot of the user interface with integral actions

The initial conditions of the model ship are x = 2, y = 40, ¥ = 0.5, and
u = v = r = 0. Experimental results are given in Figures 8.9 and 8.10. Figure 8.9
is a screen shot of the user interface of the developed program. The user interface
displays general information of the ship model such as global coordinates, forward
speed, and heading angle. The history of the ship position and the reference path
are also displayed in the user interface panel. Figure 8.10 plots the position and
orientation tracking errors. It can be seen that these errors are actually not zero as
proved in Theorem 8.3. These nonzero errors are due to inaccuracy of the DGPS
and compass. A close look at this figure shows that the position and orientation
errors are in the range of the DGPS and compass accuracy. To illustrate the role
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Figure 8.10 Position and orientation errors with integral actions

of integral actions, we also tested the control algorithm without integral actions by
setting 0xe = 0ye = 0y, = 0. The tested results without integral actions are given
in Figures 8.11 and 8.12. It can be seen that the integral actions play an impor-
tant role in experimental tests. Poor performance in the test without integral actions
can be understood as follows: The disturbances result in velocities, for which the
controller does not compensate since the integral actions are switched off. The ve-
locities induced by disturbances result in poor performance and even destroy the
stability of the path-tracking error dynamics when these disturbing velocities are
large enough (larger than min(k;), i = 1,2,3 in magnitude). Theoretically, we can
see this phenomenon by looking at the fourth, fifth, and sixth equations of the closed
loop system (8.113):
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fe = 1 S = e +te —ua((os(Ye) = Dcosary,) -
sin(Ve) sin(ay, ) + (F +7) ye + i + iy,

Ve = —kz% —Oye + Ve + ug (sin(ye) cos(ay, ) +
(cos(Pe) — 1) sin(ay, ) — (F + F)Xe + 0 + Ve,

n ‘/’e kZTud()XEye

Ve = —k3—_ —G,/‘,e‘i‘bl(re‘i":)_ 2 A3 (ue +u) +
J1+02 Had
ky Yy ,o(1+x2
2 udg( :_xe)(ve-i-ﬁ)—f‘rrg, (8150)
uz A

where u;,, v, and r;, are velocities induced by the disturbances [gl From
(8.150), we can see that when u,,, v;. and r;, are larger than ki, k, and k3,
respectively, in magnitude, the x,-, .-, and ¥,-dynamics will be unstable, respec-
tively. It is noted that oy, 0y, and Oje do not compensate for U, V¢, and ¢,
since they are switched off. The constants k; and k, cannot be arbitrarily large since
they have to satisfy conditions (8.103) and (8.111).
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b
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Figure 8.11 A screen shot of the user interface without integral actions
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Figure 8.12 Position and orientation errors without integral actions

8.3 Conclusions

This chapter provides global path-tracking controllers for underactuated ships. Both
state feedback and output feedback cases have been considered. Of particular note
is the use of a “nontraditional” adaptive observer and a simple modification of the
proposed controller to deal with inaccuracies of the nonlinear damping coefficients.
Moreover, the proposed controllers in this chapter are much simpler than those in
the preceding chapters. The simplicity of the proposed controllers in this chapter
makes them more suitable for use in practice than those proposed in the previous
chapters. The work presented in this chapter is based on [121-125].



Chapter 9

Way-point Tracking Control of Underactuated
Ships

This chapter presents state feedback and output feedback controllers that force un-
deractuated ships to globally ultimately track a straight line under environmental
disturbances induced by waves, wind, and ocean currents. When there are no en-
vironmental disturbances, the controllers are able to drive the heading angle and
cross-tracking error to zero asymptotically. Based on the backstepping technique
and several technical lemmas introduced for a nonlinear system with nonvanishing
disturbances, a full state feedback controller is first designed. An output feedback
controller is then developed by using a nonlinear observer, which globally exponen-
tially estimates the unmeasured sway and yaw velocities from the measured sway
displacement and the measured yaw angle.

9.1 Control Objective

In addition to the assumptions made in Section 3.4.1.1, we assume that the surge
velocity is controlled by the main propulsion control system. As such, the resulting
mathematical model of the underactuated ship moving in sway and yaw is rewritten
as

14
d dyi ; 1
ﬁ:—mnur— 22U_Z vi |v|lilv+ Two (1), (9.1)
maa ma2 s 1122 ma2

y = usin(y) +cos(y)v,

r’

P (my1 —mao)u

ds3 dyi i 1 1
v —r =Y T — 1 —— 1 (0).
mss mss ms3 ms3

i>2 33
where y, v, ¥, r, and u are sway displacement, sway velocity, yaw angle, yaw veloc-

ity, and forward speed controlled by the main thruster control system, respectively.
Without loss of generality, we assume that the forward speed u is positive and if

213
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time-varying, has a bounded derivative 1(¢), i.€., 0 < umin < u(t) < Umax < o0 and
[u(t)| < M < oo, ¥t > 0. The positive constant terms m;;, 1 < j <3 denote the
ship’s inertia including added mass. The positive constant terms d»,, ds3, dy; and
dri, i > 2 represent the hydrodynamic damping in sway and yaw. The bounded
time-varying terms, 7, (¢) and 7, (¢), are the environmental disturbance moments
induced by wave, wind, and ocean current with an assumption that |7y, (¢)] <
Twomax < 00 aNd [Ty, (t)] < Twrmax < 00. In this chapter, we study two control
objectives. The first is full state feedback. In this case, we assume that all states
y, v, ¥, and r are available for feedback. In the design of an output feedback con-
troller, only sway and yaw displacements are measurable. For both full state and
output feedback cases, we design a control law, z,, that forces the ship to track a lin-
ear course with ultimate boundedness, i.e. the tracking errors are globally ultimately
bounded. When there are no environmental disturbances, the sway displacement and
velocity, y and v, yaw angle and velocity, ¢ and r, asymptotically converge to zero.

9.2 Full-state Feedback

9.2.1 Control Design

We define the following coordinate transformation

zy = Y +arcsin (\/%) , (9.2)

where k is a positive constant to be selected later. Note that the convergence of z;
and y to zero implies that of v. Upon application of the coordinate transformation
(9.2), the ship dynamics (9.1) are rewritten as

S kuy n v n u (sin(zy) — (cos(zy) — Dky)
YT TR itk St k)2
v((cos(zy)—1) +kysin(zy))
VIt (ky)?
b, G, s i,y L,
mj> my> i>2 my> my>
P k2uy N kv ku (sin(z1) — (cos(z;) — 1)ky)
1 (14 (y)2)*? (14 (ky)2)*? (1+ (ky)2)*'?

kv ((cos(zy) —1) + kysin(zy))
(1+ (ky)»)*?
. (m11—mao)u _@ _
T ms3 Y mssr Z

C 1 1
T — 1+ — 10 (). (9.3)

d
ms33 ms3 ms3

i>2
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Therefore the problem of stabilizing (9.1) at the origin becomes that of stabilizing
(9.3) at the origin. The structure of the model (9.3) suggests that we design the
control 7, in two stages by applying the popular backstepping technique. At the first
step, we design an intermediate control r; for r and at the second step the actual
control 7, will be designed to eliminate the error between r,; and r.

Step 1
Define
Zp =Tr—ryg, (9.4)
where ry4 is an intermediate control designed as
k?uy kv

1+ k2 A+ kn»*?
ku (sin(zy) — (cos(zy) — Dky) B kv ((cos(z1) — 1) + kysin(zy))
(1+ (ky)?)*? (1+ (ky)?)*'?

where k1 is a positive constant to be selected later.

rq =—kiz1 +

. (99)

Step 2

With (9.5), the time derivative of (9.4) along the solutions of the last equation of
(9.3)is

. (m11—m22)u d33 d i P 1 1
ZZZ—U__V_ZLVV lr-i——Tr—I-—Twr(l)—
mss3 ms3 mss3

m33 msz =
org . O0rg Brd( kuy v
—u——(kizi+z22)——| — + +
R e T e ) GV e o

u (sin(zy) —(cos(zy) — Dky) wv((cos(zy)—1)+ky sin(zl))) B

NEaeE VT G2

d d dyi - 1
Ta | TE, 22 N iy (1) | (9.6)
v maa maa i=2 maa maa
where
aorg k%y

k
ou - in(z1) — —1)ky).
B 4 U2ty e T DDA

ai -k ku (cos(zy) + kysin(zy)) 3 kv (—sin(zy) + kycos(zy))

921 (1+ (ky)»)*2 (1+ (ky)>)*2
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drg _ —3k’y (kuy —u (sin(z1) — y(cos(z) = 1))

dy (1+ (ky)?)>?
v ((cos(zy) — 1)+ ysin(z;)) k% (ucos(zy)—vsin(zy))
(14 (ky)»)*? (1+ (ky)>)*?
aﬁ (cos(zy) +sin(zy)ky). 9.7

T )

We now choose the actual control without canceling the useful damping terms as

m —m u
rr=m33|:—21—k222—( 11 22) r +Z rl | |z 1
ms33
l>2

org . ard kuy v
— k
R e ( ST @R iTdr
u (sin(zl) — (cos(zl)— Dky) L v((cos(z;)—1)+ky sin(zl)))
T+ G2 N
or, myu d dvi | i—
a—;j(— 1 r—ﬁv—iz |v| 1v)— (9.8)

ma2 ma2 >, M22

1 1 rg d
— Ty max taNh (22) — —Twvmax t nh ( 'd 22)]
ms33 01 map ) av pa
where k», p1, and p, are positive constants to be chosen later. Substituting (9.4),
(9.5), and (9.8) into (9.3) results in the following closed loop system:

. kuy N v u (sin(zy) — (cos(zy) — Dky)
y==
V1 + (ky)? 1+ (ky)? V1+(ky)?
—————=((cos(z1) — 1) +kysin(z1)).
V1+ (k )?
. d dyi i muyu  kK2uy —kv
U:—mizzzv—zm—zzh” 11)— ynl212 23/2_
i>2 (I+(ky)?)
miu ku .
2 (k124 25— —————— (sin(z1) — (€0s(z1) — Dky) —
M22 (I+(ky)?)
kv 1
- —1)+kysi — 1),
T (@D ysin(z1)) + T (0)
Z1 =—k1z1 + 22,
d dri i— 1
Z _—Zl—kzzz—ﬁzz—z Ir"™" 22 4+ —— (Twr ()= Twrmaxx
ms3 mss3 ms33

i>2

d a d
ann(22)) + —— (=2 =T tanh ﬂz—z)) (9.9)
01 Mmoo v v v pp
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9.2.2 Stability Analysis

The following two lemmas will be used extensively in stability analysis.

Lemma 9.1. Consider the following nonlinear system:

X = ft.x)+gt.x.5()), (9.10)

where x € R", £(t) € R™, f(t,x) is piecewise continuous in t and locally Lipschitz
in x. If there exist positive constants ¢;, 1 <i <4, A;, 1 < j <2, 0, €9, io, Co, and
a class-K function ag such that the following conditions are satisfied:

Cl. There exists a proper function V (t, x) satisfying:
crllx|? = Vit x) < ealx|?,

1%
o GO =eslix

1%
— + — f(t,x) < —ca || x|* +co.
dt ox

C2. The vector function g(t,x,£(t)) satisfies:
gt x.§@)I = A1+ A2 [xID[E@I.
C3. £(t) globally exponentially converges to a ball centered at the origin:
1E @)1 < a0 (IE0) ) e 450, Vi > 19> 0.
C4. The following gain condition is satisfied:

110380
4110

> 0.

Cq4 — 120380 —

Then the solution x(t) of (9.10) globally exponentially converges to a ball centered
at the origin, i.e.,
I < @ (| (x(t0).£(0) ) e 6, Vi =19 >0, (9.11)

where € = \Jas/c1a1 and

ifay = oo then

as(s)
20

afs) =

(czs2 + (a3(s) +a1_1a2(s)a4) <]§)

o =0.5(a; —d);
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if ay # o9 then

an(s)

e °0 ( , , @1a3(s) +a2(s)a4)
Cy8° +
c1 ap |ay — ool

a(s) =
o =0.5min(ay,|a; —oo|):

with

1 ( 110380)
a; =—|ca—Arczgp— ,
Co 4/‘*0

ax(s) = j—j(xl +A2)ao ().

Aic
143010(s),

as(s) =
as = co+Ai1c3&olho,

O0<d<ay, ¢=>(—1)e 070  Vi>1>0.5>0.

When co = 0 and g9 = 0, we have ¢ = 0 and the system (9.10) is globally K-
exponentially stable. Note that a finite value of the constant ¢ exists for an arbitrar-
ily small positive d.

Proof. From conditions C1, C2, and C3, we have

.V v 24
V — +—f(t,x)+ _g(tvxvé(t))
ar | ox dx

= —(ca—2aczeo—Aicseo/4pto) |Ix|” +
e3 [l (i + 22 1 Deo (11§ (o) [ =20~ +
A1€3gopo + Co- (9.12)

Upon application of the completing square, (9.12) can be rewritten as
V<- <a1 —aze_"O(’_tO)) V +aze 0010 4 4, (9.13)

Solving the above differential inequality results in

t
V(l) < V(to)e%e_“l(’_’())—i- a3+a2a4 e?’%e_alt—i_aot()/e(al_%)tdt+a—4,
- a a

)

(9.14)
which yields (9.11) readily. O

Lemma 9.2. Consider the following nonlinear system:

X = f(t.x)+g(t.x.5@)). (9.15)
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where x1 € R™", x, e R"2, x = [x; xz]T e RM1tm2 g(r) e R™, f(t,x) is piecewise
continuous in t and locally Lipschitz in x. If there exist positive constants cg, C1, C2,
€31, €32, Aj, 0 <i <2, 09, &g, Co, and a class-K function oy such that the following
conditions are satisfied.

C1. There exists a proper function V (t,x) such that:

ci[x* < Ve, x) < e llx|,

v v 3 ||x2 |12
E-Faf(ﬁx)5_531”)61”2—%4—60»
1+cq x|l
Az |2

v
) B P e

1+ cq ||x2|?

C2. £(t) globally exponentially converges to a ball centered at the origin:
IE @] < a0 (1§ (o)) e &0, V1 2102 0.
C3. The following gain conditions are satisfied:
c31—A1&80>0 and c3p—Azgg > 0.

C4. x5(t) is bounded:
[x2(0)]| < @,

where @wis a nondecreasing function of || (x(¢o), & (20))||,

then the solution x (t) of (9.15) globally asymptotically converges to a ball centered
at the origin, i.e.,

[x (@) < o (| (x(t0), & (t0))][) e~ NxW0)-E@ONNT=10) 4 g5y Ws > 1 >0, (9.16)

where g(s) = ‘/% and

ifay(s) = og then

a(s) = \/cl_le“2(s)/“0 (c252 + (as(s) + a7 (s)az(s)as) @)
o(s) =0.5(ai(s) —d);

ifay(s) # oo then
| 1 as)/00 ai(s)az(s)+az(s)as
"= \/cl erm (cxst+ LS
o(s) =0.5min(ay(s),|a1(s) —ool):
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with

- c32— A28
a(s) = —min <C31 —Agg, —— |,
2

V1+cqaw2(s)
ax(s) = imax(xl,xz)ao (s).

az(s) = Aoao (s),
as = co+ Aogo,
0<d<ai(s), p = (t—tg)e 970 Vi >1>0,5>0.

When co = 0 and g = 0, we have ¢ = 0 and the system (9.15) is GAS. Note that a
finite value of the constant ¢ exists for an arbitrarily small positive d.

Proof. The proof of this lemma is similar to that of Lemma 9.1. O

Remark 9.1. It is important to note that the rate o > 0 in (9.16) and a, depend on the
initial conditions. In addition, around the origin, both o and «; are bounded below
from zero.

We first need to show that the closed loop system (9.9) is forward complete. It is
straightforward to show that the derivative of the function Vo = z2 + z2 + v2 + y?
along the solutions of the closed loop system (9.9) satisfies Vo < ao Vo + by Where
ag and by are nonnegative constants. The inequality Vo < aoVo + bo implies that the
closed loop system (9.9) is forward complete. We now apply Lemmas 9.1 and 9.2
to analyze the closed loop system (9.9). We view (z1,z,) as £(¢), v as x in Lemma
9.1, and (v, y) as x in Lemma 9.2. Hence it is necessary to verify all the conditions
of Lemmas 9.1 and 9.2.

(z1,22)-subsystem

We take the following quadratic function:
1 2 2
V1 = 5(21 +1z3), (9.17)

whose time derivative along the solutions of the last two equations of (9.9) satisfies

. d dei | z
2 2 33 2 ri i—1_2 2
V1 =—k121 —k222——22— E |r| 22+_(Twr(t)_fwrmaxx
ms mss3

0 0 0
tanh Z_2 + Z_2 _Efwv(t) — ifwvmaxtanh EZ_Z
01 Mmoo av Jdv av pp



9.2 Full-state Feedback 221

< —ky22 —fpz? 4 Dwrm
ms3
d 0 0
|z2| — zp tanh 2 + fwomax (| 97d Zo| — k] zptanh P 22
P1 Ma2 v v v pa
1 1
< —k1z7 —kp25 +0.2785 (_Twrmaxpl + —rwvmaxpz) : (9.18)
ms3 maa

where we have used |x| — x tanh(x /1) <0.2785A, Vx € Rand A > 0. From (9.17)
and (9.18), it can be shown that

Iz(E)]| < [lz(to) | €070 +-eo¥t > 1 >0, (9.19)
where z = [z; z,]T and

oo = min(ky.k2),

- \/0-2785(Twrmaxpl/m33+Twumax,02/m22)
0= )
0o

(9.20)

Therefore the (z1, z»)-subsystem is globally ultimately stable at the origin. Further-
more, (9.19) implies that £(7) := (z1,z,)7 globally exponentially converges to a
ball centered at the origin. The radius of this ball can be made arbitrarily small by
increasing k; and k, and/or reducing p; and p,.

Boundedness of v

To prove that v is bounded, we consider the second equation of (9.9). In order to
apply Lemma 9.1, define x = v, £(¢) = [z122]7 and consider y as a function of
time ¢,

dr d

f(.):_m—v— _”i|v|i—1v_
22 i=2 Mmoo
Mk k*uy _ kv L
moo ((1 + (ky)2)3/2 1+ (ky)2)3/2) + — Twy (1),
g(e) = _”";121274 (—kiz1+ z2— (9.21)
k (u (sin(z1) — (€0s(z1) — Dky) + v ((cos(z1) — 1) + kysin(z1)))
(14 (ky)?)*/? :

This abuse of notation is introduced for simplicity and is possible because:

_ky
(1+ (ky)?)*?

0<—<1,0<

= < < <1,VyeR,
(1 + (ky)?)*?
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and we have shown that the closed loop system is forward complete. We now verify
all of the conditions of Lemma 9.1.

Verifying Condition C1. We take the function 1V, = 0.5v2 whose time derivative
along the solutions of the differential equation v = f(¢,v), see (9.21), satisfies

+ —Two(?
myo myo myo (1 + (ky)2)3/2 Mas wv( )

i>2

. dr dyi  i_ myuv  k*uy —kv v
V2=__v2_§ :_|v|l 1U2—

2 2 2
- _(dzz Mmitkumax  mukugg i )v2+ M 11K U e + Ty max

Mmoo Mmoo ma2 Mmoo dpiman
(9.22)
Hence, the condition C1 is satisfied with
1 2 2
Co = 4,u1m22 (mllkumax—i—twvmax) ,c1=¢c=05¢3=1,
C4=Q_WIIkM%axul_mllkumax_ﬂ’ (9.23)
mop moa mao map
where p; > 0 and k > 0 are chosen such that ¢4 > 0.
Verifying Condition C2. It is directly shown from (9.21) that
lg(t,v,z2(t))| < A1+ A2 o)) [lz()], (9.24)
where
n11Umax 2km 11 Umax
A= —— (1 + kg 4 2ktmax), Ay = ———= (9.25)
mop na2

Verifying Condition C3. This condition follows directly from (9.19).

Verifying Condition C4. It can be shown from (9.20), (9.23), and (9.25) that we
can find positive constant £ such that the condition C4 is satisfied, i.e.,

A
Cq —12C380 — Zc:jo > 0. (926)

All of the conditions of Lemma 9.1 have been verified, hence the sway velocity is
bounded and satisfies

[(t)] < a1 ([|(v(t0), 2 (t0))]]) €71 770 gy, (9.27)

where g1, 01, and o are calculated as in Lemma 9.1, and the constants ¢;, 1 <i <4,
Aj, 1 < j <2, 00, €0, o, and co are given in (9.20), (9.23), and (9.26).
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(v, y)-subsystem

In this section, we will apply Lemma 9.2 to prove global ultimate boundedness of
the (v, y)-subsystem. It can be seen that the first two equations of (9.9) are in the
form of the system in Lemma 9.2 with x; = v, x, = y, £(¢) = z(¢), and

2
. . _ 1
2, ﬂlv"lv—m“” KTuy fz/z-i-—fwv(l)
m = m m m
f(o) = 22 ix2M22 22 (14 (ky)?) 22 !
kuy v
— +
VI+ky)? 14 (ky)? i
myu [ sin(zy)(u +kvy) + (cos(zy) — 1) (v —kuy)
m k 23/2 +k121—22
g(e) = 22 1+ (ky)?)

u (sin(zy) — (cos(z1) — Dky)

Ny

v((cos(zy)—1) +sin(z1)ky)

VT @2

(9.28)

We now need to verify all of the conditions of Lemma 9.2.

Verifying Condition C1. To verify this condition, we take the function V3 =
0.5(v? + y?2). It can be directly shown that this function satisfies condition C1 with
[v(1)] < a1 ([[(v(t). 2 (10))])) e~ ) + £, and

‘L'2

co = RV — ) = (.5,
4dpuzman
dyy  mi1kumax My k2 ug ., M3
€31 = —— — —H2— .
myy moo mao maa
1 mi1ku?
C32 == kumm han— (1 + w) )
4o maa
miiu u
Ao = — % (1 4 ky + 2kttmax) + —==, (9.29)
dpamar ding
miiu 2kmiiu
A = T Qe+ + 1) e+
man map

1
Ay = — + Umaxa + kumax + k(01 + €1),
41y

where k > 0 and u, > 0 are chosen such that ¢3; > 0 and c¢3; > 0.

Verifying Condition C2. This condition follows directly from (9.19).

Verifying Condition C3. It can be shown that there exists a positive constant k such
that the condition C3 satisfies, i.e.,
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C31 —)tlé‘o >0, C3p —)Lz&‘o > 0. (930)

Verifying Condition C4. From the boundedness of the sway velocity v(¢) proven
in the previous subsection and noting that & in (9.19) can be made arbitrarily small,
it is shown that there exists a nondecreasing function @ of ||((v(¢o), y(t0)),z (t0)) ||
such that |y (z)| < @w by applying Lemma 9.1 to the first equation of (9.9) with the
Lyapunov function V,, = 0.5y2.

All of the conditions of Lemma 9.2 have been verified. Therefore we have

@), y ()] < @2 (I((v(10), ¥ (10)) 2 (0)) ) €270 465, Vi =19 >0, (9.31)

where g5, 05, and a, are calculated as in Lemma 9.2, and all other constants given
in (9.29). It can be seen that when there are no environmental disturbances, since
g2 =0, (v(t), y(2)) globally asymptotically converges to zero. We have thus proven
the first main result of this chapter.

Theorem 9.1. The full-state feedback control problem stated in Section 9.1 is solved

by the control law (9.8) as long as the design constants k, k1, and k, are chosen
such that (9.26) and (9.30) hold.

9.3 Output Feedback

This section is devoted to the development of an output feedback controller to fulfill
the output feedback control objective. A nonlinear observer is first designed so that
it globally exponentially drives the observer error dynamics to a ball centered at the
origin. When there are no environmental disturbances, the observer error dynam-
ics are GES at the origin. A controller is then designed based on the approach in
the preceding section and the proposed observer. Before designing an observer and
output feedback controller, we impose the following assumption, see [12].

Assumption 9.1. For the ship model (9.1), the matrix

dn  muu
K, = ma2 ma2 (9.32)
(myy—ma)u  dsz
ms3 ms33

is Hurwitz.

The above assumption |mplles that the ship (when the nonlinear damping terms
3 o 2|y~ y and Z Ari L |r["~! 1 are ignored) is dynamic stable in straight-line

i>2

motion. Straight- I|ne stablllty physically implies that a new path of the ship will
be a straight line after an action in yaw. The direction of the new path will usually
be different from that of the initial path, as mentioned in [12]. On the other hand,
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unstable ships will go into a starboard or port turn without any rudder deflection.
We impose Assumption 9.1 to make our observer design possible. Note that this
assumption does not hold for several types of surface ships such as large tankers
and high-speed crafts with sufficiently small ratios d,/m,, and ds3/m33, and the
added mass in the sway axis sufficiently larger than the added mass in the surge
axis. Consequently, for these ships the real part of at least one of the eigenvalues of
the matrix K3 is positive.

9.3.1 Observer Design

The ship dynamics (9.1) represent some difficulties for output feedback control de-

sign. These difficulties are mainly due to the nonlinear terms »_ % lv|'~'v and
i>2

> ,‘,%"3 |r|"~' r, the nonlinear kinematic term cos(y), and the underactuated situ-

i>2

ation. However we first observe that the nonlinear terms are monotonic, i.e., they
satisfy

d. . d -
(Ul—Uz) Z v |U1|l 1U1—Z L |l)2|l 1U2 >0,VveR, vy €R,
man map

i>2 i>2

d.: . d;: -
ri—r2) [ Y=l =) = inl T | 20,V eR i €R.
i>2 ms3 i>2 ms3

(9.33)

Based on the structure of the underatuated ship dynamics (9.1) and property (9.33),
we propose the following nonlinear observer:

$ = usin(y) +cos(¥)d + ki1 (v — §) + k(¥ — ).

V=7 +kat(y—F) + k(¥ — ),

. muu . da dvi i 1 A .
b= F = N S BT D kg (v — F) + (9.34)
Mmoo mopo w2 maa
(k13 +cos(y))(y — 3),
: mip —man)U d dri f1a 1
f:( 11 22) P EP Lml P S,
ms3 ms3 imp M33 ms33

kax (W =) + (kg + 1) (W — ).

where 3, v, 9, and 7 are the estimate of y, v, v and r respectively. All the constants
klly k12, k21, kzz, k13, k31, and k42 will be chosen later.
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By defining the observer errorsas j = y — 5, ¥ = ¥ — ¥, 5 = v—10, and 7 =
r —F, the observer error dynamics can be rewritten as

V= —knj —kiay —ki30+ (ki3 +cos(y))d,

Y = —ka1§ — koo —kaaF + (kaa + DF,

K ~ d ~ d i P Ai—1 A m u~
v:—k31y—£v—z o <|v|’ Yo —10) lv)— e
ma2 ma2 ma2

(k13 + COS(Y))F + —— T ().
maa

(my1 —ma2)u 5 ds;3 .
ms33 ms3

= kg — (kaa + DY +

dr' j— Ai—1 A 1
S (T = TR 4 —— (1), (9.35)
mss3 ms33

i>2

We now show that there exist suitable observer gains &y, k12, k13, k21, ko2,
ko4,k31, and k4, such that the observer error dynamics (9.35) is globally ultimately
stable. Consider the Lyapunov function

1
T (9.36)

Vobs = zx

where X =[7 ¢ o 7 ]T. The time derivative of (9.36) along the solutions of (9.35)
and property (9.33) results in

Voos < —po IX]1” + qo. (9.37)
where
1
o = —Amax(A)—max(M, M) L
my  m3z ) 4l
do = max(fwvmax, Twrmax) Lo, Jo > 0.
maa ms3
—k11 —k12 —k13 0
—ka1 —kao 0 —kaq
A —_—
d
—k3; O _d2 Mt
nmaa naa
miy —ma)u d
0 ki (miy—ma)u  dsz
L m33 m33 |

The above matrix A is made negative definite by choosing



9.3 Output Feedback

kiz =koa = k31 = kua,

Kl = [_kll _k12

0,
—ka1 —kzz] =

Kz—KlzKl_lKlz <0,

where

227

(9.38)

(9.39)

and K, is defined in (9.32). Here are details of choosing the observer gains such

that (9.38) holds. The condition (9.38) is expanded as

[ k1 —k1z
<0,
| —k21 —ka2
_dyn k#3kao _muu kizkiokag
Mmooy kiikaa —kizkai ma kuka—kikar | <0 (9.40)
(my—map)u  kaskarkiz  dsz k3,k11
L ms3 kitkoa —ki2kar  m3z  kiikos —ki2koy
From (9.40), it suffices that
o Kk,
may  kiikas —ki2koy
A T
ms3  kiikas —ki2koy
miu kiski2kos
__ , 9.41
Moo ki1kos —ki2koy (9.41)
(my1—maz)u _ kiskaikos
ms3 ki1kao —ki2kor”
kll >0, k22 >0,
ki1kas —ki2ko1 > 0.
For simplicity, we choose
ki3 = kaa = p/u,
ki1kas —ki2ko1 = p, (9.42)

where p > 0 is to be selected later. Substituting (9.42) into (9.41) yields

d
0<ky < 2 0<ky <

PUMax22

d33

—7
PUMax/33
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kip = — mii ko = (m11 —mzz)
maa pms3
mir (M1 —ma2)
k11k22 > — > . (943)
pTma2 ms3

Hence, under Assumption 9.1, we can always pick a suitable constant o > 0 such
that (9.43) holds. In summary, the observer gains ki1, k12, k13, k21, k22, k24, k31,
and k4, are chosen such that (9.42) and (9.43) hold.

We choose A and o such that pg > 0. Hence (9.36) and (9.37) yield

()] < |1X (o) e 7710 419, Vi > 19 > 0, (9.44)

with no = v/qo/ po and n = po. When there are no environmental disturbances, we
have 1o = 0. The observer error dynamics (9.35) is thus GES at the origin.

9.3.2 Control Design

We use the coordinate transformation (9.2) to rewrite the ship dynamics (9.3) in
conjunction with (9.34) as follows

L kuy N 0 N u (sin(zy) —ky(cos(zy) — 1))
Ty Vit Gy N
v ((cos(z1) —1) +sin(zq)ky) v .
ky),
N VT e oy
.. . KPuy—k? ku (sin(z1) —ky(cos(z1) — 1))
La=raT= 3/2 3/2
(1+ (ky)?) (1+(ky)?)
kv ((cos(z1) —1) +sin(z1)ky) kv (cos(zy) +sin(zqy)ky)
(1+ (ky)>)*? (1+ (ky)>)*?
b= Iy S22 5 5 U g s+ hra +003(9)
maa maa i=2 maa

i (mur—moa)u . dsz, dri i1 4
e et Dl 1
ms3

1 -
F4+—1 4+ (kap + kog + D).
ms3 ms3 ms3
(9.45)

Similarly to the full state feedback case, we design the control law z, in two steps.

Step 1

Define
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zy =F—Fyq, (9.46)
where 74 is an intermediate control designed as

ku (sin(z1) —kycos(zy)) B k{0 (cos(z1) +sin(zy)ky)
(1+ (ky)2)*? (1+ (ky)2)*?

with k; being a positive constant to be selected later.

Fq =—kiz1—

(9.47)

Step 2

The first time derivative of (9.46) along the solutions of the last equation of (9.45)
together with (9.47) is

. (mu—mapu ,,  daz dri o1 4 1
Gp=m =Y AT —1 4+
ms33 m33 = ms3 ms33
org . 0Fg

(kaz + ks + 1)& ——u——(—kiz1+22)—
au 821

g (u(sin(z1) —kycos(zy)) ﬁ(cos(21)+sin(zl)ky)>_

w\T Jizwr | Jit®r

oFqg [ muyu, dy . dvi |\ ~ie1 4
5 | r__v_zm_ng V|- (9.48)

na2 maa o

org k . Y
— | ———————(cos(zy) +sin(z))ky)v +7 | —
org 1 or

. _ OFg 5
Wm(Cos(21)+S|n(zl)ky)v— 5 (k31 + ki3 +cos(y)) y.

where

dFg __k(—cos(zl)ky +sin(zy)) % __k(cos(zl)+sin(zl)ky)

o R R RS D e
oFg ku(cos(zy) +kysin(zy)) ko0 (—sin(zy) +kycos(zy))
3z, =k 2)3/2 N 3/2
1 1+ (ky)*) (1+(ky)?)
% _ _3k3y (kuy —u (sin(zy) — (y + 9)(cos(zy) — 1)) —vysin(zy)) N
ay (1+ (ky)?)*?
k? (ucos(z1) — vsin(z1))
9.49
(14 (ky)?)*? 049

We now choose the actual control without canceling the useful damping terms as
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— d .
Onu—mau s dss,

Tr = MmM33 (—21 —kpzp—
masas ms3

dri i 1. OFg . OF
3 F T - T T (kg2 4 20) +
ioa mss3 du 821

-— +

oy VI+(ky)? VI (ky)?

8A d dvi Ai—1 A

Ta| DUBp 225 Nt |, (9.50)
00 maa ma2 izzmzz

where k, is a positive constant to be chosen later. Substituting (9.46), (9.47), and
(9.50) into (9.45) results in the following closed loop system:

ory (u (sin(zy) —kycos(z1)) v (cos(zy) + sin(zl)ky))

S kuy n 0 n u (sin(zy) —ky(cos(zy) — 1))
SN RV NI
v ((cos(zy) — 1) +sin(zy)ky) 4 U (cos(zy) +sin(zy)ky)
V1+(ky)? V1+(ky)?
i dny g
v mzzv Zmn'vl Y map Chn +2

(1+ (ky)»)*? 1+ (ky)2)*?

(k31 + ki3 +cos(y))y,

k (cos(zy) +sin(zy)ky) v
(1+ (ky)2)*?

Iy =—z1—kazp— ﬁzz—z s P! 20—

ms i=2 ms33

dFg [ k(cos(z1) +sin(zq1)ky) v
01 (1+(ky)>)*"?

ku (sin(zy) —ky cos(z1)) B kv (cos(zy) + sin(zl)ky))

Z] = _klzl + 2z +

’

+f)+(k42+kz4+1)&—

or . 0Fg 1(cos(zy) +sin(z1)ky) v
4 (ka1 ks cos()y - ot LEBEHINEDRNE g gy

TN S

9.3.3 Stability Analysis

It is not difficult to show that the closed loop system (9.51) is forward complete.
We now use Lemmas 9.1 and 9.2 to prove that the closed loop (9.51) is globally
ultimately stable. From (9.49), it can be seen that the closed loop (9.51) is different
from (9.9) since v enters the (z1,z,)-subsystem. To remove this obstacle, we first
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prove that ¢ is bounded. We then prove the convergence of (z1,z5) and finally ¢ and
y.

Boundedness of 7

To prove that v is bounded, we view the last three equations of (9.51) as the system
studied in Lemma 9.1 with x; = [0 z; 22]T as x, X as £(¢) and

X1 = filt.x1) +g1(t,x1,%), (9.52)
where
2,
Sfilt,xy) = —k1z1+ 25 ,
d dri .-
—Zl—<k2+i+z—l|r| 1)22
B m33  j>2M33 ]
(k31 + k13 +cos(y))y
a1(t.x1. %) = kv(cos(zl)+sm3(/zzl)ky) A (9.53)
(I+(ky)?)
§2;
with
le_@ﬁ_ dvi |Ai—1A_m11uX
map s M2 mpy
i>2
k (u(sin(zq) —kycos(zy)) + v (cos(z1) + sin(z1)ky))
—ki1z1+ 22— 3 i
(I+(ky)?)
~  dfg [ k(cos(z1)+sin(z))ky)v
22 = (ki ks + ) - 2 (cos(z1) (32 no L
“1 (I+(ky)?)

org . 0Fg (Cos(z1) +sin(z1)ky) v
k k -
5% (k31 + k13 +cos(y))y % )2

where again with abuse of notation, 7 is considered as a function of time. We now
need to verify all of the conditions of Lemma 9.1.

Verifying Condition C1. We take the following Lyapunov function:
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1
Vy = 3 (f)z +51(zf —i—z% ), (9.54)

where §; is a positive constant. The first time derivative of (9.54) along the solutions
of the differential equation X, = f1(z,x1), see (9.52) and (9.53), satisfies

V] = —&ﬁz —Z ﬂ |73|i_1 ﬁz— muuy (—klZl +Zo—
maa =2 maa ma2
k (u (sin(zy) —kycos(z1)) + 0 (cos(zy) + sin(zy)ky)) B
(1+ (ky)?)*?

d dri .

2 2 33 2 Z rioai—1_2

81k121 —81](222—51—22—51 |I‘| Zy
mss mss

i>2

d miu N
E_(ﬁ_w(ﬂl+k1M1+4k+2kM1“mx) 0% —

na2 maa

k 5 ku?
(31k1—m11 lumax)zf—(Slkz—mllumax)z§+ M1 Ktinay
dpymas

dpyman 2may
(9.55)
Hence the condition C1 of Lemma 9.1 is verified with
Smllku%ax 1 .
= —— M . = _min(1,§;),
Co T (1,81)
1
Cr = Emax(l,él),q =max(1,8y),
. d
c4 = Mmin ((ﬁ - m(ﬂl +kipg +4k +2k/1,1umx)) ,
ma2 ma2
k
(Slkl _ M) , (51](2_M)), (9.56)
dpyman dpyman

where @1 > 0 and k& > 0 are chosen such that ¢4 > 0.

Verifying Condition C2. To verify this condition of Lemma 9.1, we note from
(9.49) that

or N

% < k4 2k (umax +101]),
1

o7y ofa A

5% <2k, 3_ < 3k” (Umax + 3kumax + 3k |D]). (9.57)
v y

From (9.56) and (9.57), a simple calculation shows that the condition C2 of Lemma
9.1 is satisfied with
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A= 2k +1)(kst +kiz+ 1)+ kap +koa+1+
2k + 1) (k1 + 2kumax + 1) + 6k%uma 3k + 1),
Ao =2k(2k + 1)+ 18k3. (9.58)

Verifying Condition C3. This condition follows directly from (9.44).

Verifying Condition C4. It can be shown that there exists a positive constant k such
that the condition C4 of Lemma 9.1 satisfies

A 1C3&0
4110

where ¢4, ¢3, g9, A1, and A, given in (9.44), (9.56) and (9.58).
All of the conditions of Lemma 9.1 have been verified, therefore we have

C4_A,2€38()_ >0, (959)

18] < [I¥1 ()] < 1 (1(x1(t0), (10)) N e 70 61, Vi =120, (9.60)

where a1, o1, and ¢; are in the form of «, o, and ¢ in Lemma 9.1 with all constants
given in (9.44), (9.56), and (9.58).

(z1,z2)-subsystem

Having proven that v is bounded in the previous section, we now apply Lemma 9.1
to the (z1, z2)-subsystem. It is clear that the last two equations of (9.51) are in the
form of the system studied in Lemma 9.1 with z = [z z,]7 as x, ¥ as £(¢) and

= f(t.2) +g:(t,y.2.%), (9.61)

where

—k1z1+ 22

fZ(tvz) = d d 1 i
—7— (k2+ “33 + Z Zre |f|’_1 Zs
ms3  j>5M33
(9.62)
k(cos(zy) +sin(z)ky) v ]

7
g:(t,y,2,%) = (14 (ky)2)*?
§2,

Proceeding with the same steps as in the previous section, it is shown that all the
conditions of Lemma 9.1 hold with the Lyapunov function V, = 0.5(z% + z3) and

co=0,c1=c,=05,c3=1, c4 = min(kl,k2),
A =2k (kiz+ks1+ 1)+ 2k +1)(2+ 2kumax) + kaz+
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kag 4+ 14 6k umax (14 3k) + (18k> + 2k (2k + 1)) (a1 + &1).
Ao =0, (9.63)

where «; and ¢; are given in (9.60). The condition C4 of Lemma 9.1 becomes

116380

> 0, (9.64)
4100

ca

where ¢4, ¢3, g9, and A, are calculated from in (9.44) and (9.63).
All of the conditions of Lemma 9.1 have been verified, therefore we have

Izl < ea (I(z(t0). £ (10)) ) e 77270 &5, Wi > 19> 0 (9.65)
where a5, 05, and ¢, are in the form of «, o, and ¢ in Lemma 9.1 with all constants
given in (9.63).

(y,0)-subsystem

It can be seen that the first two equations of (9.51) are in the form of the system
studied in Lemma 9.2, i.e., x3 = [0 y]T, Y3=[z1227 E]T, and

X3 = f3(f,x3) + g3(7, x3,X3), (9.66)
where
by )3 v o~ g ¥ : kZLEIJ; —)f)f;/z
_ Mz j>2M22 M (14 (ky
Sf3(t,x3) = Kty 5

0y iFEy
(9.67)

N 2
g3(t,x3,%3) = [92;]

with
Qa1 = _mnu <—k121 V2 ku (Sin(zl)—ky(c03s/(221) — 1))_
22 (1+(ky)?)
kv ((cos(z1) —1) +sin(zy)ky) y
(11+(ky)2)3/2 1 ) + (k31 + ki3 +cos(y))y,
sy = u (sin(zy) —ky(cos(zy) — 1)) N v ((cos(z1)— 1) +sin(zy)ky) N

NiEaCad NiEaCad

(cos(zy) —sin(zy)ky) v

Vit (ky)?
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We now need to verify all conditions of Lemma 9.2 for the system (9.66).

Verifying Condition C1. To verify this condition of Lemma 9.2, we take the fol-

lowing proper function

1
Vs = 3 (02 +y?), (9.68)

whose time derivative along (9.67) satisfies

2

Vs < —c310° —C32y—, (9.69)
V14cqy?
where

dyy  myrkumax mui1k?u2
31 = —— —M2— M3,

maa maa maa

1 1 m11k2u2
c3s = kumin — — — — ———— X (9.70)
4o 4ps map

with p, > 0 and 3 > 0 chosen such that ¢3; > 0 and ¢z, > 0.
From (9.67) and (9.68), it is easy to show that

8V3 - y2 ~
—g3(t,x3, <Aoo+ A2+ hy—— , 9.71
‘8x3g3( x3,X3) _( 0+ A10°+ 2m [l %3]] (9.71)
with
1 miu
)to=—( L (ky + 1+ 2kttmax) + (k31 +k1s + 1)+
dpiq Moo
umax+1+(a1+€l)2),
miiu 2mi1ku
dop = P G ) D) + T (kg 4 ks + 1),
Mmoo naa
Ay = (k + pg)umax +2pa +k () +61 +oz +2), (9.72)

where p4 > 0, a1, and g; are given in (9.60), and «, and ¢, are given in (9.65).

Verifying Condition C2. To verify this condition, we note that

(28) H " ” (%))) H : ©.73)

Therefore we can write (9.73) from (9.44) and (9.65) as

%3] =

1%3() || < a3 ([|(z(to), X (t0))|[) €73 770) 4 g3, (9.74)

where
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a3 ([(z(10). X (10)) ) = [1(z(t0). X (t0)) | + 2 (|| (z (f0). X (F0)) |)) -

_ (9.75)
03 =Min(n,02), £3 = 1o + &2,
with «, and &, given in (9.65), no and 5 given in (9.44).
Verifying Condition C3. This condition is satisfied if
c31—Arez >0and c3p —Arez >0, (9.76)

where ¢31, 32, A1, A2, and e3 are given in (9.72) and (9.75). After some lengthy
but simple calculation, it can be shown that, under the assumption of small enough
environmental disturbances, the condition (9.76) holds for a suitable choice of the
observer gains k11, k12, k13, k21, k22, k24, k31, and k42, and the control gains k,
ki, and k.

Verifying Condition C4. From the boundedness of the sway velocity estimate,
v(t), proven in the previous section and noting that ¢, in (9.65) can be made
arbitrarily small, it is directly shown that there exists a nondecreasing function
@ of ||((v(te),y(t0)),z(to))| such that |y(¢)| < @ by applying Lemma 9.1 to the
first equation of (9.51) with the Lyapunov function V;, = 0.5y2.

All of the conditions of Lemma 9.2 have been verified, the closed loop (9.51) is
globally ultimately stable, i.e.,

I3 ()] < ea (| (x (1), £ (t0)) ) €471 84, Vi =19 20, (9.77)

where a4, 04, and g4 are calculated as in Lemma 9.2.

It is noted that when there are no environmental disturbances, ¢ = 0. Therefore
the closed loop (9.51) is GAS. We note that the convergence of z; and z, implies
the convergence of 7 and . The convergence of v and r results from that of ¥ and
7 due to the global exponential property of the observer. We have thus proven the
second main result of this chapter.

Theorem 9.2. Under Assumption 9.1, the output feedback control problem stated in
Section 9.1 is solved by the observer (9.34) and the control law (9.50) as long as the
observer gains k11, k12, k13, k21, k22, k24, k13, k31, and k42, and the control gains
k, k1, and ky are chosen such that (9.64), (9.70), (9.76), and (9.43) hold.

Remark 9.2. Due to underactuaction and nonzero-mean environmental disturbances
in the sway dynamic, our controller is only able to force the sway and its velocity
to converge to a ball centered at the origin. The radius of this ball cannot be made
arbitrarily small. This phenomenon should not be surprising since there is no control
force in the sway direction. In addition, the yaw angle cannot be made arbitrarily
small due to the effect of the sway. In fact, to guarantee the sway displacement
bounded under nonzero-mean environmental disturbances acting on the sway dy-
namics, our controller forces the heading angle to a small value. This value together
with the forward speed will prevent the sway from growing unbounded.
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Remark 9.3. The choice of k depends on the ship parameters and forward speed,
which coincides with the steering practice of a helmsman. The helmsman uses the
ship’s course angle to steer the ship toward the straight line rather than use the
sway velocity, which will cause the ship to glide sideways. Furthermore, the design
constant k is reduced when the ship forward speed is large, see (9.2), (9.23), (9.30),
(9.56), and (9.59), otherwise the ship will miss the point on the straight line and
slide in the sway direction.

Remark 9.4. By setting the value of k equal to zero, our proposed controller reduces
to a course-keeping controller. In this case, the heading angle can be made arbi-
trarily small. However the sway will grow linearly unbounded under nonzero-mean
environmental disturbances, see Figures 9.3 and 9.6.

9.4 Simulations

This section validates the control laws (9.8) and (9.50) for both cases of state and
output feedback on a monohull ship with the parameters given in Section 5.4. The
ship surge velocity is chosen as u = 10 + 0.5sin(3¢) ms™. The environmental dis-
turbances ty,(¢) and T, (¢) are taken as 7y, (f) = 10° x 0.5 x (1 4 rand(-)) and
Twr(t) = 1.5 x 107 x rand(-), with rand(-) being zero mean random noise with the
uniform distribution on the interval [—0.5 0.5]. We run simulations for both state
feedback and output feedback cases.

9.4.1 State Feedback Simulation Results

The control design parameters are chosen as k = 0.05, k; = 0.2, k, = 0.5, and
p1 = p2 = 0.05. It can be directly verified that this choice satisfies all the conditions
stated in Theorem 9.1. The initial values are

[¥(0),v(0),v(0),r(0)] = [15m,0.2 ms™, —0.5rad,0.1rads™].

Simulation results are plotted in Figure 9.1 for the case without disturbances. In
this case, it can be seen that all sway displacement, sway velocity, and yaw angle
converge to zero as desired. The large control effort is due to the fact that we simu-
late our controllers on a real surface ship but it is within the limit of the maximum
yaw moment. For the case with disturbances, simulation results are plotted in Figure
9.2. In this case, all the states converge to a ball centered at the origin as proven in
Theorem 9.1. To illustrate Remark 9.4, we simulate our controller with the design
constant k = 0. The simulation results for this case are given in Figure 9.3. The
sway displacement y grows linearly unbounded due to nonvanishing environmental
disturbances. It should be noted that all of the course-keeping controllers, see for
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Figure 9.1 State feedback control results without disturbances: a. Sway displacement y; b. Head-
ing angle v¥; ¢. Sway velocity v; d. Yaw velocity r; e. Yaw moment t,

example [12], which do not take the sway displacement into account, will result in
similar unboundedness of the sway that was pointed out in Remark 9.4.

9.4.2 Output Feedback Simulation Results

The control design parameters are chosen as k = 0.05, k; = 0.2, k, = 0.5, and
p1 = p2 = 0.05. The observer gains are selected as k11 = kop =2, k12 = —p”,’rjzlz,
k21 = %, k31 = k13 = k24 = k42 = ,O\/E, and p = 0.015. A calculation
shows that tF]is choice satisfies all the conditions stated in Theorem 9.2. The initial

values are

[y(0),v(0). ¥ (0),7(0)] = [15m,0.2 ms™,—0.5rad,0.1rads™],
[$(0),9(0),¥(0),7(0)] = [10m,0ms™, —0.2rad,0.2rads™] .

Simulation results are plotted in Figure 9.4 for the case without disturbances and
in Figure 9.5 for the case with disturbances. From Figure 9.4, it is seen that all
sway displacement, sway velocity, and yaw angle converge to zero asymptotically.
It is also observed that the observer states (dotted lines) exponentially converge to
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Figure 9.2 State feedback control results with disturbances: a. Sway displacement y; b. Heading
angle ¢; c. Sway velocity v; d. Yaw velocity r; e. Yaw moment t,

their unknown estimated ones (solid lines). For the case with disturbances, all the
states converge to a ball centered at the origin as proven in Theorem 9.2. The sim-
ulation results with the design constant £ = 0 are plotted in Figure 9.6. Again, the
sway displacement y grows linearly unbounded due to nonvanishing environmental
disturbances as mentioned in Remark 9.4.

9.5 Conclusions

The control design was based on the idea of an interaction between the ship be-
havior and the action of a helmsman on a linear course. Although our proposed
state feedback controller has been designed by using precise knowledge of the ship
parameters, we can easily change them to an adaptive version to take inaccurate
knowledge of the system parameters into account, see (9.6). However, for the case
of output feedback, an adaptive observer will be required, see (9.34) and (9.45). This
chapter is based on [116, 126, 127].
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Figure 9.3 State feedback control results with disturbances and £ = 0: a. Sway displacement y;
b. Heading angle v; ¢. Sway velocity v; d. Yaw velocity r; e. Yaw moment
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Figure 9.4 Output feedback control results without disturbances: a. Sway displacement y; b

Heading angle vr; ¢. Sway velocity v (solid line) and its estimate U (dotted line); d. Yaw velocity
r (solid line) and its estimate 7 (dotted line); e. Yaw moment t,
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Figure 9.5 Output feedback control results with disturbances: a. Sway displacement y; b. Heading

angle v; ¢. Sway velocity v (solid) and its estimate ¥ (dot); d. Yaw velocity r (solid) and its
estimate 7 (dot); e. Yaw moment z,
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Figure 9.6 Output feedback control results with disturbances and £ = 0: a. Sway displacement
¥; b. Heading angle v; ¢. Sway velocity v (solid line) and its estimate 0 (dotted line); d. Yaw
velocity r (solid line) and its estimate 7 (dotted line); e. Yaw moment t,



Chapter 10

Path-following of Underactuated Ships Using
Serret-Frenet Coordinates

This chapter presents state feedback and output feedback controllers that force an
underactuated surface ship to follow a predefined path under the presence of envi-
ronmental disturbances induced by waves, wind, and ocean currents. The control
solutions originated an observation that it is reasonable in practice to steer a ves-
sel such that it is on the reference path and its total velocity is tangent to the path,
and that the vessel’s forward speed is independently controlled by the main propul-
sion control system. The proposed controllers are designed using Lyapunov’s direct
method, the popular backstepping technique, and the Serret—Frenet frame. The un-
measured sway and yaw velocities are estimated by introducing a novel nonlinear
passive observer.

10.1 Control Objective

In addition to the assumptions made in Section 3.4.1.1, we assume that the surge ve-
locity is a positive constant and is independently controlled by the main propulsion
control system. The resulting mathematical model of the underactuated ship moving
in surge, sway, and yaw is rewritten as

X =ucos(y) —vsin(y),
y = usin(y¥) +vcos(y),
V=

d dyi 1
ﬁz_ww_ﬁv_z U T 4 —— T (), (10.1)
maa

3

mip—m d dri | i_ 1 1
:Muv_ﬁr_ZLMl Y — 1 4+ —— 10 (0),
= M33 ms33 m33

243
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where all symbols in (10.1) are defined in Section 3.4.1.2. The positive constant
terms dy, dr, dy;, and d,;, i = 2,3 represent the hydrodynamic damping in surge,
sway and yaw. The bounded time-varying terms, Ty, (¢) and 7y, (¢), are the envi-
ronmental disturbances induced by wave, wind, and ocean current with |ty (¢)| <
Twymax < 00 and [Ty, ()| < Twrmax < 00. The available control is the yaw moment
7. Since the sway control force is not available in the sway dynamics, the ship
model (10.1) is again underactuated.

The control objective of this chapter is to design the yaw moment t, to force the
underactuated ship (10.1) to follow a specified path 2, see Figure 10.1, where M
is the orthogonal projection of the ship point P on §2, x, and x; are the normal and
the tangent unit vectors to the path at M, respectively. We assume that this point is
uniquely defined. This assumption holds if the interior of any circle tangenting $2 at
two or more points does not contain any point of the path and the distance between
the ship and £2 is not too large. Furthermore, it is assumed that the radius of any
osculating circle of the path is larger than or equal to Ry, which is feasible for the
ship to follow. Let the signed distance between M and P be z.. Also s is the signed
distance along the path between some arbitrary fixed point on the path and M, ¥4
is the angle between x; and Xp, c(s) is the curvature of the path at the point M.
We assume that ¢(s) is uniformly bounded and differentiable. Let the total velocity
of the ship be u; and ¥, = ¥ — 4. The variables s, z,, and 1, form a new set of
state coordinates for the ship. It can be seen that when the path £ coincides with
the X g-axis, the above variables coincide with the ship variables x, y, and .

By using the above parameterization, it is straightforward, see [128, 129], to
transform the kinematics of (10.1) to

Ze = usin(Ye) + veos(Ye),

1/)9 =r— 4 () (ucos(¥e) —vsin(ye)), (10.2)
1—c(s)ze

. 1 .

§ = =)z (ucos(ye) —vsin(ye)).

Note that the above transformation is singular when z.c(s) = 1. We first assume
that
1—2z.c(s) >8* > 0. (10.3)

We then find the initial conditions after the controllers are designed such that this
hypothesis holds. Ideally, we want the ship to be on the path and tangent to it, i.e.,
Ze = Yo = 0.

However when the curvature of the path is different from zero, the sway velocity
v is also different from zero. Hence z, = ¥, = 0 cannot be the equilibrium point
of (10.2) with r as the control input. This feature distinguishes the ship from mo-
bile robots, see [15, 130—133] for some work on controlling mobile robots. If one
designs a controller as was proposed in [129], to achieve ¥, = 0, then the error z,
might be very large (depending on v). This phenomenon can be seen by substituting
¥e = 0 into the first equation of (10.2). Therefore, in this chapter, we formulate the



10.1 Control Objective 245

YA

0

g X

S W

Figure 10.1 General framework of ship path-following

control problem such that (z,, ¥.) = (0, —¢) is the equilibrium point of (10.2), with
¢ being the angle between the surge velocity and the total velocity. This is desirable
in practice since it guarantees that the ship is on the path and the ship’s total velocity
is tangent to the path. Define

Ve =vet+9, (10.4)

where ) is referred to as the modified heading error. With (10.4), the last four
equations of the ship model (10.1) with (10.2) are transformed to

Zo= upsin(y).

o= r(l—@é) O s )

Mo U 1 —c(s)ze

3
u [ dxn dyi i—1 1
S| v+ T o () |
Uy \mz2 i=y M22 maa

3

. mii dzz dyi i 1
V= ——ur——v—zi|v|' Yo+ — 100 (1), (10.5)
ma2 Mmaa i=p M22 ma2
3
. (mi1—ma2) ds3 dri | i1 1 1
7= —uv——r—Z—|r|' r4+—71t + —1yr (1),
ms33 msz T M33 ms33 ms33
where

Uy = vu? 402 (10.6)
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As aresult, the path-following objective has been converted to a problem of stabiliz-
ing (ze, we*) in (10.5) at the origin. We study this stabilization problem under either
Assumption 10.1 or Assumption 10.2 as follows.

Assumption 10.1. The ship parameters satisfy the condition my1 < maa. All of the
ship states (position, orientation, and velocities) are measurable.

Assumption 10.2. The ship parameters satisfy the condition my1 < mas. The sway
and yaw velocities are not available for feedback.

Assumption 10.1 means a robust state feedback path-following problem, while
Assumption 10.2 gives a robust output feedback path-following problem. It is noted
that the condition m; < my, always holds for surface ships since the added mass
in sway is larger than that in surge. The triangular structure of (10.5) suggests that
we design the actual control 7, in two stages. First, we design the virtual velocity
control r to stabilize z, and ¥, at the origin. Based on the backstepping technique,
the control 7, will then be designed to make the error between the virtual velocity
control and its actual values exponentially tend to a small ball centered at the origin.
A new nonlinear observer is introduced to estimate the sway and yaw velocities, and
an output feedback controller is then designed.

10.2 State Feedback

10.2.1 Control Design

Observing from the first equation of (10.5) that the z,-dynamics have to be stabilized
by using the angle v, we introduce the following coordinate transformation

. kze
w¥ =y ¥ +arcsin| — |, 10.7
e = Ve ( T2 +(kze)2) (10.7)

where k is a positive constant to be selected later.

Remark 10.1. The above coordinate transformation is well defined and convergence
of w) and z, implies that of ). The function arcsin is not unique. It can be re-
placed by some other smooth bounded functions such as tanh, arctan or an identity
function. We here use the arcsin function due to its simplicity. Using (10.7) instead
of a linear coordinate change such as w; = V) + kz., we avoid the ship whirling
around when z, is large. In addition the nonlinear change of coordinate (10.7) will
result in a “global design”.

Upon an application of the coordinate transformation (10.7), the system (10.5) is
rewritten as
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kusze uysin(wy) kusze (cos(w*) 1)
VI+(kze)2 T+ (kzo)2 1+ (kzo)? ¢ ’

. ( mlluz) kugsin(y})  c(s)ugcos(y))
w,=r|{l——— |+ - -

mas u? 1+ (kz.)? 1—c(s)ze

o

3
u d22
S| =v+>
u m
t 22 o

dyi - 1
ol o= ——1y0 (1) |
ma2 ma2

3
i miy dao dyi | i 1
V= ——ur——v—zilvv Yo —— 10 (1), (10.8)
M22 Moy = M2 Mo
3
, myy—may ds3 dri - 1 1
F= guv——r—zihv 1r+—r,+—rw,(t),
ms3 ms3 i, M33 ms33 ms3

where we leave the variable ¥ in the second equation of (10.8) for simplicity of
presentation. As discussed in Remark 10.1, we will design the control t, to stabilize
(10.8) at the origin.

Step 1

Define ’
b=1- ——. (10.9)

The first condition of Assumptions 10.1 implies that

p>1-"HL._pr 5, (10.10)
maa

Introduce the yaw velocity control error 7 as
F=r—rq, (10.11)

where rg is a virtual control of the yaw velocity r. From the second equation of
(10.8), we choose the virtual control r; as

lﬂw*_lkutsin(w:) 1 e(s)uscos(y;)
b ¢ bl+(kz.)2 b 1—c(5)ze

1 u d22 3 dvi i—1
—— | —v+ — v v|— 10.12
b (m22 2l (10.12)

i=2

*

I U Tywymax tanh (we vamax)
0 s

bu, myo €1 Mpp

rg = —

where k1 and e; are positive design constants to be selected later. It is of interest
to note that ry is a smooth function of s, z., v, and .. Substituting (10.12) and
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(10.11) into the second equation of (10.8) yields

S =—kww+bFi+—

u ‘L’wv(l) U Ty vmax tanh(w—jm)' (10.13)
&

o2
uy myp  up ma 1 Mo

Step 2

Differentiating both sides of (10.11) along the solutions of the last equation of (10.8)
and (10.12) yields

3
(mq11—ma3) W — d33

ri |r|i_1

ms3 m33 = M33

~u.
|

1 1
r+—7t0 + — 1y (1) —
mas3s mass

8rd

5 1_c< o (weos(e) - vsinwe))—%(usinwewvcos(we»—

3
ar, m d dyi i 1
d [T r_ﬁv_E T o4 —— 1 (f) | —
ov maa nmaa nmaa nmaa

i=2

al/fe 1_()e

From (10.14), we choose the actual control 7, without canceling the useful damping
terms as

ol (= s sty —vsin(yi) ). (10.14)

3
- mi1 —mypp d dyi i—
Tr = MmM33 —kzr—bw:—(—)uv—i—ird—kzilrv 1rd+
ms3 im mss

ms33
3rd . arg .
———— (ucos(Y,) —vsin(Ye)) + —— (usin(Ye) +veos(Ve)) +
ds l—c(s) Ze 0z,
3
v Mmoo moy M2

3;; (r c(()) — (weos(y) —vsm(we)))

Twr max 7 Twrmax 0rd Twvmax 0rg T Twomax
—tanh| —— | - —= " tanh | - ——"2) ),
ms33 &y M33 v map v g3 my

where k,, &,, and &3 are positive constants to be selected later. Substituting (10.15)
into (10.14) yields

(10.15)

2 d33)~ > drl 1~ 1
F= ko + — r—bw*—g | +—T 1)—
(2 ms3 ¢ m33|| 33 wr(t)

=2
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ms3 &2 M3z dv my
aﬁ Twv max tanh aﬁi Twvmax . (10.16)
v my v e3 my

We now present the first main result of this chapter, the proof of which is given in
the next section.

Theorem 10.1. Under Assumption 10.1, if the state feedback control law (10.15) is
applied to the ship system (10.1) then there exist feasible initial conditions such that
the regulation errors (z(t), ¥, (t)) converge to a small ball centered at the origin
with an appropriate choice of the design constants k, k1, ko and g;, 1 <i < 3. Fur-
thermore if there are no environmental disturbances, the regulation errors converge
to zero asymptotically. In addition, the sway velocity v(t) is always bounded.

10.2.2 Stability Analysis

For the reader’s convenience we write the closed loop consisting of the first and
third equations of (10.8), (10.13), and (10.16) as follows:

. kusze uysin(wy) kusze .
o= — - (cos(wy)—1),
VI+(kze)? 1+ (kze)2 1+ (kze)?
u.): _ _klw:+b;+lszv(t) _lszvmax tanh (w_: vamax)
uy maz uy maz &1 ma2
d > dyi 1
b=y F g — Py =3 2 Ty (1), (10.17)
map ma» ma» ma»

i=2

d > d,; 1
Fe e 2B 7 pw =S il £ —
r ( 2+ )r W, ZM33 |r| r+m337wr()

0rd Twvmax 0rg 7 Twymax
tanh| — — ,
ov €3 Mpp

where ry is given in (10.12). A direct calculation of the Lyapunov function candidate
Vo = z2 + w}? + v? + 72 along the solutions of the closed loop system (10.17)
shows that there exist nonnegative constants ao and by such that Vo <aoVy + by.
This means that the closed loop system (10.17) is forward complete. Therefore, to
prove Theorem 10.1, we can first consider the (w,7)-dynamics, then move to the
(ze, v)-dynamics.
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(w},7)-dynamics

Consider the following Lyapunov function:

Vi = %(w:2 +7%). (10.18)

It is not hard to show that the time derivative of (10.18) along the solutions of (10.13)
and (10.16) satisfies

. d 3
Vi < —klez—(kﬁﬁ) F24+02785) &, (10.19)
33 i=1
which in turn implies that
| (w3 0).F ()| < etwr (e~ 4 p,,, (10.20)

where

ar () = | (wZ (10), 7 (10)) |
Gy = min (kl, (kﬁﬁ)), (10.21)

ms3

From (10.21), we can see that p,,, can be made arbitrarily small by adjusting the
design constants, k1, k and &;, 1 <i < 3. This observation is important in stability
analysis of the (z,, v)-dynamics.

(ze,v)-dynamics

For the reader’s convenience, we rewrite the (z,, v)-dynamics from the first and third
equations of the closed loop system (10.17) with the virtual control r; substituted
in the third equation of the closed loop system (10.17) from (10.12) as

kusze uysin(wy) ku;z,

\/1 + (kze)? \/1 + (kz.)? \/1 + (kzeo)?
) dr ( myu? ) 2. dy; ( myju? ) i1
v= — |1+ v— 1+ v v+
ma2 bmayu? ;mzz bmau? v
muur  mipu «  kugsin(y))

1
- twv [ - - - 4 _k . 7 N5
Moy T (t) mas masb ( e ™7 + (kze)?

Ze =

(cos(wy)—1),
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C(S)utCOS(I//:) U Twymax tanh(w—: fwvmax))'
&

10.22
1—c(s)ze u? my ( )

1 M3z

If we view that (10.22) and the (w:,f)—subsystem are in a cascade form, we might
think that stability results developed for cascade systems, see Section 2.1.3 can be
applied. However, stability results in that section are developed for the cascade sys-
tems without nonvanishing disturbances. In fact, nonvanishing disturbances may
destroy stability of a cascade system that satisfies all conditions stated in Section
2.1.3. To illustrate this fact, we give the following simple example.

X1X2

X1
= — —+ s
\/1+xf \/1+xf

X2 = —xp +d(1). (10.23)

X1

When there is no disturbance d(t), by applying stability results in Section 2.1.3, the
cascade system (10.23) is GAS at the origin. However, whenever the magnitude of
bounded disturbance d(¢) is larger than 1, we have the fact that x; grows unbounded
although x; is bounded. This fact results from the first equation being not globally
ISS with respect to x; as input, see Section 2.2. Therefore, to analyze stability of
(10.22) we first present the following lemma.

Lemma 10.1. Consider the following nonlinear system:

X = f(t.x)+g(t. x.£(t)) (10.24)

where x e R", (1) € R™, f(t,x) is piecewise continuous in t and locally Lipschitz
in x. If there exist oo > 0, positive constants ¢;, 1 <i <4, A;, 1 < j <2, ¢, g9, muy,
and ¢y, and a class-K function ag such that the following conditions hold:

C1. There exists a proper function V (t,x) such that:

cillx* < Ve, x) < e llx|,

av
a(tvx)

<csllx]l,

v v ca || x)? co
— —f(t <
or Tax

)=-— + :
Ji+elxl?  yJ1+elx)?

C2. g(t,x,£(2)) satisfies:

18t % EO) | < —— (A1 +As ) IEO)I.
1+cllx|?

C3. £(t) globally asymptotically converges to a ball centered at the origin:

IE@)] < o (o)) e 00 g, Vi > 19> 0.
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C4. The following gain condition is satisfied:
A
Cq4 —C380 (/\2 + —l) > 0.
41k0

Then the solution x(t) of (10.24) globally asymptotically converges to a ball cen-
tered at the origin, i.e.,

¥ ()] < @ (1 (x(t0), £ (1)) D €= + 5 (|| (x (20, £ (10)) ), V1 =10 >0,
(10.25)

where g(s) = \/0?31 V1+cx2(s), o and o are given as follows:

. ai
if ——— =09 then

V1+exZ
ay

e°o aza
a(s) = (czs2 + (a3 422 V1 +cx,2,,) ¢) ,
C1 aq

1
o= E(al —d);

if —2L £y then

V1+exZ

e% (a1a3 +a2a4\/1+cx,%1>
a(s) = cas2 + W 1+ex?
€1 allal—om/l—}—cx,zn’

UO)§

1 Aicze c
a1=_(64_120380_ 11 3 0)’a2=c_3(kl+A2)a0(S)’
1

ai
V1+ex?

() = + min | 21
o(s) = —min ,
2 V1+ex?

with

Co Mo
116'3
as = — —ao (8), as = co+ Aiczgofho,

0<d<ay, ¢=>(t—tg)e ¢t

M@=Jé6ﬁ-mm0

2(aptaz+tapag/ay)

Win(s) = (V(s) - Z—‘l‘) FeTFag) |

as +a2a4/a1 ( (2(a2+a3:0a2a4/u1)) 1)
8(az(s) +as(s)+az(s)as/ar) ’
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When co = 0 and g9 = 0, we have ¢ = 0 and the system (10.24) is GAS. Note that a
finite value of ¢ exists for an arbitrarily small positive d and the convergence rate
o depends on the initial conditions.

Proof. We first prove that x is bounded. From conditions C1, C2, and C3, we have

i A 2
e (o 22)) L ol
wo /) Jitelxl? 1+elxl?

A
(1 + Az [1x o ([ (10) ) e=00t—10) 4 Z1EEOHOECO - 4 5

1+c|x|?

Upon application of completing squares, (10.26) can be rewritten as

aze—o0t—o)

. SR
Ji+elxlP JielxlP Ji+elx?

—ao(t—to)) (V—as/ar) (a3 +azas/ay)e o010

+
V1+ellx|? V1+elx|?

Vo <-— (a1 —aze_“"(t_t"))

=- (al —dasze

(10.27)
Now consider the differential equation
—oo(t—t0)
= — (a1 —ageontow) K @t @aa)e BT g5
Vi+elx|? V1+elx)?
Take the following Lyapunov function:
1>
W = —k=, (10.29)

2

whose time derivative along the solutions of (10.28) with the use of condition C4
satisfies

W < ape00t—10) x? (a3 +azas/ar)re” 010
1+c|x|? 1+c|x|?
aray
< 2(az + a3 + 24y weoot=t0) LBt T e, (10.30)

aq 4

Hence W(¢) < W,, which implies from (10.30) and the comparison principle found
in [6] that V(¢) <as/a1 + 2Wy or || x(t)| < X,. Substituting this inequality into
(10.27) yields
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V<-— (—“1 —aze_‘m(’_"’)) V +aze 00710 4 g, (10.31)

- V1+ex2
Solving the inequality (10.31) readily yields (10.25). O

To investigate stability of the (z,,v)-dynamics, we apply Lemma 10.1.

z.-dynamics

We will apply Lemma 10.1 to estimate convergence of the path-following error, z,,
dynamics. Indeed, it is seen that z,- dynamics, the first equation of (10.22), is in the
form of the system studied in Lemma 10.1, i.e.,

Ze = fre(") + gze ("), (10.32)
where
P p—
T+ (kzo)?
gre() = —asin(e) iiZe  (cosw?)—1).  (10.33)

STt (kze)? 1+ (kze)?

We now verify all conditions of Lemma 10.1.

Verifying Condition C1. By taking the proper function V, = 0.5z2, it is not hard
to show that this condition holds with

c=k2 c1=cy =05, c3=1, ¢4 =kuy, co =0. (10.34)
Verifying Condition C2. By noting that

ugsin(wy) ku;z,

VIt (kze)?2 /14 (kz.)?

1
V1+(kze)?

(cos(wy)—1)| <

we(1+k |ze]) (w1, (10.35)

condition C2 holds with

A'1 = ut»
Ay =ku;. (10.36)

Verifying Condition C3. This condition holds directly from (10.20).

Verifying Condition C4. From (10.34), (10.36), and (10.20), this condition be-
comes
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k k
Kty — pur (u,+ﬂ) >0 & k—por (1+—) > 0. (10.37)
4o 4peo

Since jt¢ is an arbitrarily positive constant, see Lemma 10.1, and p,,, can be made
arbitrarily small, we can always pick a positive constant k£ such that (10.37) holds.
Therefore, we have

|ze ()] < @z ()e =70 4 p, (10.38)

where «; (-), 0, and p; are calculated as in Lemma 10.1. From (10.38), the require-
ment of initial conditions such that 1 —¢(s)z, > §* > 0 becomes

1-6*
() S ————pz. (10.39)
lc(s)]
Boundedness of v

To show that v is bounded, we take the following Lyapunov function

1
V3 = Evz’ (10.40)

whose time derivative along the solutions of the second equation of (10.22), after
some simple calculation, satisfies

. d 2 1 F
< 922 (1 + &2) I (_va(,)_ Mt
m

Mmoo bmaruj 22 maa
miu w* kugsin(y))  c(s)ugcos(y))
mab \ ¢ 1+ (kze)? 1—c(s)z
*
LALLLL (&—TW"‘““))). (10.41)
u; Mo €1 ma2

From (10.41), (10.20), (10.38), and (10.7), it can be shown that
(0] < @y (e~ 4y, (10.42)

where o, () is a nondecreasing function of ||(w} (1), 7(f0).Ze(0))||, and oy and p,
are positive constants. The constant p, depends on the environmental disturbances
and the path curvature. Indeed, this constant is equal to zero when there are no
environmental disturbances and c(s) = 0.

Remark 10.2. From (10.39), it is seen that the initial conditions are mainly limited
by the path curvature c(s). If the initial conditions do not satisfy (10.39), one can
generate a smooth curve segment, §2¢, such that it is tangent to the path $ and that
(10.39) holds, see Figure 10.2.
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YE A Q

(1))

N\

Figure 10.2 Overcoming “bad” initial conditions

OE

o 7

10.3 Output Feedback

10.3.1 Observer Design

To design an observer that estimates the sway and yaw velocities from the ship
position and orientation measurements, we rewrite (10.1) as follows

X =ucos(y)—vsin(y),
x1 = Fi1(x1) + J1(x1)x2, (10.43)
x2 = Kax2— Da(x2)x2 + 72 + Tw2(?),

where
[ u sin
e [f)oe[g] =[]
0 _va(t) COS('(//) 0
2= 4  Tw2(t) = mlzz s J1(xy) = ;
_m_33tr _Twr(t) 0 1
i dy; o[~ 0 _dan _myu
Da(x2) = | i=2 maz , Ky = ma2 ma2
0 > ﬂlrv—l (miy—ma)u  dsz
/=5 M33 ms33 ms3

(10.44)
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If we use the observer designed in [116, 126] and Chapter 9, then the matrix K>
has to be Hurwitz, i.e., the ship has to possess straight-line stability. This limitation
motivates us to seek a new observer in this section. The idea is to find a coordinate
transformation to transform the system (10.1) to a form that does not require K to
be a Hurwitz matrix to design an observer. To this end, we define

z3 = x2— x2(x,x1), (10.45)

where y2(x,x1) is a locally Lipschitz vector function, which will be determined
later. Using (10.45), we write the last two equations of (10.43) as follows:

x1= Fi(x1)+J1(x1)x2(x,x1) + J1(x1)z2,

Zy = (Kz + Mgz(xl)_MJl(xl)) 23— Da(z2+
X 0x1
x2(x,x1))(z2 + x2(x.x1)) + P (x,x1) + 72 + Tw2(1), (10.46)
where
d
P (x,x1) = Kz)(z(x,xl)—%(MCOS(V/)—gz(xl))(z(x,xl))—
W(Fl(x1)+-11(x1))(2(x,x1)),
X1
g2(x1) = [sin(y) 0]", (10.47)

Di(z2 + x2(x.x1)) =

3. dy, -
> |z + x2a1 (e x) O
i=2M2>

)

3 d,; -
0 > — |z + xa1(x, x|
i=2M33
where z5; and x2;(x,x1), i = 1,2, are the first and second elements of z, and
x2(x,xy1), respectively. From (10.46), one can design a reduced order observer.
However it is often noise-sensitive. We here propose the following observer:

%1 = Fy(x1) + J1(x1) x2(x,x1) + J1(x1)22 + Ko1 (x1 — £1),

2y = K2+—8X2(x’xl) —aXZ(x’XI)Jl(xl) Z2—Da(Z2+
ox 0x1

x2(x,x1))(Z2 + x2(x.x1)) + P (x,x1) + 72+ Ko2(x1 —%1) (10.48)

g2(x1)—

where £1 := [ ¥]7 and %5 are estimates of x1 and z3, respectively, and Ko1 and
K> are the observer gains to be selected later. From (10.46) and (10.48), we have
the observer error dynamics:
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¥1=—Ko1¥1 + J1(x1)Z2.

Z3 = —Ko2¥1 + (Kz + Wgz(xl)— E))(%x;xl)h(xl)) I2—
<D2(22+X2(x,x1))(22+X2(x,x1))—D2(22+
Xz(x,xl))(32+)(2(x,x1))> + Tw2(t), (10.49)

where %1 :=[§ ¥]T = x1 — %1, and Z3 = z3 — 2. Now, considering the Lyapunov
function
Vo = ] Po1%1 + 2% Poazz, (10.50)

where Po1 and Py are positive definite matrices, whose time derivative along the
solutions of (10.49) satisfies:

Vo < —%1 Qo1%1— 23 Qo222 + 1, (1) Po2Zz + 25 Poatw2(t),  (10.51)
where

Qo1 = K& Po1+ Po1Ko1,

dxa2(x,x1) dxa2(x,x1) r
Qo2=—|K2+———g20x1)——————J1(x1) | Poz—
dx 0x1
9 , 0 X
Po2 (Kz + mel)— MJl(xl)), (10.52)
X 0x1
and we have chosen
Po2 K> —JlT(xl)P()l =0 (10.53)

and used the following inequality:

(D2(z2 + x2(x,x1))(z2 + x2(x,x1)) — D2(22 + x2(x.x1))
(22 + x2(x,x1))) Po2Z2 + 2% Po2 (D2(22 + x2(x,x1))(z2+
x2(x.x1)) = D2(22 + x2(x,x1))(22 + x2(x,x1))) > 0. (10.54)

It is not hard to show that there always exist Koy, Koz and y2(x,x1) such that Q¢
and Q2 are positive definite and (10.53) holds. For example, one can take

Ko1 = KOTI >0,
Koz = Poy JI (x1) Pox,
T
x2(x,x1) = [—m””w 0] . (10.55)
maa

Therefore (10.51) implies that

R0 ()| < @0 [[Ro(to) || e~70U~0) 1 &, (10.56)
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where g, 19, and & are some positive constants, and X¢ = [¥1 EZ]T . It is noted

that &y cannot be made arbitrarily small since the ratio % is maximized with

the choice of Qg2 = diag(1, 1). By defining an estimate of the velocity vector as
¥2 =22+ x2(x,x1), (10.57)
where X, = [0 f]T, then the velocity observer errors X, = [0 A satisfy:
I@@O).F@)] =< pollFo(to)l| e~ +&. (10.58)

It is seen that when there are no environmental disturbances, the observer errors
globally exponentially tend to zero.

10.3.2 Control Design

The control design in this section is very similar to the one of the state feedback
controller. We therefore present it briefly. Define

A 0
¢ = arctan (—) ,
u
uy = Vu? + 102, (10.59)
1//: =Ye+¢.
By denoting ¢ = ¢ — 43, using the Taylor series expansion, it can be shown that

arctan(v/u) —arctan(0/u) v—10
(v—20)/u

Similar to the state feedback control design, we apply the following coordinate
transformation

~ 1
()] = <~ i)l (10.60)

N kz
W* = ¥ + arcsin [ ——— (10.61)
©e V1t (kze)?
to (10.48) in conjunction with (10.59). After some simple calculation, we have
s oo kii;ze L iy sin(W)) B (cos(W)) — ki, ze
VIt (kze)?2 1+ (kz,)? V1+(kze)?
Tcos(b¥ —¢)  sin(b —P)kz,
Vv1+ (kZe)2 vV 1+ (kZe)2
s ( miy u2) c(s)il; cos(rs)
v, =r|l-— | -————
Moy U 1—c(s)ze
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3 ~ . ~
u [ da dvi i1 ki, sin(y))
S 2o+ > et e |+ ey
ﬂ%( ma " ETERE

ma2 5

(1 mi uz) N kvcos(¥e)  c(s)vsin(ye)

u -~ o~
-z cos(Y)y+r1

Z may 42 1+ (kze)? 1—c(s)ze
3
. mupu, da dyi i1 oM
I —— r—ﬁv—zlh}v Y5+ cos(¥) § — ——uF,
ma2 ma2 i=p M22 Mma2

3
X (mi1—ma)u dssz , dri ai—1 A 1 7
Fo= TRy SR NI g (10.62)

ms3 ms3 = ma mss

where for simplicity, we have taken
Koz = JI (x1),

T
x2(x,x1) = [—m”“w 0] . (10.63)
maa

The control design consists of two steps as follows:

Step 1
Introduce the virtual yaw velocity error as

re =1 —"Fq, (10.64)
where 74 is the virtual yaw velocity control which is chosen as

c(s)i,

T (—klwe + —c)z cos(r, )+

1
1=

Nﬁg)l;

my
u (dr A+23: dyi oo kil sin(y) dyi}
-— | —7V v v — —_ s
n  gmn I+ (ko) (1—c(9)2)?
(10.65)

[S]

where k; and d; are positive constants. The term multiplied by d; is the nonlinear
damping term to overcome the effect of the observer errors. It is seen that 7 is a
smooth function of s, z., V., and 0. Substituting (10.64) and (10.65) into the second
equation of (10.62) results in

Ak
dlwe

(1—c(5)ze)*’

mii u2

0y = —kih} +re (1- —72) + fLOx— (10.66)
mya Uy

where
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B ucos(yr) 7
o v
. 0 ¥
S1() = c(s)sin(ye) n kcos(ye) |- X=1 _ (10.67)
1—c(s)ze 1 + (kze)? v
1_@14_ r
| maz Uy _
Step 2
Differentiating both sides of (10.64) yields
- d 2 dyi 1
fo= MRy sy G dri iy 1
ms33 ms3 T M33 ms3
g cos(Pr) g () 0a ( _c(s)cos(P)
as 1—c(s)ze aze Ve 1—c(s)ze
oF d 2 doi i n\ L AT
Ta [ Ilp D25 N2l gicig) 4 AT (10.68)
00 mop myy i— maa
where
. 1
S20)=| g sin(Ye) g g c(s)sin(e) |- (10.69)

Os l—c(s)zg 5’56 cos(j//e) B e 1—c(s)ze

L e 00 ma i

From (10.68), the control 7, is designed without canceling the useful nonlinear
damping terms as follows:

(mn—mzz)uv d33A i1

T, =m33 <_k2re_ Fa+
ms3
de cos(x@e) oFg 5 c(s) COS(I//e) org
35 1—c(s)ze + Ze sin(y) + Ve 1—c(s)ze FI

mil d22 1 ¢ 2 myy u?
A~ Ul i— A 2 Ak
530115 ) <3 2 - (1——72)),
mzz = mx = Moy U3

maa
(10.70)
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where k, and d, are positive design constants, fzi (+) is the ith component of fz ).
Substituting (10.70) into (10.68) yields

ds3 : dyi i—1 miq u?
o= kpre— 33y, N iy, (T ey
e 2Fe m33”e ;m33 |7 Te mzzﬁ% W,
4
[ OF=Y"da f3Cre. (10.71)

i=1

We now present the second main result of this chapter, the proof of which is given
in the next section.

Theorem 10.2. Under Assumption 10.2, if the output feedback control law (10.70)
and the observer (10.48) are applied to the ship system (10.1) then there exist fea-
sible initial conditions such that the regulation errors (z¢(t), ¥} (t)) converge to a
ball centered at the origin with an appropriate choice of the design constants k, k;
and d; with i = 1, 2. Furthermore when there are no environmental disturbances,
the regulation errors converge to zero asymptotically. In addition, the velocity v(t)
is always bounded.

10.3.3 Stability Analysis

To prove Theorem 10.2, we first consider the (W}, r.)-dynamics then move to the
(0,z,) dynamics.

(W}, re)-dynamics
Consider the following Lyapunov function

1 1
v, = Eu?:z + =12, (10.72)

whose time derivative along the solutions of (10.66) and (10.71) satisfies

~ k2
dlwe 2 d33 2
2Fy — —— Ty —

Vi= —k1@:2+w:f1T(')f—m— s €
e

3 4
d . i ~ " ~
ZLM’ 1r§+ref2T(')x—d2r§Zf22,-(')
— masa3 —
=2 i=1
< — (k1 — ) W2 —kor? + p2 |52, (10.73)

where (11 and @i, are some positive constants. From (10.73) and (10.56), it is
direct to show that
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| (@F @), re )] < [ (0% (t0). 7 (10)) | =1~ + py, (10.74)

for some positive constants p; and o;. It is noted that p; can be made arbitrarily
small by adjusting the design constants k1, k5, d1, and d.

(0, z¢)-dynamics

To obtain convergence of z., we apply Lemma 10.1 to the first equation of (10.62)
by verifying all conditions of this lemma. Indeed, the first equation of (10.62) is in
the form of the system studied in Lemma 10.1 by writing this equation as

Ze = fze(') +gze(')» (10.75)
where

kﬁtZg

Jze() = —W,
iy sin(w)) s kilsze

re() = Tl (cos (i) — 1) e

8ze(") T (cos(wg) —1) EaTEAT +
vcos(wy —<]§) vsin(w} —(ﬁ)kze
Vitkz)?  J1+(kz)?

Verifying Condition C1. By taking the Lyapunov function V, = 0.5z2, it can be
shown that this condition holds with

(10.76)

c0=0,c1=c2=05, c3=1, c =k?, ¢y =kil,. (10.77)

Verifying Condition C2. From (10.76), we have

(@ + 1+ (@, 4 Dk |ze)) | (5.2]) ] - (10.78)

1
182e ()| £ ——=
T VT ke
which implies that condition C2 holds with
M=, +1L A=k, +1). (10.79)

Verifying Condition C3. This condition directly holds from (10.74) and (10.56).

Verifying Condition C4. From (10.77), (10.74), and (10.56), this condition be-
comes A1
et +k(ﬁ,+1)) >0, (10.80)
4110

It is noted that p; can be made arbitrarily small but &, cannot, see (10.56). There-
fore Condition C4 is satisfied if the environmental disturbances are not too large and

kii; —(p1 +&o) (
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the ship forward speed u is high enough such that (10.80) holds for some positive
constant j1o. This can be explained as follows: When there are large environmental
disturbances, the observer cannot estimate sufficiently accurate velocities. In ad-
dition, the low ship speed cannot compensate for the environmental disturbances.
Consequently, the ship under large environmental disturbances in question will di-
verge from the path. All the conditions of Lemma 10.1 have been verified, we have

|ze(1)] <z () e 20710 4 p (10.81)

where o, 0, and p, are calculated as in Lemma 10.1. The feasibility of initial
conditions such that 1 —c(s)z, > 6* > 0 is similar to the case of the state feedback
design, see (10.39).

Similar to the state feedback control design, it is not hard to show that

(1)) < oy () e~ 10 4 p, (10.82)

where a4, 0y and p, are calculated similarly.

10.4 Simulations

This section validates the control laws (10.15) and (10.70) by simulating them
on a monohull ship with the parameters given in Section 5.4. In the simulation,
we assume that the disturbances are 7y, = 26 x 10*(1 + rand(-)), and 7, =
950 x 10° (1 4+ rand(:)), where rand(:) is random zero-mean noise with the uniform
distribution on the interval [—0.5 0.5]. This choice results in nonzero-mean distur-
bances. It should be noted that only boundaries of the environmental disturbances
are needed in our proposed controllers. We simulate both state feedback and output
feedback cases. For both cases, the ship forward speed is 4 m/s.

10.4.1 State Feedback Simulation Results

The initial conditions are chosen as
[x(0),y(0),¥(0),v(0),r(0)] = [-250, 50, —0.5, 0, 0].

The reference path is a circle centered at the origin with a radius of 200 m. The
control parameters are taken as k = 0.5, k; = k, = 10, and &; = 0.2. Figure 10.3
plots the ship positions and orientation in the (x, y)-plane. The path-following errors
are plotted in Figure 10.4. It can be seen from this figure that the orientation error
Y converges close to zero but not ¥, due to nonzero sway velocity, and that the
position path-following error, z., also converges closely to zero. The sway and yaw
velocities and control torque 7, are drawn in Figure 10.5. The high control effort
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is due to the fact that we simulate on data of a real ship and large environmental
disturbances. However, the control magnitude is within the limit of the maximum
yaw moment. It is clearly seen from Figure 10.3 that the controller forces the vessel
to move from its initial position to the path in the direction perpendicular to the
circle. When the vessel closes to the path, the controller is able to drive it along the
path in the desired direction. These observations coincide with our control objective.
All the simulation results plotted in Figures 10.3, 10.4, and 10.5 illustrate that our
control goal is achieved as stated in Theorem 10.1. It is noted that for clarity, we
only plot the path-following errors, sway, and yaw velocities, and control input for
the first 20 seconds.

10.4.2 Output Feedback Simulation Results

The initial conditions are

[x(0), y(0), % (0),v(0), 7 (0)] = [~250, 50, —0.5, —0.2, —0.2],
[;2(0),9(0),&(0),&(0),?(0)] = [=220, 40, —0.2, —0.2, 0.1, 0.1].

The observer gain matrix is matrix chosen as K¢1 = diag(1.5,1.5). The control
gains are k = 0.5, k1 =k, = 15, dy = d» = 0.5, and ¢; = 0.2. The environmental
disturbances are the same as full state feedback case. Simulation results are plot-
ted in Figures 10.6— 10.8. All the comments on the results are similar to the state
feedback simulation results. However, due to the effect of the observer, the perfor-
mance of the output feedback case is slightly worse than the performance of the
state feedback case.

10.5 Conclusions

Although the sway velocity v is controlled in some conventional course-keeping
control systems, see for example [12, 134], using Nomoto’s second-order model,
the sway displacement y is not controlled and can be unbounded. This phenomenon
can be seen from the second equation of (10.1), i.e., y = usin(y¥) + vcos(y), that
boundedness of the sway velocity v does not imply that of the sway displacement
y. The controllers proposed in this chapter did control the sway displacement y
and kept the sway velocity v bounded, and cover the ones in [126] where the linear
course stabilization of the underactuated surface ships is addressed. This can be
seen from (10.2) by setting z, = y and the curvature of the path c(s) equal zero.
The work in this chapter is based on [135]. A combination of the results in this
chapter with the results in [127] is straightforward to cover the case where the roll
and pitch modes are not ignored. By setting the value of k equal zero, the proposed
controllers in this chapter reduce to the conventional course-keeping controllers,
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Figure 10.3 State feedback, ship positions and orientation in the (x, y)-plane: Real path (solid
line) and reference path (dash-dotted line)

see for example [11, 12, 134]. However, the sway displacement will grow linearly
unbounded under nonzero-mean environmental disturbances.

The main limitation of both state feedback and output feedback controllers de-
signed in this chapter is that the ship must not be too far away from the reference
path at the initial time, i.e., the condition (10.3) holds at the initial time #y. This lim-
itation will be removed in the next chapter where a different approach for solving
the path-following problem is proposed.
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Figure 10.4 State feedback, path-following errors: a. Position error z.; b. Modified heading error
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Figure 10.5 State feedback: a. Sway velocity v; b. Yaw velocity r; ¢. Control torque
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Figure 10.6 Output feedback, ship positions and orientation in the (x, y)-plane: Real path (solid
line) and reference path (dash-dotted line)
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Figure 10.7 Output feedback, path-following errors: a. Position error z.; b. Modified heading
error ¥; ¢. True heading error ¥,
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Chapter 11

Path-following of Underactuated Ships Using
Polar Coordinates

This chapter is devoted to a different path-following approach from the preceding
chapter. The approach is motivated by the practical experience of steering a ship in
the sense that when traveling in open sea the helmsman first looks at the weather
map, then generates way-points to avoid the vessel moving into bad weather areas.
A continuous reference path curve is then generated so that it goes via (almost) all
of the way-points. It is then practical to steer a vessel so that it is in a tube of nonzero
adjustable diameter centered on the reference path, and moves along the path with
the desired speed. In comparison with the approach in the preceding chapter, the
control system developed in this chapter allows the ship to be far away from the
desired path at the initial time, and covers situations of practical importance such as
parking and point-to-point navigation.

11.1 Control Objective

For the reader’s convenience, the mathematical model of the underactuated ship
moving in surge, sway, and yaw, see Sections 3.4.1.1 and 3.4.1.2, is rewritten as

X =ucos(y¥) —vsin(y),
y = usin(y¥) +vcos(y),

y=r
mas du > dyi i1 1 1
Uw=—vr——u—) —ul'" u+—r,+ —1yuut), (11.1)
mi1 mua miy mi1
m d > d !
. 11 22 i ji—
v:——ur——v—zi|v|’ EE————
ma2 ma2 i=p M22 ma2

3

. (my1—man d dri | i_ 1 1
= (—)uv—ﬁr—zi Ir" 4+ —1 + — 10, (1),
ms3 ma3 S my ms3 ms;3

271
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where all of symbols have been defined in Section 3.3. The bounded time-varying
terms, Tyy (1), Twy (), and 7y, (¢), are the environmental disturbances induced by
waves, wind, and ocean currents with |y, ()| < Tyumax < 00, |Twy ()] < Twymax <
00, and | Ty r ()] < Twrmax < 00.

In this chapter, we consider a control objective of designing the surge force t,
and the yaw moment 7, to force the underactuated ship (11.1) to follow a specified
path 2, see Figure 11.1. In this figure, P is the ship’s center of mass and Py is a
point attached to the virtual ship, which moves along the path with speed of uq. If
we are able to steer the ship to closely follow a virtual ship that moves along the
path with a desired speed u¢, then the control objective is fulfilled, i.e., the ship is
in a tube of nonzero diameter centered on the reference path and moves along the
specified path at the speed u. Roughly speaking, the approach is to steer the ship so
that it heads toward the virtual ship and eliminates the distance between itself and
the virtual ship.

> Real ship : "*: Virtual ship
\

Y. u,

Yy <« 9 Lo’ :: s

S

O X X Xe

Figure 11.1 General framework of ship path-following

Define
Xe = Xg —X,
Ye = Ya — X,
11.2
Ve =V —Va. (1.2
Ze = X2+ )2,
where

Wq = arcsin (&) (11.3)

Ze
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With (11.2), the above control objective is mathematically stated as follows.

Control Objective. Under Assumption 11.1, design the surge force t,, and the yaw
moment 7, to make the underactuated ship (11.1) follow the path §2 given by

xq =x4(5), ya = ya(s). (11.4)
where s is the path parameter variable, such that
lim z.(t) < Z,
—>00

Jim [y ()] < Ve, (11.5)

with Z, and ¥, being arbitrarily small positive constants.

Assumption 11.1.

9xg 2 yq 2

1. The reference path is regular, i.e., 0 < Rpyip < ( 7 ) + ( s ) < Rmax < 00.

2. The minimum radius of the osculating circle of the path is larger than or equal
to the minimum possible turning radius of the ship.

Remark 11.1.

1. Assumption 11.1 ensures that the path is feasible for the ship to follow.

2. The angle ¥4 is not defined at z, = 0 but lim;, o ¥s = 65 with 6, being the
orientation angle of the virtual ship on the path, see Figure 11.1. Therefore, the
fulfillment of the control objective guarantees that the ship closely follows the
path in terms of both position and orientation. If the reference path is not regular,
then we can often split it into regular pieces and consider each of them separately.
This is a case of point-to-point navigation.

3. The path parameter, s, is not the arclength of the path in general. For example, a
circle with radius of R centered at the origin can be described as x; = Rcos(s)
and y; = Rsin(s), see [136] for more details.

If one differentiates both sides of 1, = ¥ — /4 to get the V/,-dynamics, there will
be discontinuity in the 1/}e-dynamics on the y.-axis. This discontinuity will cause
difficulties in applying the backstepping technique. To get around this problem, we
compute the V/.-dynamics based on

Xe Sin(Y) — ye cos(¥)

Ze
Xe COS(Y) + ye sin(y)

e

sin(Ye) =

cos(Ye) = (11.6)

We now use (11.2) and (11.6) to transform (11.1) to

Xe axd Ye ayd .
e
Ze 0S Ze 0S

Ze = —cos(We)u + sin(Ye)v + (
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. $ 0xg Sin(lﬂ) Xe Sin(l//e)
Yo = r+ = )
cos(¥e) \ 0s Ze Ze
dya (cos(h) | yesin(Ye) || |, sin(¥elu +cos(ye)v
ds Ze 72 Ze ’
3
m d dui 1 1
U= Py, i|u|l lu—i——‘fu—f——fwu([),
mii mii = M mii mii
d 2 dyi e 1
1')= _@ur——zzv—zih)r lv+_‘va([)v
ma2 ma2 i=p M22 ma2
3
M1 —m d d,; - 1 1
po (i) g e L L,
ms3 ms3 mii mass ms3

=2
(11.7)

It is noted that the v/,-dynamic is not defined at ¥, = +0.57. However, our con-
troller will guarantee |V, (¢)| < 0.57, V0 <t < oo for feasible initial conditions.
Therefore, we will design the surge force 7, and the yaw moment 7, for (11.7) to
yield the control objective. A procedure to design a stabilizer for the path-following
error system (11.7) will be presented in detail. The triangular structure of (11.7)
suggests that we design the actual controls 7, and 7, in two stages. First, we design
the virtual velocity controls for u, r and choose s to ultimately stabilize z, and v,
at the origin. Based on the backstepping technique, controls 7,, and t, will then be
designed to make the errors between the virtual velocity controls, and their actual
values exponentially tend to a small ball centered at the origin. Since the ship param-
eters are unknown, an adaptation scheme is also introduced in this step to estimate
their values used in the control laws. The nonzero lower bound of z, to guarantee
the existence of {; and the boundedness of the sway velocity, v, are analyzed.

11.2 Control Design

11.2.1 Step 1

The z, and ¥, dynamics have three inputs that can be chosen to stabilize z, and .,
namely §, u, and r. The input r should be designed to stabilize the 1.-dynamics at
the origin. Therefore, two inputs, §, u, can be used to ultimately stabilize z, at the
origin. We can either choose the input # ors and then design the remaining input.
If we fix §, then the virtual ship is allowed to move at a desired speed. The real
ship will follow the virtual one on the path by the controller, and vice versa. In this
chapter we choose to fix §. This allows us to adjust the initial conditions in most
cases without moving the ships, see Section 11.3. Since the transformed system
(11.7) is not defined at z, = 0 and Y, = 0.5, we first assume in the following
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that z,(¢) >z} > 0 and Y. (¢)| <0.57, VY 0 <t < oc. In Section 11.3, we will then
show that there exist initial conditions such that this hypothesis holds. Define

=U—Uq,

s (11.8)

N

where uyz and ry are the virtual controls of u and r, respectively. As discussed
above, we choose the virtual controls u,; and r;, and s as follows:

Ud :kl(ze_(ge)‘l‘(x—eaxd &ay_d uo(t.ze)

zeg Ze 8s)\/(ag_;1)2+<ag_sd)

= + tan (V) v,

(11.9)
where
(3xd (sin(tﬂ) Xe sin(we)) dyd (COS(W) Ye Sin(We)))
rq = —\ = - T s + )
as Ze Ze2 ds Ze Zg
uo(t’ze) _ Sin(w‘e)ud +COS(¢‘2)U _kZI//ev (1110)
ax_d 2 (ay_d 2 Ze
( as ) * ds )
and

o voltze)cos(Ye) ’ (11.11)

JC) e ()

where kq,k, and §, are positive constants to be selected later, ug(¢,z.) 7# 0, Vi >
to >0, and z, € R, is the speed of the virtual ship on the path. Indeed, one can choose
this speed to be a constant. However, the time-varying speed and position path-
following dependence of the virtual ship on the path is more desirable, especially
when the ship starts to follow the path. For example, one might choose

o (t,2e) = uf(1— yye 2207100y e~ x3%¢ (11.12)

where ug # 0, x; > 0,i =1,2,3, x1 < 1. The choice of ug(t,z.) in (11.12) has
the following desired feature: When the path-following error, z,, is large, the virtual
ship will wait for the real one; when z, is small, the virtual ship will move along
the path at the speed closed to ug and the real one follows it within the specified
look-ahead distance. This feature is suitable in practice because it avoids using a
high gain control for large signal z,.

Remark 11.2. If the sway velocity is assumed to be bounded by the surge velocity
as in [129], the term sin(y,)v is not required to be canceled. This controller can be
designed similarly to the one in this chapter. Lemma 10.1 can be directly applied to
the stability analysis. It is noted that the sway velocity is not needed to be bounded
by the surge velocity with a relatively small constant.
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Substituting (11.8)—(11.11) into the first two equations of (11.7) results in

Ze = —kycos(Ye)(ze —8e) —cos(We )i,
1/‘16 = _k21/fe + Sm(we)ﬁ +7.

e

(11.13)

11.2.2 Step 2

By noting that with z,(¢) >z > 0 and |, (¢)] < 0.57, V 0 <t < oo, the virtual
controls ug4 and rgz are smooth functions of x., ye,s, ug, ¥ and v, differentiating
both sides of (11.8) with (11.9) and (11.10) yields

d dyi 1 1
@vr—iu—z “ |u|l_lu+—fu+_fwu(t)_

e
I

mi mi —, M1 mii mi
8ud),c ouy . 8ud Budv/ oug . ouy y
dx, ¢ e Ye as ay dug Ho v
d > dyi | Cdug 1
ma My g ma v m
3
_ d do:
o ltummn), s ey 1y (11.14)
m33 ms33 —, M1
. ([) 8rd % Brd 8rd 5 8rd ard
mssz dxe ¢ Byeye as oy dug ©
9 d > d arg 1
E _@ur_ﬁv_z vt | |l_1 _E_va([)7
av Moo myo i— nmop v

where for convenience of choosing ug, the terms %"T", %’;Z , g% and 3rd do not

include 3"0 and 3;‘) which are lumped into 1¢. From (11.14), we choose the actual
controls 7, and 7, without canceling useful nonlinear damping terms as

. in(v.) 10
t= —ksi— 07 fi()— Yy —esltanh(“ 31) -
Ze &1
~ 0 dug b
Oy 24 tapp [ L4 M32 ) (11.15)
ov v &
70 ~ 0 ary 7O
Ty = —k47‘—9 fz() we—933tanh 4 3B —934Etanh ﬁrj s
&3 v 0V &4

and the update laws as
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1 ) 01/

) 1=j=0
2/() 92/) 1<j <09,
2)

911 = y1,proj
92/ = Y2 Proj
é

934)

where k3, ka, €, Y1, V2, ¥3i,» 1 <i <4, and 1 < j <9 are positive constants
to be selected later, and f1;(:) and f>;(-) are the jth elements of fi(-) and f>(),
respectively, with

. (11.16)
932 = Y3,PI0j

3

(71
) &
9‘31 = Y31Proj (
(|
(1710

933 = Y33pI0j

934 = Y34PIoj ( a—d

a d a
fik) = vr —ug —|u|ug _u2ud _(%xe aud Yo+ Ug i+
L Xe Ve d
fmw Dug ) g, Bug, ), Do, '
oy v v dv v ’
d ad ad
L20)= | v —rq —|rlrg —r?rq — ﬁ)’ce +ﬁ)’?e+ ESH-
L 0x, 3ye ds

8rd¢ arg . aryg drg 0rg
°) v Jv  dv ov

v 24 2 }T (11.17)
_— ur —v — |V|v — (V| VU . .
oy

é,- 7, 1 <i <3is the jth element of él-, which is an estimate of 0; with

— T
2
01 = | man dyy dun dys myy 11 d22m11 dvaman dyzmi :| ,
L may  Map naa maa
T
_ myims3 dappmszz dyoymss dyzmss
02 (m11—m23) daz dry drz m33 ’
L ma2 ma2 ma2 ma2
- T
— mii ms3 11.18
03 Twumax — Twvmax Twrmax — fwvmax ’ (11.18)
L Maa maa

The operator, proj, is the Lipschitz continuous projection algorithm (repeated here
for the reader’s convenience) as follows:

proj(w,®) = w if &(®) =<0,
proj(w,®) = w if E(w)>0and Z4(0)w <0, (11.19)

6§

proj(w,w) =(1—E (®))w if &(®)>0and &4 (®)w >0,
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@2_‘012\4 — A
o Bo (@) =
stant, @ is an estimate of @ and |w| < a)M. )
The projection algorithm is such that if @ = proj(w, @) and ®(t9) < wps then

3..; (a))

where & (@) = , 1 is an arbitrarily small positive con-

. o(t) <oy +&, VO<ty <t <00,
2. proj(w, @) is Lipschitz continuous,
3. |proj(w, ®)| < |w|,

4. dproj(w, @) > dw with & = w — ®.

Substituting (11.15) into (11.14) yields

. ks d > di 1 si
U= _(_3+J+Zi|u|’_l)ﬁ__sm(w6)we_
myp  miu mi m Ze

i=2 1

1 A 1 1 - iif
_91Tf1(')+—91Tf1(')——931tanh< 31) +
mi mii mi

€1
1 ~ duy duy 116 Qg 1
iy (t) — O3y S tann | 242 ) T2 oy,
nip v v & 8v my>
. ks d > dyi e
F= —(—4+ﬁ— —|r| l)r——lﬂe——Gsz()—i-
m33 M3z oM

7633 1
—9Tf2()——033tanh< )+—twr(t)—
ms &3 ms3

- ; 1
—934aﬁtnh<aﬁrei) Ira o Tun(0). (11.20)

mss av v &4 v m

We now present the following result, the proof of which is given in the next section.

Theorem 11.1. Assume that (a) the ship inertia, added mass and damping matri-
ces are diagonal and (b) Assumption 11.1 is satisfied. If the adaptive state feed-
back control law (11.15) and adaptation law (11.16) are applied to the ship system
(11.1) then there exist feasible initial conditions such that the path-following errors
(ze(t),We(t)) converge to a small ball centered at the origin with an appropriate
choice of the design constants k;, €;, y1j, y2j, and y3; forall 1 <i <4, 1 <j <0.

11.3 Stability Analysis

To prove Theorem 11.1, we first consider the (., i, 7)-dynamics, then move to the
Z- and v-dynamics.
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(Y, 1, 7)-dynamics

Consider the following Lyapunov function

3
1 M1 ., M33 ., 1 ST -1
Vi =§w3+7u2+7r2+5i§=19i ;716 (11.21)

where é,- =0; — éi and I; = diag (yi j). Differentiating both sides of (11.21) along
(11.14), (11.15), and (11.16) yields

4
Vi < —koy? — (ks + d11)it> — (kg + d33) 7> +0.2785 ) &;. (11.22)

i=1

3. ~
By subtracting and adding % > OiT 1"1._19,- to the right-hand side of (11.22), we ar-

i=1
rive at .
Vi <=8V +p, (11.23)
where
2(ks+d 2ks+d
8=min(1,2k2, (k3 + 11), (ks + 33))’
mii ms3
13 4
.
p:zl;ei Iy 19i+0.2785§s,-. (11.24)

From (11.23), it is direct to show that

Vi) = Vil)e 0 + B vi =102 0, (1125)
which further yields
. (1 mi ms3 2
AN A T A X t S
min (5,728,722 ) 6,0

1 11 1
||X;‘(zo>||2max(—,—’”“,—”””,—,—,—)e““’0>+3,
2 2 2 2)/1j 2)/2j 2)/3j )
(11.26)

where .
X1(t) = [ve@) ui(r) 7F (1) ], i i i
X{(t0) = [ We(to) ii(to) F(to) OF (to) 67 (t0) 67 (t0) ]

Therefore we have

T

[X1(0)|| < e =10 4oy Vi > 19 >0, (11.27)
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where

(1 miy mass 1 1 1 )

max{ -, ——, (.7

2027 2 "2y 2y 2y
0.5min (1,m1,m33)

o = p1 | X7 ().

)

)
o —
1 27
Y
_ . 11.28
p1 \/O.SSmin(l,m“,m33) ( )

Remark 11.3. Tt is important to note that, due to the use of the projection algorithm,
by adjusting k3, k4, &;, y1j. v2j. ¥3i, 1 <i <4,1 < j <9, we can make p; arbi-
trarily small. This observation plays a crucial role in the stability analysis of the
Ze-dynamics.

Ze-dynamics
Lower-bound of z,. It can be seen from (11.13) and (11.27) that

Eoz —kiZe— (e 4 py), (1129)
where Z, = z, — 8., which , with 1 # k, further yields

*
Zo(1) = Zo(tg)e 10— 4 PLIZ1L IO | ZO) H (e“’l("’o) —e‘kl(t"o)) -
01—K1

PL (1 —ki(t—10)
r (1 e ) (11.30)

Hence

E3
Ze (Z) = (Ze (10) + Se)e_kl(t_t()) + —pl ||X1 ](;0) ” (e_al(t_tO) —e_kl(t_t0)> —
01 —K1

Z—‘ (1 —e—’ﬂ(f—’o)) 46, (11.31)
1

Therefore, the condition z.(¢) > z; > 0 holds when

01 >k175622:+&’
k1

p1| X5 (00)] 3

Se- 11.32
AR (11.32)

Ze(to) =
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Upper Bound of z.. We rewrite the first equation of (11.13) as
Zo = —k1Ze — (coS(Ve) — 1)k1Ze — cos(, )il (11.33)

It can be seen that (11.33) is of the form of the system studied in Lemma 10.1.
Therefore, we will apply Lemma 10.1 to investigate stability of (11.33). We need to
verify all conditions C1-C4 of Lemma 10.1 to (11.33).

Verifying Condition C1. Take the following Lyapunov function:

1,
V, = 526' (11.34)
It is direct to show that C1 holds with
C()ZO,Cl=C2=0.5,C3=1,C4=k1. (1135)

Verifying Condition C2. By noting that

(cos(e) — Dk1Ze —cos(Ye )| < (k1 |Ze| +1) [ X1 (1)1

we have
A =1, Ay =k;. (11.36)

Verifying Condition C3. This condition directly holds from (11.27).
Verifying Condition C4. From (11.35), (11.36), and (11.27), condition C4 becomes
kl—k1p1—0.25p1/,u0>0. (1137)

From Remark 11.3 and noting that p¢ is an arbitrarily positive constant, we can see
that there always exists k; such that (11.37) holds. All the conditions of Lemma
10.1 have been verified, and we therefore have

|z ()] < oz (| (X (t0). 2e(t0)) | ) €727 + . (11.38)

where o, 03, and p, are calculated as in Lemma 10.1.

v-dynamics
From (11.9) and (11.10) the sway velocity dynamics can be rewritten as

dv3
maa

dy
0= P10+ d2 (W02 = =2 v — =203 4 3, (11.39)
maa

where
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_ d22 mq 1
$1() = T (tan(we)r = Cos(we) i+
sm(we)
(az - ) ) tan(y,) — = cos(l/fe )
_ _mu_tane)
P00 = _mzz zecos(Ve)’
$3()= ——— (ur +ai7+ (a2 4 SnlWe) sin(Ve) )ﬁ+
ma2 Ze
(a2 " sin(we)al)al) + wa,,(;), (11.40)
Ze my2

with
Xe Bxd Ye Byd) ug(t,ze)
Ze 05 |z, Os 2 2’
€ € dxq dya
) ()
(8xa’ (Sin(w) Xe Sin(l/fe)) 0ya (Cos(l/f) Ye Sinﬁ/’e)))
a = —\ —— - - + X

ds Ze 72 ds Ze z2

ay = ki(ze— 8)+(

uO(LZe)

JO) (e

To show that v is bounded, we take the following Lyapunov function:

—kae.

1
V3 = Evz, (11.41)

whose derivative along the solutions of (11.39), for any 1 > 0, satisfies

V3§—( ) ( My m)v2+¢§”n, (11.42)

4n
where qbiM , 1 <i <3, are the upper bounds of ¢; (-). It can be seen from (11.40)
that ¢Z-M exist and are finite since their arguments are bounded as shown above.
Therefore, we can pick n > 0 such that dy3/m2» —¢£” n > n* > 0; then, see [6], the
inequality (11.42) guarantees a finite upper-bound of the sway velocity v.

11.4 Discussion of the Initial Condition

We now discuss how to obtain the initial conditions such that | (¢)| < 0.5z and the
last inequality of (11.32) holds. Since 0.5v2(¢) < V;(t), from (11.25), the condition
| (t)| < 0.57 can be rewritten as
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3
- ~ 1
V2 (to) +m111%(to) + m33i2(to) + Z@T(lo)ﬂ_lei (to) +p/8 < > (11.43)

i=1

3 . ~
On the other hand, the term ) GiT (to)I"l._1 0; (tp) + g can be made arbitrarily small.

i=1
Noticing that x.(f9) = x(to) — x4 (s(?9)) and y.(to) = y(to) — ya(s(to)), it can be
seen that the initial value, s(#y), can be adjusted such that (11.43) holds if:

1. the ship heads toward “almost” of the half-plane containing the initial part of the
path to be followed,

2. the path satisfies Assumption 11.1, see Figure 11.2,

3. the initial velocities u(tp), v(tp) and r(#) are not too large, and

4. the design constants are chosen such that k; is small and k5 is large.

The angle 8§y (see Figure 11.2) should be increased if the initial velocities
u(to), v(tg), and r(t9) are large. Otherwise the ship might cross the edge line of the
plane in question, which might result in ¥, = £0.57. Similarly the last inequality
of (11.32) is rewritten as

plxXiw|

. 11.44
L e (144

V(€ (0) = Xa (st0)))? + (3 (10) — va (s(10)))? =
Again s(tp) can be adjusted such that (11.44) holds. It is noted that if the above-
mentioned conditions are not satisfied, one might generate an additional path seg-
ment such that it makes the above conditions hold and “smoothly” connects to the
path to be followed.

Forbidden y/ Q

Figure 11.2 Feasible initial conditions
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11.5 Parking and Point-to-point Navigation

11.5.1 Parking

Parking Objective. Design the surge force 7, and the yaw moment 7, to park the
underactuated ship (11.1) from the initial position and orientation, (x(fo), y(2o),
¥ (to)), to the desired parking position and orientation of (xp, Vp wp) under the
following conditions:

1. There exists a large enough positive constant @, such that

2 2
V(&) =xp)> + (v(10) = 1) = .
2. The ship heads toward “almost” of the half-plane of the desired parking orienta-
tion.
3. At the desired parking position and orientation, the environmental disturbances
are negligible.

The above conditions normally hold for parking practice. However, if the first two
conditions do not hold, one can apply the strategy in the preceding section to move
the ship until they hold. Having formulated the parking problem as above, one might
claim that the path-following controller proposed in Section 11.2 can be applied by
setting u¢ equal to zero. However, this will result in a yaw angle that may be very
different from the desired parking one, at the desired parking position, since our
proposed path-following controller is designed to drive z, to a small ball, not to zero
for reasons of robustness. To resolve this problem, we first generate a regular curve,
2, (x4, ya), which goes via the parking position and its tangent angle at the parking
position is equal to the desired parking yaw angle, see Figure 11.3. For simplicity
of calculation, the curve can be taken as a straight line in almost all cases of the
vessel’s initial conditions. Then the proposed path-following controller can be used
to make the vessel follow £, (x4, y4). In this case, the velocity u should be chosen
such that it is equal to zero or tends to zero when the virtual ship tends to the desired
parking position, i.e., lim;,, o uo = 0 with zep = v/(xg —Xp)% + (ya — yp)*.
A simple choice can be taken as

ug = ug(l —e X1%er)emX2%e, (11.45)

where y; > 0,1 = 1,2. Special care should be taken when choosing the initial values
of (x4(%9), y4(tp)) and the sign of u such that they result in a short parking time.

Remark 11.4. At the desired parking position and orientation, if there are large en-
vironmental disturbances, there will be an oscillatory behavior in the yaw dynam-
ics and the ship might diverge from its desired position. This phenomenon is well
known in dynamic positioning systems, [11]. However, for parking practice, we here
assume that the environmental disturbances are negligible since the parking place is
usually in a harbor.
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Figure 11.3 Ship parking problem

11.5.2 Point-to-point Navigation

As seen in Section 11.1, the requirement of the reference path to be a regular curve
might be too cumbersome in practice, since this curve has to go via desired points
generated by the helmsman, and its derivatives are needed in the path-following
controller. These restrictions motivate us to consider the point-to-point navigation
problem as follows:

Point-to-point Navigation Objective. Design the surge force 7, and the yaw mo-
ment 7, to make the underactuated ship (11.1) go from the initial position and ori-
entation, (x (%), y(t0), ¥ (¢9)), via desired points generated by a path planner.

To solve this control objective, we first assume that the path planner generates
desired points, which are feasible for the ship to be navigated through. We then apply
the proposed path-following controller in Section 11.2 to each regular curve segment
connecting desired points in sequence, see Figure 11.4. The regular curve segments
can be straight line, arc, or known regular curves. A fundamental difference between
point-to-point navigation and the proposed smooth path-following is that there are
a finite number of “spikes”, equal to the number of points, in the errors z, and .
This phenomenon is due to the path being nonsmooth in the orientation at the points.

11.6 Numerical Simulations

The same 32 m long monohull ship used in Section 5.4 is also used in this section.
The ship parameters are again listed below for the convenience of the reader:
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EA

7

Figure 11.4 Point-to-point navigation

@)

X y

E

myp = 120 x 103kg, may = 177.9 x 10°kg, m33 = 636 x 10° kgm?,

dy =215x10%kgs™, dy» = 43x102kgm ™!, dyy3 = 21.5x 10> kgsm ™2,

dy = 117x10%kgs™, dyr =23.4x103kgm™, dyz = 11.7 x 103 kgsm ™2,
d, =802 x 10*kgm®s™!, d,» = 160.4 x 10*kgm?, d,3 = 80.2 x 10*kgm®s,
du,' =0, dvi =0, d”' =0,Vi > 3.

This ship has a minimum turning circle with a radius of 150 m, a maximum surge
force of 5.2 x 10° N, and the maximum yaw moment of 8.5 x 108 Nm. The above
ship parameters are assumed to be those of real ships and are estimated on-line
by adaptation laws (11.16). We assume that these parameters fluctuate around
the above values £15% to calculate the maximum and minimum values used in
the choice of the design constants in (11.37). We assume that the environmental
disturbances are Ty, = 11 x 10*(1 4+ rand(")), Twy = 26 x 10*(1 4+ rand(-)) and
Twr = 950 x 10° (1 4+rand(-)), where rand(:) is random noise with the uniform distri-
bution on the interval [—0.5 0.5]. This choice results in nonzero-mean disturbances.
In practice, the environmental disturbances may be different. We take the above
disturbances for simplicity of generation. It should be noted that only the bound-
aries of the environmental disturbances are needed in our proposed controller. In
simulations, the control parameters are taken as k; = 1.5, k, = 7.5, k3 = 6 % 10,
ka =3x108, y1; =y2; = y3; =2x107,&; = 0.2 and §, = 0.95. The initial condi-
tions are [x(0), y(0), ¥ (0), u(0), v(0), r(0), s(0)] =[-200,-20, —0.4,0,0,0,0], and
all initial values of parameter estimates are taken to be 70% of their assumed true
ones.
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Figure 11.5 Path-following: a. Ship position and orientation in the (x, y)-plane; b. Ship position
error z,; ¢. Ship orientation error ¥,

11.6.1 Path-following Simulation Results

The reference is (xy = s, y4 = 200tanh(0.02s)) for the first 120 seconds, then fol-
lowed by a circle with a radius of 200 m. The virtual ship velocity on the path is
taken as ug(t,ze) = 5(1 —0.8e72")e%>%¢ The simulation results of the ship’s po-
sition and orientation, path-following error z., and path-following orientation error
Y. are plotted in Figure 11.5. The control inputs 7, and 7, are plotted in Figure 11.6.
For simplicity of presentation, we plot some samples of parameter estimates in Fig-
ure 11.7. It can be seen that the projection algorithm clearly prevents instability in
adaptation due to non-vanishing disturbances.

11.6.2 Point-to-point Simulation Results

For the case of point-to-point navigation, we want the ship to go via points:
((0m,0m), (400m,200m), (1000m,200m), (1400m,0m)), then follow a horizon-
tal straight line. For simplicity, we use straight-line segments to connect the above
desired points. The virtual ship velocity is taken to be the same as for the case of
path-following. The simulation results of the ship position and orientation, path-
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Figure 11.6 Path-following: a. Surge force 7,, [N]; b.Yaw moment 7, [Nm]

following error z., and path-following orientation error v, are plotted in Figures
11.8 and 11.9. The “spikes” in z,, ¥, T, and 7, are due to the nonsmooth reference
path. However, these spikes are moderate in magnitude.

11.6.3 Parking Simulation Results

We assume that the parking position is at the origin and the parking orientation
is ¥, = /4 without environmental disturbances at the desired parking place.
We choose ug = 5(1 — e 0-2%er)e=02%¢ and a straight-line segment starting at
(—20,—20) with a slope of 1. The simulation results are plotted in Figures 11.10
and 11.11.

In summary, it can be seen from Figures 11.5-11.11 that our proposed controller
is able to force the underactuated ship in question to follow the predefined paths.
The path-following position error z, converges to a small nonzero value specified
by 8. and does not cross zero as expected in the control design. It can be seen from
Figures 11.5 and 11.8 that, under the nonvanishing environmental disturbances, the
proposed controller forces the yaw angle to a small value. This value together with
the ship forward speed prevents the ship from drifting away from the path. The
high magnitude of controls results from the fact that we simulate the proposed con-
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Figure 11.7 Path-following: a. Estimate él 1; b. Estimate é21 ; ¢. Estimate é31

troller on a real ship and environmental disturbances with large magnitude. Indeed,
the magnitude of the control inputs, can be reduced by adjusting the control and
adaptation gains. However, this will result in a slow transient response. Finally, the
transient response of ¥, is much shorter than that of z, due to the control gains
chosen such that k, >> k; to guarantee a nonzero lower bound of z,.

11.7 Conclusions

The proposed results in this chapter can be readily combined with the observer de-
signs presented in Chapter 7 to design an output feedback path-following system for
an underactuated ship. It is seen from Section 11.2 that the ship should not be too
close to the desired path at the initial time. However, the strategy in Section 11.4 can
be used to overcome the mentioned limitation of the control system proposed in this
chapter. The work presented in this chapter is based on [137, 138]. The approach in
this chapter will be extended to the case of the underactuated underwater vehicle in
six degrees of freedom in Chapter 13.
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Figure 11.8 Point-to-point navigation: a. Ship position and orientation in the (x, y) plane; b. Ship
position error z.; ¢. Ship orientation error ¥,
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Figure 11.9 Point-to-point navigation: a. Surge force 7,, [N]; b.Yaw moment 7, [Nm]
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Figure 11.10 Parking: a. Ship position and orientation in the (x, y) plane; b. Ship position error;
c. Ship orientation error in the (x, y) plane
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Figure 11.11 Parking: a. Surge force 7,, [N]; b.Yaw moment 7, [Nm]



Part IV

Control of Underactuated Underwater
Vehicles



Chapter 12

Trajectory-tracking Control of Underactuated
Underwater Vehicles

This chapter addresses the problem of trajectory-tracking control of underactuated
underwater vehicles. These vehicles do not have independent actuators in the sway
and heave axes. Based on the techniques developed for underactuated surface ships
in Chapters 5, 6, and 7, we present a method to design a controller for an under-
actuated underwater vehicle to globally asymptotically track a reference trajectory
generated by a suitable virtual underwater vehicle. The yaw and pitch reference ve-
locities do not have to satisfy a persistently exciting condition as was often required
in previous literature. Due to the complex dynamics of the underwater vehicles in
comparison with that of the ships, the control design and stability analysis require
more complicated coordinate transformations and techniques than those developed
for underactuated ships in Chapters 5, 6, and 7.

12.1 Control Objective

In this chapter, we consider the following mathematical model of an underactuated
underwater vehicle when nonlinear hydrodynamic damping terms and roll motion
are ignored, see Section 3.4.2.2:

1. Kinematics

X = cos(y) cos(f)u —sin(y)v +sin(f) cos(y)w,

y = sin(y)cos(8)u + cos(y)v +sin(d) sin(y)w,

z = —sin(f)u + cos(f)w,

0=4q.

— 12.1)

4 cos(9)’ (12
2. Kinetics

295
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vy ms3 di 1
U= —Vr——wWg———U+ —Ty,
mii mii mii mii

mii d
V= ———Uur— ——u,
maa ma2
mi da3
w=—ugqg— ——w,

. m3z—my dss pgVGMp sin(9) 1
=—uw—-——¢g————— +

= —tq’
mss mss mss mss
. myp—mp dee 1
=1 2y 7. (12.2)
Mee6 Mee6 Mee

In (12.1) and (12.2) the symbols (see Figure 12.1) 8, ¥, ¢, and r denote the roll,
pitch, and yaw angles and velocities while x, y, z, u, v, and w are the surge, sway,
and heave displacements and velocities, respectively. The available control inputs
are 1, 74, and .. Since the sway and heave control forces are not available in the
sway and heave dynamics, the underwater vehicle in question is underactuated. No-
tice that (12.1) is not defined when the pitch angle is equal to +90°. However, dur-
ing practical operations with underwater vehicles, this problem is unlikely to happen
due to the metacentric restoring forces. One way to avoid the singularities is to use
a four-parameter description known as the quaternion. Here, we use the above Euler
parameters because of their physical representation and computational efficiency.
We first assume that |0(z)| < 0.5z. Then we find feasible initial conditions such

Body-fixed frame

Figure 12.1 Motion variables of an underwater vehicle

that our proposed controller guarantees |6(¢)| < 0.57, YVt >ty > 0.
We consider a control objective of designing the control inputs z,, 74, and 7, to
force the underactuated vehicle given in (12.1) and (12.2) to asymptotically track a



12.2 Coordinate Transformations 297

reference trajectory generated by the following virtual vehicle

Xg = €08(Yq)CoS(8g)ug —sin(Yrg)vg +sin(0y) cos(Vg)wy
Ya = Sin(Y7)cos(8z)ug +cos(¥z)vg +sin(0z) sin(Yg)wg,
zg = —Sin(07)ug + cos(fg)wy,

04 =qa,
. rq
Va4 = osn)
) Moy ms33 di 1
Ug = ——Vqrg ———W4qq ——Uq + —Tyq, (12.3)
miy miy miy miy
. mn
Vg = ————Uglqg — —Vq,
maa na2
mii
Wqg = —U4dqd — —Wq,
ms3
ms3—miq dss pgVGMysin(8y) 1
d=—————UqWqg — —{qq — +_qus
mss mss mss mss
mp —msao 66
d = Vg——Fq+—T4,
Mee6 66 Mee6

where all of the symbols in (12.3) have the same meaning as the real vehicle. In this
section, we impose the following assumption on the reference model (12.3):

Assumption 12.1.

1. The reference signals ug4, qq4, ¥4, g, ¥4, and g, are bounded. There exists a
strictly positive constant u ; min, such that |ug (¢)| > ugmin, ¥t > 0. The reference
sway and heave velocities satisfy: |vg (2)| < [ug (@)], lwaq ()] < |ug(?)], Yt = 0.

2. The reference pitch angle satisfies |64 (¢)| < %7{, vt >0.

Remark 12.1. The condition |ug(¢)| > ugmin, V¢ > 0, covers both forward and
backward tracking since the reference surge velocity is always nonzero but can be
either positive or negative. Indeed, the condition |ug (1)| > ugmin. Y > 0, is much
less restrictive than a persistently exciting condition on the yaw reference velocity.
The condition |vg (7)| < |ug ()] and |wg(¢)| < |ug(t)| implies that the underactu-
ated underwater vehicle cannot track a helix with an arbitrarily large curvature and
twist due to the vehicle’s high inertia and underactuation in the sway and heave
directions.

12.2 Coordinate Transformations

Since designing the control inputs z,, 7,, and z, to achieve the control directly from
(12.1) and (12.2) is difficult, we interpret the tracking errors in a frame attached to
the vehicle body as follows:
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Xe cos(y)cos(8) sin(y)cos(f) —sin(8) 00 X —Xg
Ve —sin(y) cos(y) 0 00| y—ya
Ze | = | sin(@)cos(y) sin(@)sin(y) cos(@) 00 z—zg |. (12.4)
0, 0 0 0 10 0—06,
Ve 0 0 0 01 || v—vy

Indeed, convergence of (x., ye, Ze, B, ¥e) to the origin implies that of (x — x4,y —
Yd.Z—2zq,0 —04,% —4) since the matrix

cos(y)cos(f) sin(y)cos(f) —sin(d) 00
—sin(y) cos(yr) 0 00
sin(@)cos(y) sin(@)sin(y) cos(d) 00
0 0 0 10

0 0 0 01

is nonsingular for all (v, 8) € R2. We also define the velocity tracking errors as

Ue =U—1Ug,

Ve =V =g,
We = W —Wgq, (12.5)
qe =4 —4ad,
Fe=r—rgq.

Differentiating (12.4) along the solutions of (12.1) and (12.3) yields:

Xe = Ue—(COS(6,) — 14 cos(8)cos(6;)(cos(Ye) —1))ug —
cos(0)sin(ye)vg + (sin(fe) —cos(8) sin(6y)(cos(Ve) — 1)) wg +
(ra +re)ye—(qa +4e)ze,

Ye = Ve +€08(6g) Sin(Ye)ug — (COS(Ye) — 1)vg —sin(0z) sin(ye)wa —
(xe +tan(0)ze) (ra +re),

Ze = We — (SIN(B,) +sin(0) cos(6,4)(cos(Ye) — 1)) ug —sin() sin(y)vg —
(cos(8,) — 1 +sin(@)sin(0;)(cos(Ye) — 1)) wy +tan(0)(rqg +re)ye +

' (9d +qe)xe.

e = 4e.

Te rq
cos(6) + cos(8) cos(8y)

(cos(84)(1 —cos(6.)) +sin(B)sin(b,)).
(12.6)

From (12.6), we can directly see that x., 6., and ¥, can be stabilized by wu,, ¢,
and r.. There are several options to stabilize y, and z.. We can either use g, re,
Ve, We, Xe, B¢, OF Ye. If g, and r, are used, the control design will be extremely
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complicated since ¢, and r, enter all of the first three equations of (12.6). On the
other hand, the use of v, and w, to stabilize y. and z, will result in an undesired
feature of marine vehicle control practice, namely the vessel will slide in the sway
and heave directions. If we use x. and z., the reference yaw and heave velocities
must then satisfy persistently exciting conditions. Hence we will choose 6, and v,
to stabilize the sway error y. and the heave error z,., respectively. This choice also
coincides with the ship control practice. Toward this end, we define the following

coordinates
. k
1 =1/fe+arcsm< 1)Ve ),

VI+x24+y2+22

. k
7, =, —arcsin ( 2% ) , (12.7)

V1I+xZ2+yZ2+2z2

where the constants k;, i = 1,2, are such that |k;| < 1. These constants will be
specified later. It can be seen that (12.7) is well defined and that convergence of
(z1,ye) and (z, z.) implies that of 6, and .

Remark 12.2. Using the nonlinear coordinate transformations (12.7) instead of z; =
Ve +ki1ye and zy = 6, —k,z., we avoid the vessel whirling around when y, and

z. are large. If one uses the transformations z; = v, + arcsin (klye/\/l +y3)

and z, = 6, —arcsin (kzze/‘/l + zg), the problem of the vessel whirling around is

avoided. Indeed using these coordinate transformations will result in a much simpler
tracking error system than using (12.7). However, these coordinate transformations
make the design of the control inputs t,, 7,, and 7, difficult because the terms
(xe +tan(0)z.)re and (tan(0)rey. + xeq.) appear in the y.- and z.-dynamics.

Using the coordinate changes (12.7), the tracking error system in the (x¢, ye, Ze,
Z1, Z2, Ue, Ve, We, ge, I'e) COOrdinates can be written as:

Xe = Ue—(wr—w +05(0) cos(0y ) (w1 — @) Lug +
cos(0)kivy w_lye + (kaze —c0s(8)sin(0y ) (w1 — @) twg +
(ra +7e)ye —(qa +9qe)ze + px,

Ye = Ve —C0S(0g)k1ugw 'y — (w1 —w)w vy +sin(0)kiwgm " ye —
(xe +tan(0)ze)(ra +re) + py,

Ze = We — (kaze +5iN(0) COS(0y ) (w1 — @)@ ug +sin(@)kjvgw "y —
(wy— @ +5sin0)sin(0y) (w1 — @) wg +tan(0)(rqg +re)ye +
(9a +9qe)xe + pz,

1= (1—kioy ' (cos(8)xe +5in(0)z.)) cos(0) ' re —k o ' 2 xe yeue +
Ja1+pa,

tr= (1—kaw; 'xe) ge —kotan(0)w; ' yere + kows '@ 2 Xezetle + fr2 + paa,
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) Moo ms3 diy 1 .
Ue = —VF ———WG———U+—Ty— Uy,
mii mii mii mii
. nmii dx
Ve = ———(UeTeFUelg +UgTe) — — Ve,
ma2 ma2

. miy ds3
We = ——(UeGe +Ueqq +UIGe) — —We,
ms3 ms3

M3z —miq dss pgVGMy sin(6) 1
= aw-—=g-=—""

de = —T1g —q4q,
mss mss mss mss
. mip—ma; dss 1 .
fe= —————UV——T+ —T, —1Iyq,
Me6 Mee6 Mee6
(12.8)
where, for simplicity, we have defined the following notations:
1. The terms @, w; and wy,:
w =1 4x2 02 +22.
@ = 1+ a2+ (kD)2 +22, (12.9)

@y = 142+ 52+ (1-kD)z2.

2. The terms exponentially tend to zero when z; and z, do:

Px =

Pz1 =

Pz2 =

—((cos(zp) — 1), —sin(z2)kyz, + c0s(6) cos(8,;)((cos(zy)—

Dy +sin(z1)k1ye)) @ tug + (sin(za) @, + (C0s(z2) — 1)x

koze — c0s(8)sin(64)((cos(zy) — 1wy +sin(z1)ky ye)) @t x
wq —c0s(6)(sin(z1) w1 — (cos(z1) — Dk1ye)w 'va,

= c0s(0,) (sin(z1) @1 — (€0s(z1) — 1)k1ye) @~ 'ug — ((cOS(z1)—

Dy + sin(zy)k1ye) @~ vg —sin(@)(sin(z;) @ — (cos(zy) —
l)kIYe)w_lwd’

= —(sin(zp)@y + (c0s(z2) — 1)kyz, +sin(0) cos(6,4)((cos(z1)—

Dy + sin(z1)k1ye)) @ ug — ((€08(z2) — 1) w2 —sin(z2) x

koze +sin(@)sin(8z) ((cos(zy) — Dy +sin(z))k1ye)) w1 x

wq —sin(B)(sin(z1) @1 — (cos(z1) — Dk1ye)w ' vg,

klwl_l (py —Yew (xepx + Ve Py +Zepz)) + COS(Q)_lw_l X

((1 —cos(z2)) s +sin(z2)kaz. +tan(6,)(sin(z2) +

(cos(z2) — Dkaze,

—kawy ! (pz — 2@ (Xe px + Yepy + Zep2)) - (12.10)

3. The terms f;1 and f,5:
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fo1 = (w — s +tan(8y)kzz.)cos(0) ' w ! + k! (ve —c0s(0,) %
kiugw Yy, —w —w)w g +sin(@)kiwgw ye — (xo +
tan(0)ze)rqg — yew 2 (xe (— (w2 — @ + c0s(0) cos(0y) () — w)) X
@ tug +cos(0)kvgw ! ye + (kaze —c0s(0)Sin(6y ) () — @)) x
w_lwd) + Ve (ve— €0S(Bg e ugw 1y — (@) — ) tvg +
sin(0,)k wy w_lye) + ze (we — (k2o + 5iN(B) COS(04) (w1 — w)) X
@ Yug +sin(@)kvgw ™y, — (wy — w +sin(0) sin(6y) (w) — @)) x
@~ wg)))).

fer = —kow) " (we — (kaze +5in(0) cOS(0 ) (w1 — @)~ 'ug +5in(0) x
k1vaw ' ye — (w2 —w +5in(0) sin(04) (w1 — @) @ 'wy + Xeqa +
tan(0) yerg — zew 2 (xe (— (wa — w + c0s(0) cos(0; ) (w1 — w)) X
@ tug +cos(@)kvgw " ye + (kaze —c0s(8)Sin(6y ) (w) — @)) X
@ wg) + ye (Ve —COS(67) kg ' ye — (w1 —w)w  vg +
sin(0a)kiwa @ ' ye) + ze (we — (kaze +5iN(H) COS(04) %
(w1 —@)w ug +sin(@kvgoy, — (wr —@ +
sin(8) sin(6y) (w1 — @) 'wy)))). (12.11)

It is now clear that the problem of forcing the underactuated underwater vehicle
given in (12.1) and (12.2) to track the virtual ship (12.3) becomes one of stabilizing
the system (12.8). The efforts we have made so far are to put the tracking error dy-
namics in the triangular form of (12.8), and to have the terms —cos(8, )k ug@ 'y,
and —k,ug @'z, inthe y. and z.-dynamics, respectively. These terms play an im-
portant role in stabilizing the y.- and z.-dynamics. In the next section we will design
the control inputs 7, 7,, and z, to asymptotically stabilize (12.8) at the origin.

12.3 Control Design

The triangular structure of (12.8) suggests that we design the actual controls z,, 74,
and z, in two stages. First, we design the virtual velocity controls of u,, ¢., and r,
to asymptotically stabilize x., ye, ze, z1, z2, we, and v, at the origin. Based on the
backstepping technique, the controls t,, t,, and 7, will then be designed to force
the errors between the virtual velocity controls and their actual values exponentially
to zero. Since u, enters the v, - and w,.-dynamics, we will design a bounded virtual
control of u, to simplify the stability analysis. The virtual controls of ¢, and r, are
chosen to stabilize the z;- and z,-dynamics.
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12.3.1 Step 1

Define the virtual control errors as

e =te—ul, Go=qe—q?, Fo=re—12, (12.12)

where u¢, ¢4, and r¢ are the virtual velocity controls of u,, g, and ., respectively.
The virtual controls u¢, ¢¢, and r¢ are chosen as follows:

ud = —kow ™" xe + (w2 — @ + c08(8) CO8(64) (w1 — ) M ug —
cos(0)k vy ye — (kaze —c0s(8)SiN(By) (w1 — @) twy,

d_.d | .d
e =T1e =+ T2es
4 = qfe + 45 (12.13)
where
d cos(0) ( L, .,
e = kiw] @ “Xeyeus — i
e Tk (cos(0)x, +5in(0)ze) \ eVele le)
rd — cos(0) ez )
267 1 — ki L (cos(f)xe +sin(0)ze) pz1),
d o o .
91e = m <k2 tan(@)wz lyerle _klwz lw erzeue —fzz) ’
1 —
qge S — (—szz + kytan(0)w, lyer{ie —pzz) , (12.14)
l—kywy ' x,

with k¢ being a positive design constant to be specified later, and ¢; and ¢, being
positive constants. It is not hard to show that the virtual control u¢ is bounded as

‘uf‘ <ko+ (142 +k2) [ug| + |krva| + (Jka| +k2) [wa| :=tem.  (12.15)

Remark 12.3. Unlike the standard application of backstepping, in order to reduce
complexity of the controller expressions, we have chosen a simple virtual control
law u¢ without canceling some known terms. We have written ¢ = r& 4 r¢, and
q¢ = g, + ¢4, to simplify stability analysis, because ¢4, and r$, exponentially
vanish when z; and z, do. From (12.14), we observe that red and qf are Lipschitz
in (Xe, Ve, Ze»21,22, Ve, We). This observation plays a crucial role in the stability
analysis of the closed loop system.

12.3.2 Step 2

By differentiating (12.12) along the solutions of (12.14) and (12.6), the actual con-
trols 7, 7,, and 7, without canceling the useful damping terms are chosen as
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Tu

Tr

. om m d .
= myy (_,Olue_ﬁvr +—2wg + mi(uf +ug) +ug+
11

mii mi

-d —1,_—2 -1,__-2
Uy, +k1w] @ “Xeyez1 —kow, @ xezezz),

. mp—m d ..
= mes (—pzre S T2+ ﬂ(rf +rqg)+iq+ rf—
Me6 Me6
— . Z1 _
(1—kymy ' (cos(B)x, +sin(6)z.)) 050 + katan(9) @, lyezz) ,
. m3z—m d
= Mss (—,03% -2 + i(qf +q4)+
Mmss Mmss

pgVGMp sin(9) n

4d +q;’—(1—kzw2_1xe)22), (12.16)
mss

where p;,i = 1,2,3, are positive constants. Substituting (12.16), (12.13), and
(12.14) into (12.8) yields the closed loop system

Xe =

Ve =

Ze =

Ve =

We =

1=

_kow_lxe —(qd +qe)ze + (rg +re)ye + px + e,
Ve —C0s(Bg )k ugw 1y — (w1 —w)w ug +
SiN(B)k wa@ L ye — (xe +tan(0)ze) (rg + re) + Dy,
we — (kaze +5iN(0) c0s(0y) (w1 — @)@ ug +
sin(@kvgw 'y, — (wy — @ +sin(6) sin(6y) x

(w1 — o)) wg +1tan(0)(rg +re)ye +

(9d +ge)xe + pz,

_ dx _
_mllmzzl(“grfle ‘H‘grd +”d’1de)—m—ve _mllmzzl X
22
d d ~ ~ d ~
((ue +ud)(r2e+r€)+ue(re +rd~|—re)),

_ d _
m11m331(uque + Mffrd +Md61iig) - miwe -I-ﬂ111m331 X
33
(@ +ua) (@S, +3e) +1ie(qd +qa +3e)).
—c1z1+ (1 — k1 (cos(0)x, + Sin(@)ze)) X

Cos(9)_l Fe —k1 wl_l w_eryeﬁe,

= —CpZp+ (1 —kng_lxe) Ge — ko tan(G)wz_lyeFe —i—kzwz_lw_zxezeﬁe,
= — (o1 +dumi})ile tkiw] ' w2 Xeyez1 —kowy ' T Xeze 20,

= —(p2+ dssmgsl)Qe - (1 —kzwz_lxe) Z3

= —(p3+desmygg ) Fe + katan(0)w; ' yezs —

(1—kiy ' (cos(B)x, +sin(0)z,)) cos() ™" zy. (12.17)

We now state the main result of this section, the proof of which is given in the
next section.
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Theorem 12.1. Assume that the reference signals (x4, y4,24,04,Va,va,wg) gen-
erated by the virtual vessel model (12.3), and Assumption 12.1 holds. If the state
feedback control law (12.16) is applied to the vessel system (12.1) and (12.2),
then the tracking errors (x(t) —xz(t), y(t) — ya(t), z(t) —za(t), 0(t) — 0,4 (¢),
Y(t)—va(t),v(t)—vg(t), and w(t) —wy (¢)) asymptotically converge to zero with
an appropriate choice of the design constants kg, k1, and k», i.e., the closed loop
system (12.17) is locally asymptotically stable at the origin.

12.4 Stability Analysis

To prove Theorem 12.1, we just need to show that the closed loop system (12.17)
is asymptotically stable at the origin. To simplify stability analysis of this closed
loop system, we observe that (12.17) consists of two subsystems (x, ye, Ze, Ve, We)
and (z1, 22, e, ge, Te) iNan interconnected structure. Therefore we first consider the
(z1,22,Ue, e, Fe)-SUbsystem then move to (xe, Ve, Ze, Ve, We )-SUDSYStEM.

(z1,22,Ue,Ge, Fe)-subsystem

From the last five equations of (12.17), it is direct to show that this subsystem is
exponentially stable at the origin by taking the following Lyapunov function

1 0 a2 -

whose time derivative along the solutions of (12.17) satisfies

Vi = —c1z; —c2z3 — (p1 + duumi)) i} — (p2 + dssmss ) Gz — (p3 + desmig ) e -
(12.19)

which in turn implies that

1(z1(0),22(2), e (t), Ge (1), Fe (1))]| <
1(z1(t0), 22(t0). e (1), Ge (t0) Fe (0)) | e O1 7100 (12.20)

where

o1 = min(cl,cz, (pl +d11m1_11) s (pz +d55m5_51) s (p3 +d66m6_61)) .

(Xe» Ve Ze, Ve, We)-subsystem

To analyze stability of this subsystem, we consider the following Lyapunov func-
tion:
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1
V2=,/1+x3+ye2+ye2—1+§k3(v§+w§), (12.21)

where k3 is a positive constant to be specified later. The time derivative of (12.21)
along the solutions of the first five equations of (12.17), after a lengthy but simple
calculation using completed squares, satisfies

Va s —px(@ 2xE = py (V0298 =z (@ 222 — o (007 — o (W +
(X1()Va + x2(:)) e 71710, (12.22)

where x;(-), i = 1,2 are some nondecreasing functions of ||(z1(¢),z2(t0), tie (o),
Ge(to).7e(t0)) |,

kamii|rgler  ksmituemer (|k1rd| 3
= ko— - +|k3ug |+ k2 jvg| +
) = o =2l 1=k el
kamii|qaler  kamituem |k2tan(0)| e
(k2+k2)|k1wd| — —
v ) mss3 m33(1 —|k2|)

(Ikiral+ |kua| + &3 [val + (kT +k3) [kywa | + vem) —
kamiiuemer (|k2Qd|
ms3(1—|ka|) \ 1 —k?

+ [kjua| + k7 Ikzudl), (12.23)

py(t) = kiugcos(bq) — [kiwa| —e3— k7 (lva| + lual + lwal) —
k3miiuemer k3miiuemer »
maz(1—lk2l) maz(1—=2ky|)
(ttem k1| + k5 (Jval +2[ual + 2 wal) + [kfwa| +2[k7va| +

(k2 (jug| + |wal) + [k1val) —

ksm dle
0+ ) = 2L 2 g+ g+ o) -

k3myiuem |k2tan(0)| ey
m33(1—|kzl)

(vem k| + &5 (Jval +2ug| +2|wa]) +

kamiiuemei

K3l K2+ k2) 1k _ T TemT (k2 k

| 1|( [va|+|wal) + (k1 +k3)| lud|) m33(1—|k2|)( 1 k2| x
kor kiv

(gl + Iwal) + ks (va] + gl + 22 “2')—' wdl 1900
1—k2 482

ksmyy |rqler
pz(t) = koug —e3—lkiva| —k3 |wa| — ——=—(
22

(k3m11uem |k2tan(9)|81 kamiiUemel ) ( 2 |k1rd|
m33(1 —|k2|) mayu(1-2lki))) V% 1-k?
ksmii|qaler (

k3 ug |+ lkawg|) —

k2| + |kika| (Jua |+ wal)) — kawa + k3 ual)
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k3m11uem81
m33(1—1k2|)
lkika| (Jua |+ va| +2|wal).), (12.25)

2 |k3wa| + (k3 + k3 |k2l) ([ual + lval + |wa]) +

%—%&—%(k§+<k%+k§>|ud|+|k1vd|+
kamiiuem
I’lez(l -2 |k1 |)4[:‘1

Iral (1+1tan*(0))) +k3 + ki (ual +3 |val + 2 wal) + (k§ +
k) k| (ual + [wal) + kika| ([ual + [wa ) + k3] x (Jug| +2x
ksk2miiuem |tan(0)| B ksk2miiuem
m33(1 — |k2[)8e1 m33(1—|ka|)8e;’
(12.26)

Mo () =

lk2wa | + k7 [wal) - (k1] (uem +2.5+

lval+ wal) +[k2]) -

ot _ L DI (3 (3 3) e+ v +
kamyjuem [katan(0)|
I’}’l33(1 — |k2|)881
ra (1 +1an*(8))) + k3 + k7 (lua|+31val +2|wal) + (k7 +

k3) [kl (Jual +lwal) + lkika| (ual + lwa|) + |63 | (ua | + [va |+

I’Lw([) =

k2w | +k7F [wal) — (k1| (uem +2.561+

k3 |k2|mlluem

msa(— kaer (K0 0T+ KD Iual + aval

lwa )+ lk2]) —

kamiiuem
k| +k2) |lwyl|) - —=———¢"
(| 2| 2)| d|) m33(1—|k2|)481

|ga]) + k3 k2| B lual +2[val +2|wal) + k3 (ua| +2|wal) +
k3| (ual + 2 wal) + 2 kika| (lual + va| +wal)). (12.27)

(|k2| (2.5e1 +tan*(6)+

with ¢;,i = 1,2, 3 being some positive constants, and

kzze(t)
VI+x2() + y2(0) +22(1)

0(t) =064(t)+z2(2) ~|—arcsin( ) (12.28)

We now choose the design constants k;, 0 <i < 3 such that

Px = [y,

1y (1) = 13,

pz(t) = 3,

TGO ET (12.29)
P () = oy



12.4 Stability Analysis 307

for all # > 7o > 0 for some positive constants uy, 1y, w;. iy, iy, and 6 being
replaced by

kaze(to)
V1+x2(t0) + 22(to) + 22(10)

0(to) = 04 (to) + z2(to) + arcsin ( ) . (12.30)

Substituting (12.29) into (12.26) yields

V2< —[,wa' X /'Lyw ye l’LZ Z _/'Lv e_lu“ww +
(X1 (V2 + x2 () e 10, (12.31)

From (12.31) we have V3 < (y1(-)Va + x2(-)) e~ ¢ =) 'which implies that V,(r) <
x3(-) with y3(-) being a class-K function of || (x.(t0), ye(t0), Ze(t0), Ve (o), we(20),
z1(to), 22(10), tie (to), Ge (10), e (1)) || Substituting V2(7) < x3() into (12.31) results
in

Vas —pio il —pyw Ryl - i el — gvg — i+
(X1 x30() + x2()) e o110, (12.32)

From (12.21) and (12.32) it is not hard to show that there exists a nonnegative con-
stant o, and a class-K function y,(-) depending on the initial conditions such that

[Gre(t), ye(t), ze (), ve (1), we (1)) < y2(-)e™ 2710, (12.33)

The dependence of o, > 0 on the initial conditions implies that the closed loop
system (12.17) is asymptotically stable at the origin. However one can straight-
forwardly show that (12.17) is also locally exponentially stable at the origin. To
complete the proof of Theorem 12.1, we need to show that there exist the design
constants k;, 0 <i < 3 such that |k{| < 1, | k2| < 1, condition (12.29) holds, and
that |0(¢)| < 0.5. Before discussing these conditions, we note the following obser-
vations.

1. Under Assumption 12.1, the reference surge velocity u, is always nonzero, and
the magnitudes of the reference sway and heave velocities are always less than
that of the reference surge velocity.

2. The mass, including added masses in the sway and heave dynamics, m,, and
m33, is often larger than that in the surge dynamics, m 1, for underwater vehicles,
ie., mllmgzl <land m11m§31 < 1.

The condition of |k1] < 1 and | k3| < 1 can be satisfied easily by picking small
enough k; and k,. A close look at (12.29) shows that it always holds if we pick
ki and k, such that they are small and have the same sign with the surge reference
velocity ug4, and pick large enough k5 for some small positive constants ¢;,i =
1,2,3. For example, one can choose ¢; = |k1| = |k»|. We can see from the above
choice that the value of |k | and |k, | should be decreased if |ug4]| is large. This
physically means that the distance from the vessel to the point it aims to track should
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be increased if the surge velocity is large, otherwise the vessel will miss that point.
Furthermore when d»,m5, and dizm3; are small, |k | and |k,| should also be
decreased. Small |k, | and | k> | also imply a small value of kq. This can be physically
interpreted as follows: If the damping in the sway and heave dynamics is small, the
control gain in the surge dynamics should also be small otherwise the vessel will
slide in the sway and heave directions.

The condition |6(¢)| < 0.5z can be written as

10()] < 16a ()] + y2(-) +[arcsin (k2y2(-)| < 0.57.

Hence there always exist initial conditions such that this condition holds under As-
sumption 12.1. Due to complicated expressions of p. (1), py(¢), puz(t), py(t) and
(), we provide some general guidelines to choose the design constants rather
than present their extremely complex explicit expressions.

Select small values for |k | and | k3|, sete; = |k1|, i = 1,2, 3, large enough value
for k5. Then increase k3 and/or decrease |k; | and |k, | until (12.29) holds.

Finally, we note that for the ease of choosing the design constants, one can
replace the absolute values of u;, vz, wy and rgz in all of the negative terms in
Wx(t), y(t), mz(t), py(t) and py, (¢) by their maximum values. The trade-off is
that the control gains k;, 0 <i <2 may be very small, which results in slow conver-
gence of the tracking errors, if the surge reference velocity u (¢) varies largely, i.e.
Ugmax >> Ugmin With © gmax and u gmin being the maximum and minimum values of
uq (1), respectively.

12.5 Simulations

This section illustrates the effectiveness of the control law (12.16) by simulating it
on an underwater vehicle with a length of 5.56 m, a mass of 1089.8 kg, and other
parameters taken from [139] as follows:

mi1 = 1116 kg, myy = 2133 kg, m33 = 2133 kg, mas = 36.7 kgm?,

mss = 4061 kgm?, mee = 4061 kgm?, dy; = 25.5kgs ™!, drr = 138 kgs™?,

dzz = 138 kgs™ !, das = 10 kgm?s™ !, dss = 490 kgm?s™!, dgs = 490 kgm?s™ 1,
duz =0, dy3=0,dpy =0,dp3=0,dyp=0,dy3=0, dpp =0, dp3 =0,

dys = 920.1 kgm™2s, dy3 = 750 kgm™3s2, dy,» = 920.1 kgm™2s,

dy3 = 750 kgm—3s2.

This vehicle has a minimum turning circle with a radius of 75 m, a maximum surge
force of 2 x 10* N, a maximum yaw moment of 1.5 x 10* Nm, a maximum pitch
moment of 1.5 x 10* Nm, and the maximum roll moment of 120 Nm.

The reference trajectory is generated by (12.3) with
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Tyg = 5d11 — (M22V4rg —M33Waqq),
Tgd = (=04 +0.2—04)mss — (m33 —my)ugwg — dssqq — pgVGMysin(0y),
Trq = —(M11 —mM22)ugvg (12.34)

for the first 200 seconds, and

Tyg = 5d11 — (M22Vgrg —mM33waqq),
Tqq = (—0q +0.2—=04)mss — (m33 —my1)ugwg —dssqq — pgVGM sin(,),
Trg = —(m11 —ma2)ugvg +0.02dgs (1235)

for the rest of simulation time. This choice means that the reference trajectory is a
straight line for the first 200 seconds followed by a helix with constant curvature
and torsion. The initial conditions are picked as follows:

(x(t0), y(10),2(t0),8(t0), ¥ (o), u(t0), v(t0), w(to), 4 (t0), 7 (10)) =
(—50,-50,0,0,0,0,0,0,0,0),

(x4 (20), ya(to).za(t0). 04 (to). Ya (to). ua(to).va (to), wa (to).qa(to). 74 (t0)) =
(0,0,20,0,0,0,0,10,0,0,0). (12.36)

Based on the proof of Theorem 12.1, the design constants are chosen as kg = 0.8,
k1 =k, =0.4,c; =2,and p; =5 withi = 1,2, 3. The reference and real trajectories
in three dimensions are plotted in Figure 12.2. The vessel position and orientation
are plotted in Figure 12.3a while the tracking errors are plotted in Figures 12.3b-c.
The control inputs plotted in Figures 12.4a-c. As proven in Theorem 12.1, the track-
ing errors asymptotically converge to the origin. Moreover, the control inputs have
not reached their limits. This means that we still can further shorten the transient
time by increasing the control gains.

12.6 Conclusions

The key to the control development is the coordinate transformations (12.7) to trans-
form the tracking error system, in which the tracking errors are interpreted in the
frame attached to the vehicle body, to a triangular form, to which the backstepping
technique can be applied. The control development in this chapter is based on the
approach developed for underactuated surface ships in Chapter 5.
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Chapter 13

Path-following of Underactuated Underwater
Vehicles

This chapter extends the approach proposed for underactuated surface ships in
Chapter 11 to design a path-following system for six degrees of freedom underac-
tuated underwater vehicles. Although the control design is much more involved in
comparison with that for underactuated surface ships in Chapter 11, it still guaran-
tees that path-following errors asymptotically converge to a ball, with an adjustable
radius, centered on a desired path, and covers both parking and point-to-point navi-
gation problems.

13.1 Control Objective

For the reader’s convenience, we rewrite the mathematical model of an underactu-
ated underwater vehicle, which is described in detail in Section 3.4.2.1, moving in
six degrees of freedom as follows:

N1 = J1(n2)v1,
M191 =—-C1(v1)vz —D1v1 — Dp1(v1)v1 + 71+ T1E,

N2 = J2(n2)v2, (13.1)
M3vy = —C1(v1)v1 — C2(v2)v2 — D2v2 — Dpa(v2)v2 —
g2(n2) + 12+ 12E,

where J1(52) and J2(n2) are given by

cos(yr) cos(8) —sin(yr) cos(¢) + sin(¢p) sin(6) cos(¥)
J1(g2) = | sin(y)cos(0) cos(¥)cos(¢) + sin(¢) sin(6) sin(yr)
—sin(0) sin(¢) cos(6)

sin(y) sin(¢) + sin(0) cos(¥) cos(¢)
—cos(y) sin(¢) + sin(6) sin(y) cos(¢) |,
cos(¢) cos(6)

313
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1 sin(¢)tan(f) cos(¢)tan(6)
J2(n2) = 0 cos(¢) —sin(¢) : (13.2)
0 sin(¢p)/ cos(8) cos(¢p)/ cos(0)

The matrices My and M» are

mii 0 0 Maq 0 0
Ml = 0 my> 0 s M2 = 0 mss 0 . (133)
0 0 ma3 0 0 mes

The matrices Cy(vy) and C3(v3) are

0 ms33zw —nippv

Ci(v1))=| —mzzw O muu |,

L mp2V —mi1u 0

0 mger —mssq

Cr(v2)=| —mesr 0  masp |. (13.4)
| mssq —magp 0

The linear and nonlinear damping matrices Dy, D2, Dy1(v1), and D,z (v2) are

di; 0 0 dis 0 0
Di=| 0 dy 0 |,D=| 0 dss 0 |,
0 0 dss 0 0 des
(3 dyi|ul' ™! 0 0
Du1(v1) = 0 >, dyilv] ! 0 :
— 0 0 Z?:zdw”wli_l
_Z?=2dpi|p|i_l 0 ' 0
Dz (v2) = 0 S dgilg)i! o | (133
- 0 0 Z?:z dyi|r|' !

The restoring force and moment vector g2(#2) is given by

pgVGMrT sin(¢) cos(6)
g2(n2) = 0gVGM7 sin(6) ) (13.6)
0

The propulsion force and moment vectors 71 and 72 are

Ty Tp
T1 = 0 , T2=|Tq |, (13.7)
0 T

which imply that the vehicle under consideration does not have independent actu-
ators in the sway and heave. The environmental disturbance vectors T1g and T2
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are given by

TEu(t) TEp(t)
T1E = | TEv(?) |, T2E = | TEq(D) |, (13.8)
TEw () TEr (1)

where Tgy(t), TEv(?), TEw(?), TEp(t), TE4(?), and Tg,(f) are the environmental
disturbance forces or moments acting on the surge, sway, heave, roll, pitch, and yaw
axes, respectively.
We assume that these disturbances are bounded as follows:
lteu (D] = gy
max
[tep(1)| < Tgp <00,

<00, |tEy(1)] < Ty < 00, |TEw (1)] < Ty, <00,

tEq(1)] < Tgy <00.|ter ()| <71g, <oo.  (13.9)

Since the sway and heave control forces are not available in the sway and heave
dynamics, the vehicle model (13.1) is underactuated.

In this chapter, we consider a control objective of designing the control inputs 71
and 7 to force the underactuated vehicle (13.1) to follow a specified path 2, see
Figure 13.1. If we are able to drive the vehicle to follow closely a virtual vessel that
moves along the path with a desired speed 1, then the control objective is fulfilled,
i.e., the vessel is in a tube of nonzero diameter centered on the reference path and
moves along the specified path at the speed u(. Roughly speaking, the approach is to
steer the vessel such that it heads toward the virtual one and diminishes the distance
between the real and the virtual vessels.

> Real vehicle : > Virtual vehicle

Figure 13.1 General framework of underwater vehicle path-following
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In Figure 13.1, A is the center of the real vehicle and Aj is a point on the reference
path attached to the virtual vehicle. Define the following path-following errors

Xe = X4 — X,

Ye =Yd—),
Ze =Z4—1Z,

de = \[x2 4+ y2 422, (13.10)

where xg,y4 and z; are the coordinates of As. Then the terms a;, 1 <i <3 in
Figure 13.1 are obtained from x,, y, and z, by rotating the body frame around the
earth-fixed frame O Xg YEg Z g the roll, pitch, and yaw angles, i.e.,

ai Xe
a | =) | ve |- (13.11)
as Ze

Expanding (13.11) yields

ar = xeJ{ (n2) + ye JP (n2) + ze I3 (n2),
@ = %o J2(12) + e S (12) + 20 2 (n2), (13.12)
az = xeJ 2 (02) + ye JE2) + 2o I3 (02).

where J,” (12) is the element of Jy(52) at the ith row and jth column. Therefore
the path-following orientation errors are defined by the angles & and B. It is noted
that the angles y, o, and § are not defined at d, = 0 but with the aid of a desired
controller, limy (g, «,8)|—0(6, ¥) = (65, ¥s) with 8 and V5 being the orientation an-
gles of the virtual vessel. Hence in this chapter, we will design a controller such that
it guarantees d, > d; with d being an arbitrarily small positive constant to avoid
chattering caused by d, = 0. With the above definitions, our control objective can
be mathematically stated as follows:

Path-following Objective. Under Assumption 13.1, design the control inputs 71
and 7, to force the underactuated vehicle (13.1) to follow the path §2 given by

Xd = X4 (S)v
yd = ya(s), (13.13)
zq = z4(5),

where s is the path parameter variable, such that
lim do(t) <d., lim |a(t)| <@,
t—>00 t—>00

lim [B()] < B, lim |$()] <.
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with d,, ¢, @, and f being arbitrarily small positive constants.

Assumption 13.1. The reference path is regular, i.e. there exist strictly positive con-
Stants azmin, A3 max»> A2 min ANd A2 max sSuch that

8xd 2 8yd 2 3Zd 2
< — —_ —_
A3min = \/( Is ) +( 9s ) +( 9s ) = A3max,
8 2 8 2
A2 min S ﬁ + ﬁ S a2 max- (1314)
as as

1. We might refer to the above objective as a path-tracking one. However, we use
the term “path-following” since our approach is to make the real vehicle follow
the virtual one, see Figure 13.1.

2. Assumption 13.1 ensures that the path is feasible for the vessel to follow, see
Section 13.3. The condition (13.14) implies that the reference trajectory cannot
contain a vertical straight line to avoid singularity of J2(#2) at the pitch angle
0 = +£0.57.

3. If the reference path is not regular, then we can often split it into regular pieces
and consider each of them separately. This is the case of point-to-point naviga-
tion, which will be addressed in Section 13.6.

4. The path parameter, s, is not the arc length of the path in general. For example,
a circle with radius R centered at the origin can be described as x; = R cos(s)
and yg = Rsin(s).

Remark 13.1.

13.2 Coordinate Transformations

From (13.10) and (13.12), we have the position kinematic error dynamics as follows:

. 1 oxg Y4 0zg\ . ai ar as
=—(x. == =L )i Su——Zv——w. 13.1
de d, (X" oy Vs TR )0 P TR (13.15

For the path-following orientation errors, referring to Figure 13.1 and the control
objective stated in the previous section, one can see that the following holds

ZI—I = cos(y) = cos(a)cos(p), (13.16)
e
which in turn implies that
lim a(t) =0 ai(t)
—>00 5 — o —
lim B(t) =0 <:>tll>r§oy(t)_oz>tlig>lo(de(t)) =1L (13.17)
—>o0
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Hence we can either choose the angles « and S, or the angle y, or the term a4 /d, as
the orientation coordinates for the control design. We now discuss the above options
and then choose one that results in a simple control design and enhance feasible ini-
tial conditions.

Using Angles o and §. In this case, the path-following orientation errors are defined
as follows, see Figure 13.1:

o =ey—2mny(ey),

13.18
B =eg—2mng(ep), ( )
where
as
2arctan —); (a3.a1) # (0,0),
Cq = al
0; (asz,ar) = (0,0),
(13.19)
a
2arctan | —— |; [ o, a2+a2) 0,0),
_ Jara (2V 1 +as ) #0.0
eg = a1+a3

0 ; (az,,/af+a§) = (0,0).

The functions nq(eq) and ng(eg) take values in (0,41,42,...) such that o and B
belong to (—x, r]. Hence o and B are periodic and piecewise continuous functions
with respect to ¢, and eg. The reason for introducing (13.18) is to convert all equi-
librium points of o and B to the origin. It is seen from (13.19) that ¢, and eg are
discontinuous on the following surfaces:

Da = {(alva:i) :a3 #Oval =O}’
(13.20)
Dg ={(ay,az,a3):az #0, \/a%Tagz O} .

It is also seen from (13.18) that o and § are discontinuous on the surfaces:

Cy ={(a1,a3) 1 =7},

(13.21)
Cg ={(a1,a2,a3): f =m}.

We now use (13.18) to transform the kinematic part of (13.1) to

Nap = fag()S + fapgOu+ fag(v+ fep(w + Aap () J2(n2)v2,  (13.22)

where .
"uﬂ = [¢ o ﬂ] ’
Ixg ya 9zg T

ofﬂ(') = Fdﬂ(')[y g W
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fU() = —FapO) [ I (2) T2 (2) I3 (1) ]"
fl() = —Fapg() [ J2(2) T2 (m2) I (12) ]"
FBC) = —Fap) [ JPm2) I3 m2) I3 2) |7

Fas) = [0 110 120 (13.23)
1 0
Aqp(-) = | —cos(a)tan(B) cos(¢) + sin(xr) tan(B) sin(¢)
sin(o) sin(¢) cos(x)
0

cos(0)sin(¢) + tan(B) (sin(6) cos(a) — cos(8) sin(a) cos(¢p) |,
—(cos(a) cos(6) cos(¢p) + sin(a) sin(H)

with
1
fap) = docos(B) [cos() ], (2) —sin(a) J{' (72).
cos(a)J 2> (12) —sin(e) J7' (n2).
cos(@)J 7 (n2) —sin(@) 7 (n2)].
rlytr= | R ) 5P 2y = D 115 )
_sin(ﬂilcos(a) I ) + c d(ﬂ) J2(n2) — sm(ﬁ;sin(a) I3 (),
_sin(ﬂzicos((x) J131(772)+ (,3) J2(n2)— sm(ﬁzisin(a) J133("2)i|'
(13.24)

From (13.23), we calculate the determination of the matrix Aqg(-) as follows:

det(Agp(-)) = —cos(a)cos(8) —sin(a)sin(f) cos(¢) —
sin(8) sin(¢) tan(B). (13.25)

It can be seen from (13.25) that the matrix Aqg(+) is not globally invertible even
when ¢ = 0 and 8 # £0.57. It is also observed that if we choose the angles o and
B as the orientation coordinates for control design, there are a number of discontin-
uous surfaces, see (13.19), (13.20), and (13.21), which make the stability analysis
difficult.

Using Angle y. In this case, the path-following orientation error is defined as fol-
lows, see Figure 13.1:
y =e,—2mny(ey), (13.26)
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where
Ea\ (o
2arctan | —— | | a1.+y/a5 +a3 | #(0,0),
ey, = a1 (13.27)

0; (al, ,/a% +a§) = (0,0).

The interpretation of the above expressions is similar to that of (13.18) and (13.19).
It can be seen from (13.27) that e, is discontinuous on the following surface:

D, = {(al,az,a3) syJas+a?#0,a1 = 0% ) (13.28)

It can also be seen from (13.26) that y is discontinuous on the surface:
Cy ={(a1,az,a3) 1y = }. (13.29)

Differentiating both sides of (13.26) results in

+8a_2' +8a_22, aa_2¢)+

_ 1 (a a (aaz),c
' e2\/a3 +a3 BT T P

Ve + x%wd’

B T oye

day .,  day .
(@+ad) (Gt et

(8613 . 8(13 . 8a3 . 8613 -)_

24
BT

+
da da day \ -
(a1 (a28_92 +a3a—03) — (a3 +a3) 8_91) 0 +
(13.30)

Since

. (1331

2
(a (azaa—2 +as 8a3) — (a3 +4a3) ailTl)
#0

for all (xe, Ve, Ze ¢, %) € R and 6 € R\ & 0.57, the angle y can be chosen as the
orientation coordinate for the control design. However (13.30) will result in a very
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complicated control law.

Using a; /d,. By defining
e = /X247
e Ze .
cos(y1) = — cos(f) — — sin(0), (13.32)
de de
Xe Ye .
cos(y2) = — cos(¥) + =—sin(y),
de de
we can write a1 /d, as follows
a1 _ cos(y1) + de cos(6)(cos(y2)—1). (13.33)
de de
Since ‘a’,—j cos(G)‘ <1,V (Xe, Ve, ze,0) € R4, the conditions
lim y; =0,
t—>00
lim y, =0 (13.34)
t—>00

imply that lim;_,co(a1/d.) = 1. Furthermore, from (13.32) we can write

y1=0+0g4,
yZZW_Wdﬂ

where 6; = arccos (a./d.) and ¥4 = arccos (x./a.) are the desired orientation an-
gles of the vessel in the horizontal and vertical planes, respectively. Hence (13.34)
also implies the orientation control objective. If one differentiates both sides of
(13.35) to obtain y; and p,, there will be discontinuity in the y;- and y,- dynamics
at ze = 0 and/or y, = 0, i.e., on the a, and/or x, axes. This discontinuity will cause
difficulties in applying the backstepping technique. To get around this problem, we
compute y; and y, based on (13.32) as follows:

(13.35)

desin(f) + Z, cos(8) B desin(y1)

N= O T s decos(y)’
P Xesin(Y) = Yecos(¥)  desin(y2) ' (13.36)
aecos(y2) acos(y2)

It can be seen that (13.36) is not defined at y; = £0.57,i =1,2,and a, =0, d, = 0.
However, our controller will guarantee that |y; (¢)| < 0.57 and d.(¢) > d,, a.(t) >
a;, ¥t >ty > 0 with arbitrarily small positive constants d and a and for feasible
initial conditions. From (13.36), we can see that 6 and w are decoupled. Hence,
designing a controller to achieve the control objective posed in the previous section
by using the orientation coordinate a;/d, would be much simpler than using the
angles y, o, and B. For convenience of control design, we rewrite the transformed
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system dynamics (13.15) and (13.36) as follows:

1( Bﬁ y4 Bzd)_ ai ar

do=7 y 2y e

e as Ty as as
N2y = f2y () + J2(n2)v2,
My =—-C1(v)v2—D1(v)v1 + 71+ T1E (),

M393 = —Cy(v1)v1 — C2(v2)va — D2 (v2)va — g2(n2) + T2 + T2 (7).

(13.37)
where
2y =16 y1 2"
0
f27(') = flss + fluu +f1vv +f1ww ’
LS+ HLu+ Lo+ HPw
8xd ayd aZd
= At ey + @27 " + D135
H= _[w11J111(712) +@12J7 () + w13J131(1]2)] ’
f=- [wllfllz(ﬂz) + w12J122(172) + w13J132(172)] ) (13.38)
£ =—[ouldPm2) + 127 (12) + w1397 (2) ],
dxq dya
s __ =~ - -
2 = w2 P + Wy P
' =—[w2 ! (n2) + w22 I (02)].
12 =—[wa 2 (n2) + @22 I P (12)].
£ = =272 @2) + @22 I (n2)].
with
( Xe sin(6) Xesin(y1) )
w11 = T 5
aedecos(y1)  d2cos(yr)
B ( Ve sin(6) Ve sin(yy) )
Wiy = T s
aedecos(yr)  dZcos(yr)
cos(0) Ze sin(yy)
_ _ , 13.39
73 (de cos(rn) ~ d2cos(rn) (1339

| sin(y) Xesin(y2)
2T ( cos(ya) a2 COS(Vz)) ’

_ ( cos(¥)  Ye Sin()/z))
Wy =|— .

acos(yz) B a2 cos(yz)

Therefore, we will design the control inputs 71 and T2 for (13.37) to yield the
control objective. In Section 13.3, a procedure to design a stabilizer for the path-
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following error system (13.37) is presented in detail. The structure of (13.37) sug-
gests that we design the actual controls 71 and 72 in two stages. First, we design
the virtual velocity controls for # and v, and choose § to ultimately stabilize d, and
yi, i = 1,2 at the origin. Based on the backstepping technique, the controls T1 and
T2 will then be designed to make the errors between the virtual velocity controls and
their actual values asymptotically tend to a small ball centered at the origin. Since
the vessel parameters are unknown, an adaptation scheme is also introduced in this
step to estimate their values used in the control laws. We split the control design
procedure into two steps. The first step is to design 71 while the second step takes
care of T3. This allows us to simplify the choice of feasible initial conditions.

Since the transformed system (13.37) is not defined at d.(¢) = 0, a.(t) = 0,
yi(t) = £0.57,i = 1,2, we first assume that

do(t) = d*.a,(1) = aX. |y (1)) <0.5m, i =1,2, Vi > 15 > 0, (13.40)

for some positive constants d; and a . Our controller design will guarantee (13.40)
for feasible initial conditions.

13.3 Control Design

The d.-dynamics have two inputs that can be chosen to stabilize d,, namely § and
u. We can either choose the input u or § and then design the remaining input. If
we fix §, then the virtual vessel is allowed to move at a desired speed. The real
vessel will follow the virtual one on the path by the controller, and vice versa. In
this chapter, we choose to fix §. This allows us to adjust the initial conditions in
most cases without moving the real vessel, see Section 13.4.
Define
U=u—ug, (13.41)

where u 4 is the intermediate control of u. As discussed above, we choose the inter-
mediate control u,; and § as follows:

a ad d
1 uO(t’de) (xeﬂ +yeﬁ +Zeﬁ)

! 9 ) 3
Ug =k1(de—8e)——(azv+a3w)+d_ S s s ’
ai e 3)C_d 2+ 3y_d 2+ aﬁ 2
ds s as
(13.42)
=7 tolt, &) : (13.43)

de [(oxa\? | (oya\', (00"
ds ds as

where k; and 6, are positive constants to be selected later, and ug(z,d.) # 0, Vi >
to > 0,d.(t) € R, is the speed of the virtual vessel on the path. Indeed, one can
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choose this speed to be a constant. However, the time-varying speed and position
path-following error dependence of the virtual vessel on the path is more desirable,
especially when the underwater vehicle starts to follow the path. For example, one
might choose

uo(t,de) = ul(1— e ¥2=10))e=x3de (13.44)

where ug #0, y; > 0,1 =1,2,3, y1 < 1. The choice of uo(t,d.) in (13.44) has the
following desired feature: When the path-following error, d,, is large, the virtual
vessel will wait for the real one; when d, is small the virtual vessel will move along
the path at the speed closed to ug; and the real one follows it within the specified look
ahead distance. This feature is suitable in practice because it avoids using a high-
gain control for large signal d,. It is noted that 14 is not defined at a; = 0. Since the
terms d,/a; and as/a; can be written as (az/d.)/(a1/d.) and (asz/d.)/(a1/d.),
and recalling that cos(y) = a;/d,., the intermediate control u, is well defined if
(13.40) holds and

ly(@)| <0.57, Vt >ty > 0. (13.45)

We will come back to this issue in Section 13.4.

Remark 13.2.

1. If we design the virtual control u; without canceling the terms a,v and asw in
the d,-dynamics, then the condition (13.45) is not required for u4 being well de-
fined. However, an assumption of the sway and heave velocities being bounded is
needed in advance in the stability analysis, i.e. assume stability to prove stability.

2. If the sway and heave velocities are assumed to be bounded by the surge velocity,
the terms a,v and azw are not required to be canceled either. This controller
can be designed similarly to the one in this chapter. It is noted that the sway
velocity does not require to be bounded by the surge velocity with a relatively
small constant as in [129] for the case of path-following in the horizontal plane.

Substituting (13.42) and (13.43) into the first equation of (13.37) results in

. a ay .
d, = —kld—:(de —8)— d—iu. (13.46)

By noticing that under Assumption 13.1, see (13.40) and (13.45), the intermediate
control u4 is a smooth function of x., ye, ze, 5, Uo, N2, v, and w, differentiating both
sides of (13.41) with (13.42) and (13.43) yields

. mp ms3 di dui | o
U= —vr—— ——M—Z - lu]' Y+ ™+
my my mi —, M
o oug . OJug oug dug oug .
T X —Ze— —S§— —1Uyp—
v dxe © Ay S 0ze ¢ s dug
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1 dug ((m mop ds3
(1) ) = o (P T2, 52,
Moo ow \ms3 ms3 mss
3
dwi . 1
Yo wl T w et —nw (@) ] (13.47)
— m33 ms3
=2
where for convenience of choosing u¢, the terms %"TZ %"TZ, and %"7‘: do not include
dug dug Jug
B * By, and g2k

which are lumped into 1. From (13.47), we choose the actual
control T3 or 7, without canceling useful nonlinear damping terms as

T = —Cil _élel (‘)—éZI tanh <u021 ) —ézzau—dtanh <3u_du922> —_
€21 av

av €22
é23 au_d tanh au_d u923 y
Jw w €33

(13.48)
and the update law as
51j = Y1, proj (ﬁfu(-)véu)v 1<j <16,
é21 = Y21Proj (|ﬁ| ,ézl),
— ( i< ,ézz) : (13.49)

923 = ¥23proj (

~8ud A
— .03,
u Jw ' 23)

where c1, €2, Y1/, ¥2i, 1 <i <3 and 1 < j < 16, are positive constants to be se-
lected later, and f; (-) are the jth elements of fj(:), respectively, with

Sit)= [W,—wq,—ud,— ulug, —u ug,— (?l—dfce au—dy'e + au—dZ'eJr
Xe e 0Z,
aud . 8ud . 3ud . 8ud 3ud aud 3ud
WS + Muo + Enz) ,—Wwp, Wur, Wv, S [v|v,
dug 5 Odug oug oug Juy ug 4
WU ,—Wuq,va,%w,ﬁmm —w

T
13.
- ] (13.50)

éi 7, 1 <i <2is the jth element of éi, which is an estimate of 6; with

2
0, — dirdond myimsz mi; miiday miidys
1= |ma2,m33,dyy,dyz.dyz.my, —_—

U%] My  Mpp maa
5 T
myydys mi; mymaz miidsz myydy: mlldw3]
Mz  M33 ms33 ms3 ms33 ms3
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T
mii mii
O, = |gmax Sgmax L gmax | (13.51)
wu ’m wv ’m33 ww

The operator, proj, is the Lipschitz continuous projection algorithm repeated here
for the convenience of the reader as follows:

proj(w, ®) = w if Z(w)=<0,
proj(w, ®) = w if E(®w)=0and &4 (0)w <0, (13.52)
proj(w, ®) =(1—E (®))w if &(®)>0and &4 (®) @ >0,
D2 —w? (o . . . ..
where 5 (@) = %, Hy (@) = a‘ég"), W is an arbitrarily small positive con-

stant, @ is an estimate of @ and |w| < wyy. )
The projection algorithm is such that if @ = proj(w, ®) and ®(fy) < wyr and
then

1. &@t) <wpy +&, V0O<ty <t < o0,
2. proj(w, @) is Lipschitz continuous,
3. |proj(w, w)| < |w|,

4. oproj(w, ®) > dw with ® = w — ®.

Substituting (13.48) into (13.47) yields the error dynamics

3
- 1 1\ . 1 1 -
i =———crtdi+) duilul ™" i+ —6] i()——6] () +
mi i mi mii
1 1 - 16 dug 1 1~ @
—— Ty (1) = — By tanh | 2L | =2 (1) = —r o x
miy mii €21 v map mii v
dug b dug 1 1 ~ @ dug b
tanh JUa W72 —ﬂ—rww(z)——923ﬁtanh JUd U3 .
dv €22 ow mss mii ow ow €23
(13.53)
Define
Uy = V3 — V24, (13.54)

where vag = [p4.qa., rd]T is the intermediate control of v3. Recalling that our goal
is to ultimately stabilize 52, = [¢, V1. yz]T at the origin, the second equation of
(13.37) suggests that we choose this intermediate control as follows:

v2a = I3 (02) (= f2y () — K2n2y). (13.55)

where Kp = diag(ka1,k22,k23) is a positive definite diagonal matrix. Substituting
(13.54) and (13.55) into the second equation of (13.37) yields

2y = —Kanzy + J2(12)02. (13.56)
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To design the actual control 72, we first note that under Assumption 13.1, (13.40)
and (13.45), the intermediate control v3 4 is a smooth function of x,, ye, Z¢, S, Ug, 12,
and v1. Differentiating both sides of (13.54) and multiplying by M>, along the so-
lutions of the last two equations of (13.37) results in

M,y = —C3(v2)2 — D2(v2)02 + F ()03 + G ()04() + 72, (13.57)
where

F ()03 = —C1(v1)v1 — C2(v2)v2qa — D2(v2)v2qg — g2(n2) —
0 d 0 0 0

M, v“ice vzd).}eJr vz‘iée—i— V2d ¢ ”“uo+
0xe Ve 0z, s dug

0vag . v _
24 2 ) — My 22 M (—C1(v1)vz — D1(v1)v1 +71),
on2 dvy

0v24

G()04(1) = Tw2(t) — M2 301

M Ty (1), (13.58)

with F (-) € R¥™3 and G (-) € R3*™4 being the regression matrices, 83 € R3*"3
and 04(¢) € R™+ being the vectors of unknown vessel and environmental distur-
bance parameters. For the sake of simplicity, the regression matrices F (-) and G (+),
and the vectors 03 and 64(¢) are not written down explicitly. From (13.56) and
(13.57), we choose the actual control 72 and update laws as follows:

_ r T . .
v2=—Kaiz— (1}, 2012)) —FOI3—GObs (1359

w

é3i = ¥3;proj (
J

172jfji7é3i> ,1<i <ms,
! (13.60)

w

04i = Y4iproj (Z fﬁzjgji|,94i> y 1 <i <mg,
j=1

wheree4; >0, 1 <i <3,y3; >0, 1 <j <m3,yy >0, 1 <] <my, K3 =diag(ksi,

k32, k33) is a positive definite diagonal matrix,f3; is an estimate of the i th element

of 03, and 6,; is an estimate of the maximum value of the i th element of 04(¢). For

simplicity of notation, we have defined

m3 R my R mo R
> fibsi > g1i64; tanh (8411 Ua1 D g1i94i)
R i;sl R R i;4l R i;zl R
F()03:=| > f2i03 |, G(-)84:=| ) g2i04tanh (84211722 > g2i94i) ,
o T R
Zl S3i 03 21 g3i04; tanh (8431 V23 Zl g3i 941‘)
i= i= i=

(13.61)
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with fj;, 1 < j <3,1<1i < ma3, being the element in jth column and ith row of
the regression matrix F (). Similarly g;;, 1 < j <3,1 <i < my, is the element in
jth column and ith row of the regression matrix G (-).

Substituting (13.59) into (13.57) yields the error dynamics

Maiy = —Ca(v2)i2— (K3 + D2(v2)) 92— (ﬂgy Jz(ﬂz))T +F ()03 +
G ()04(t)—F ()03~ G ()8a. (13.62)

We now present the main result of this chapter, the proof of which is given in the
next section.

Theorem 13.1. Assume that

1. the vessel inertia, added mass and damping matrices are diagonal;
2. the environmental disturbances are bounded;

3. the vessel parameters are unknown but constant;

4. the reference path satisfies Assumption 13.1.

If the state feedback control laws (13.48) and (13.59), and the update laws (13.49)
and (13.60) are applied to the vessel system (13.1) then there exist feasible initial
conditions such that the path-following errors (x(t) —x4(t), y(t) — yq(t),z(t) —
zq(@),y1(t),y2(t)) converge to a ball centered on the desired path 2 asymptoti-
cally. Furthermore, the radius of this ball can be made arbitrarily small by adjusting
the control gains.

13.4 Stability Analysis

To prove Theorem 13.1, we first consider the (nz,,,ﬁz)-subsystem and then the
(d, ,u)-subsystem.

(n2y . 92)-subsystem
To investigate stability of this subsystem, we consider the following Lyapunov func-
tion

4
= 5’72;"72;' + 5”2 Mzv; + 51223 0; I;0;, (13.63)

where 0; = 0; —éi and I; =diag(y1~j), 1<j<mgfori=3,1=<j <myfor
i = 4. Differentiating both sides of (13.63) along (13.56), (13.60), and (13.62) yields

3
Vi <—n3, Kanzy — 93 (D20 + K3) 2 +02785) ey (13.64)

i=1
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where Dy = diag(d4,dss,dee) and we have used |x| — xtanh(x /1) < 0.27851
for all x € R and A > 0. From (13.64), we conclude that 53, and v, are ultimately
asymptotically stable at the origin. To estimate the upper bound of %2, and v3, we

subtract and add Z 0 Tr 10 to the right-hand side of (13.64) to obtain

Vi <—o1Vi+p1. (13.65)
where
2 Amin (D K
o1 = min (1,2/xmin (K2)., (D20 + 3)),
max(MZ)
Zo I;716; +o. 27852841 (13.66)
i=1
From (13.65), it is direct to show that
Vi(t) < Vilto)e @1 =) 1 £L (13.67)
o1
which further yields
( ) 2 2 (t—t0)
—o 2P —— 10
”7727(t)|| =< \/ZVl(tO)e 2 =ay(e 2 + Py,

o1

2V1(to) ——(t to) 2 ——(z—to)
v2(1) ‘I =ay()e 2 + Py
| ” mm(MZ) 01 mm(MZ) Y Pv

(de,1)-subsystem

To analyze the stability of this subsystem more easily, we first consider the -
dynamics and then the d,-dynamics.

u-dynamics. Consider the following Lyapunov function
m 1< - ~
Vy = %a%EZel.TFi—lei, (13.69)
i=1
Whereé,- =9,-—éi and [; =diag(y,-j), I1<j<lé6fori=11=<j <3fori=2.

Differentiating both sides of (13.69) along (13.47), (13.48), and (13.49) yields

3
Va < —(c1 +d11)ii* +0.2785 ) ;. (13.70)
i=1
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12 - -
Subtracting and adding 3 >8I I;716; to the right-hand side of (13.70) yields

i=1

Vs < —02Va + pa, (13.71)
where
. ( 2(01+d11))
0, = min 1,T ,
myy
1< 3
.
pzzil;oi I 0,-—1—0.2785;82,-, (13.72)

with mrl“i" being the minimum value of m 1. From (13.71), it is direct to show that

Va(t) < Va(to)e 20 10) 4 P2 (13.73)
02

which further yields

i(t)| < V2Va(tg)e 02/2—t0) 4 2ﬁ::ozu-e—"2/2<"’0)+,ou. (13.74)
(oF
2

Remark 13.3. Tt is noted that, due to the use of the projection algorithm, by adjusting
K3, K3, c1, 2i, €4i, V1js V2is V3n> Val, 1 <0 <3, 1 <j <16,1 <n <ms3, and
1 <1 < my4, we can make p,, p, and p, arbitrarily small. This observation plays an
important role in the stability analysis of the d,-dynamics.

d.-dynamics. We first calculate the lower-bound of d,. We now show that there
exist initial conditions such that d,(¢) > d} > 0. From (13.46) and (13.16), we have

de = ~krde = (@,e™/2070) 1, ) (13.75)
where d, = d, — 8,, which with o, > 2k further yields
Je—k1—t0)
d() > d(tg)e k10 4 o ()T (_1 + e—(oz/z—kl)(r—zw) _

02/2—ky

Pu (1 —ki(t—t0)
5 (1 e ) (13.76)

Therefore, the condition d,(¢) > d; > 0 holds when

2kq, 80 >d —.,de(tg)) > ————+6.—pu. 13.77
02 > 2K1, O¢ = e+k1 e(t0) 0'2/2—k1+ e — Pu ( )

We will come back to this issue in the next section. We now calculate the upper-
bound of d.. We rewrite (13.46) as
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d, = —k1d, —cos(y)u —kq (cos(y1) —1) +cos(y)(cos(y2) — 1)) de. (13.78)

Since (13.78) and the (i, y1, y2)-subsystem are in the cascade form, one might think
that the stability results developed for cascade systems in [17] and [69] can be ap-
plied. However, the stability results in those papers were developed for cascade
systems without nonvanishing disturbances. In fact, nonvanishing disturbances may
destroy the stability of a cascade system that satisfies all conditions stated in the
above papers. Therefore, we will use Lemma 10.1 to investigate the stability of the
system (13.78) by verifying all conditions C1-C4.

Verifying Condition C1. Take the Lyapunov function
Vs = %dj. (13.79)
It is direct to show that C1 holds with
c0=0,c1=c2=05,¢c35=1,c4 =k;. (13.80)
Verifying Condition C2. By noting that

cos(y)ii + ki (cos(y1) — 1) + cos(y) (cos(y2) — 1)) de| <

d,|, (13.81)

[u] + k1 (lyal + ly2])

we have
A =1, Ay = k. (13.82)

Verifying Condition C3. This condition directly holds from (13.74) and (13.68).
Verifying Condition C4. From (13.80) and (13.82), condition C4 becomes
k1 —max(py, pu) (k1 +0.2500) > 0. (13.83)

From Remark 13.3 and noting that u is an arbitrarily positive constant, we can see
that there always exists k; such that (13.83) holds. All conditions of Lemma 10.1
have been verified, and we therefore have

|de ()] < aae ()€™t 4 py,. (13.84)
where 4., 04, and pg,. are calculated as in Lemma 10.1.
(v, w)-dynamics. Expanding (13.55) gives

ga = — (I3 2Dk21¢ + 7> (m2)ka2y1 + J3> (n2)k23y2) —
I ) (f55+ fiu) = I ) (f55 + fo'u) —
(2 m2) £+ I3 2) ) v = (I3 n2) 11 + T3 (n2) f57 ) w.,
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ra = — (13" n2)ka1d + J5*(n2)kazyr + 5> (n2)ka3y2) —
J23’2(7I2) (f1s~§ + f1u”) - J233(772) (fzsj + fzu”) -
(32 m2) ST+ T3 2) 1) v = (J3P n2) /7 + 952 (n2) 57 ) w, (13.85)

where J;j (n2) is the element at the ith row and jth of J5 L(y2). To show that the
sway and heave velocities are bounded, we take the following quadratic function

1 1
Vy = Emgzvz + 5m§3wZ, (13.86)

whose derivative along (13.37), (13.54), and (13.85) satisfies

Va < —mandyzv* —mazdys |w|w? —masdysw* + Ag“""‘y2 + Aﬂ“"‘w2 +

1 1
— AT+ — AT 13.87
485 1 + 486 2 ( )

where ¢; >0,i =1,2, A}?m, 1 < j < 4is the maximum value of A; with

Ay = —myymopu (F — I3 (2)k21¢ — I32(2)k2ay1 — J5° (n2)k23y2—
J32(n2) (/755 + fiu) = 3% n2) (555 + 1)) + mastueqo.
myimsau (G — I3 (m2)k21¢ — J32 (n2)kooys — J3° (n2)kozy2—
J222(772) (fls~e + flu“) - J223(’72) (fzss + fzuu)) +M33Tyw(r),

mymas [ud3?(n2) (2 + £37)] n
2

A

Az = (—mzzdzz—mzzdvz o] +és[A1]+

miimss |u.1222(172) (flv + fzv)|)
5 ,

mii1nao |MJ233(”2) (flw + wa)|
2

Ay = <—m33d33—m33dw2|w|+86|A2|+ +

> (13.88)

miimss3 |MJ222(772) (f2+ fzv)| )
It can be seen from (13.88) that A" exist and are finite since their arguments are
bounded as shown above. Hence (13.87) and (13.86) guarantee a finite upper bound
of the sway and heave velocities.

Initial Conditions for |y(1)| < 5, [yi (t)| < 5.,i = 1,2, V& > 1o > 0. Since |y; (t)| <
Im2y (0)|. i =1.2, Vi =16 > 0, from (13.68), it is direct to show that the condition
lyi(t)] <0.57, i =1,2, Vt >ty > 0 holds if the initial conditions are such that

V2Vi(te) + /2p1 /01 < 0.57, (13.89)
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which is further equivalent to

~ 2
9"(’°)H + /2(’;—‘ < % (13.90)
1

4 . 2
for all 1 > 1ty > 0. It is noted that the terms Y I'l._1 HO,- (t0) H and p; can be made
i=1

4
|72y (1) |* + Amax (M2) 1520 |I> + Y 177!
i=1

arbitrarily small, see Remark 13.3.
From (13.33) and (13.16), the condition |y(¢)| < 0.5, YVt > t¢ > 0 holds if the
initial conditions are such that

ae(t)
de (1)

Under the assumption that |0(¢)| < 0.5, Vt >ty > 0, the above condition is equiv-
alent to

cos(y1(2)) + cos(0(t))(cos(y(t)—1) > 0. (13.91)

cos(y1(t)) +cos(y2(t)) > 1. (13.92)
From (13.68), the condition (13.92) holds if the initial conditions are such that

~ 2
i (o) +

4
|2 (1) |* + Amax(M2) [92(t0) |17 + Y I \
i=1

[2PL < arccos(0.5), Vi > 15 > 0. (13.93)
01

Since arccos(0.5) < 0.57, the condition (13.93) covers the condition (13.90).

Initial Conditions for a, (1) > a* > 0, Vi > to > 0. Since a2 = d2? — z2, we have

f—&
a? = 2(d,(—kycos(y)de + ki cos(y)8, —cos(y)ii) —

Ze (aﬁs + sin(6)u — cos(0) sin(¢p)v —cos(0) cos(¢)w))

as
= -2k, cos(y)az + 2k; cos(y)z? ~+ 2k cos(y)debe —2cos(y)deti —
2z, (aaﬁs + sin(f)u — cos(0) sin(¢p)v —cos(0) cos(¢>)w) . (13.94)
s

From (13.94), it is not hard to see that under Assumption 13.1 and d,(¢) > d} > 0,
if there exists a strictly positive constant ag such that

ae(to) > al, (13.95)

then there exists a strictly positive constant @ such that the condition a. (¢) > a} >
0, Vt > to > 0 holds.
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In summary, the feasible initial conditions are such that the conditions (13.77),
(13.93) and (13.95) hold. Roughly speaking, with the above initial conditions, due
to the underactuated configuration in the sway and heave, the sway and heave ve-
locities are not able to push the vehicle to the point a, = 0 and d, = 0.

13.5 Discussion of the Initial Condition

We now discuss how to obtain the initial conditions such that (13.77), (13.93), and
(13.95) hold. A close look at these conditions shows that they are always satisfied
by selecting the initial value, s(fp), if the vessel heads toward the conical space
containing the initial path to be followed, see Figure 13.2. If the vessel does not,
the surge control should be turned off and the yaw and pitch controls should make
the vessel turn until (13.77), (13.93), and (13.95) hold before applying the proposed
path-following controller. The angle 8 (see Figure 13.2) should be increased if the
initial velocities vy (fp) and v2(zp) are large. Otherwise the vessel might cross the
edge-line of the subspace in question, which might result in y; = 0.5 and/or
y = £0.57.

13.6 Parking and Point-to-point Navigation

13.6.1 Parking

Parking Objective. Design the controls 71 and 72 to park the underactuated un-
derwater vehicle (13.1) from the initial position and orientation (x(#9), ¥ (¢0), z (o),
@(t0), O(t0), ¥ (to)) to the desired parking position and orientation of (xp, yp, Zp,
¢p, Op, ¥p) under the following conditions:

1. There exists a large enough positive constant @, such that

V(o) = x,)2 4+ (9(00) = ) + (2t0) — 2) = .

2. The vessel heads toward the feasible cone containing the desired parking orien-
tation, see Section 13.5.

3. At the desired parking position and orientation, the environmental disturbances
are negligible.

The above conditions normally hold for parking practice. However, if the first
two conditions do not hold, one can apply the strategy in Section 13.5 to move the
vessel until they do hold. Having formulated the parking problem as above, one
might claim that the path-following controller proposed in Section 13.3 can be ap-
plied by setting uo equal zero. However, this will result in an orientation that may
be very different from the desired parking one, at the desired parking position, since
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Feasible cone of initial conditions

Edge line

Figure 13.2 Feasible initial conditions

our proposed path-following controller is designed to drive d, to a small ball, not to
zero for reasons of robustness. To resolve this problem, we first generate a regular
curve, 2, (x4, y4,2a), which goes via the parking position and its orientation at the
parking position is equal to the desired parking condition. For simplicity of calcu-
lation, the curve can be taken as a straight line in almost all cases of the vessel’s
initial conditions. Then the proposed path-following controller can be used to make
the vessel follow £2,(x4,y4.z4). In this case, the velocity ug should be chosen
such that it goes to zero when the virtual vessel tends to the desired parking posi-
tion, i.e., limg,, oo = 0 with dep = /(xa —xp)2 + (Va —¥p)> + (za —2p)%. A
simple choice can be taken as

uo = ul(1—e X19er)p=x2de (13.96)

where y; > 0,i = 1,2. Special care should be taken to choose the initial values of
(xq(t0), ya(to),za(to)), see Section 13.5, and the sign of uq such that it results in a
short parking time.

Remark 13.4. Once at the desired parking position and orientation, if there are large
environmental disturbances, there will be an oscillatory behavior in the yaw and
pitch dynamics, and the vessel might diverge from its desired position. This phe-
nomenon is well known in ship dynamic positioning.

13.6.2 Point-to-point Navigation

As seen in Section 13.1, the requirement that the reference path be a regular curve
might be too cumbersome in practice, since this curve has to go via desired points
generated by the helmsman and its derivatives are needed in the path-following con-
troller. These restrictions motivate us to consider the point-to-point navigation prob-
lem as follows.
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Point-to-point Navigation Objective. Design the surge force t, and the yaw mo-
ment 7, to force the underactuated underwater vehicle (13.1) from the initial po-
sition and orientation, (x (), y(¢9),z (to), ¢ (t0),0(to), ¥ (ty)), to go via the desired
points generated by a path planner.

To achieve this control objective, we first assume that the path planner gener-
ates desired points, which are feasible for the vehicle to be navigated through. We
then apply the path-following controller proposed in Section 13.3 to each regular
curve segments connecting desired points in sequence. The regular curve segments
can be straight line, arc, or known regular curve ones. It is, however, noted that a
fundamental difference between point-to-point navigation and the proposed smooth
path-following is that there are a finite number of “peaks”, equal to the number of
points, in the orientation errors, y; and y,. This phenomenon is because the path is
non-smooth in the orientation at the points.

13.7 Numerical Simulations

This section validates the control laws (13.48) and (13.59) by simulating them on
a 5.56 m long underwater vehicle whose parameters are given in Section 12.5. The
values of the vehicle parameters are assumed to be of the real vessel and are es-
timated on-line by the adaptation laws (13.49) and (13.60). We assume that these
parameters fluctuate around the above values +15%. This fluctuation is chosen here
for the purpose of calculating the maximum and minimum values used in the choice
of the design constants. Indeed, a different fluctuation of the vehicle parameters re-
sults in different maximum and minimum values used in the choice of the design
constants. In the simulation, we assume that the environmental disturbances are

Twu = 0.2”’111d(t), Twy = 0.2m22d(t), Tyw = 0.27]’1330’([), Twp = 0.2m44d(l),
Twg = 0.2m55d(t), Twr = O.2m66d(t),

where d(¢) = 14 0.1sin(0.2¢). This choice results in nonzero-mean disturbances.
In practice, the environmental disturbances may be different. We take the above dis-
turbances for an illustration of the robustness properties of our proposed controller.
It should be noted that only upper bounds of the environmental disturbances are
needed in our proposed controller.

In the simulation, based on Section 13.3 the control parameters and initial con-
ditions are taken as

ki =0.5,¢; =2, Kp = diag(0.05), K3 = diag(2), I} = diag(10), §, = 0.2,

T
[117 (t0). 727 (t0). 17 (10).v27 (10).5(t0)]” =
[—145.—15,-5,0,0.2,0.5,0,0,0,0,0,0,0]7 ,

and all initial values of parameter estimates are taken to be 70% of their as-
sumed true ones. The virtual vessel velocity on the path is taken as ug(¢,d.) =
5(1 —0.8¢72%)e0-54¢  The reference path is given by (xg = —90cos(s), yq =
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90sin(s),z4 = 3s), i.e., a helix with constant curvature and torsion. Figure 13.3
plots the trajectory of the vessel and the path (dotted line) to be followed in three di-
mensions. The trajectory of the vessel in the horizontal plane and the path following
error are plotted in Figure 13.4. Figure 13.5 plots the control inputs, 7, 7, 7p, and
7,. With nonvanishing environmental disturbances, our proposed controller is able
to force the vehicle to follow a predefined path as expected in the control design.
As can be seen in Figure 13.5, d, converges to a nonzero small value, i.e., the sway
and heave velocities cannot push the vessel to the point where d, = 0. From Figure
13.5, it can be seen that the control inputs are below their limits. Therefore, we can
still further shorten the transient time by increasing the control gains.

13.8 Conclusions

The control scheme developed for path-following of underactuated surface ships
in Chapter 11 was extended to design a path-following system for six degrees of
freedom underactuated underwater vehicles. The key to the development of the pro-
posed path-following system is the proper selection of the coordinate transforma-
tions in Section 13.2. The work presented in this chapter is based on [140, 141].
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Figure 13.3 Simulation results: Path-following real and reference trajectories in three-dimensional
space
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Chapter 14

Control of Other Underactuated Mechanical
Systems

This chapter presents several applications of the observer and control design tech-
niques developed in the previous chapters to the control of other underactuated me-
chanical systems including mobile robots and VTOL aircraft. For mobile robots,
a global exponential observer is first designed based on the observer design for
underactuated ships in Chapter 7. Output feedback simultaneous stabilization and
trajectory-tracking, and path-following controllers are then developed using the con-
trol design techniques proposed for underactuated ships in Chapters 6 and 11. For
VTOL aircraft, the observer and control design strategies used for underactuated
ships in Chapters 5 and 6 are utilized to design a global output feedback trajectory-
tracking controller.

14.1 Mobile Robots

14.1.1 Basic Motion Tasks

In order to derive the most suitable feedback controllers for each case, it is conve-
nient to classify the possible motion tasks as follows:

e Point-to-point motion: The robot must reach a desired goal configuration starting
from a given initial configuration, see Figure 14.1a.

e Path-following: The robot must reach and follow a geometric path in the Carte-
sian space starting from a given initial configuration (on or off the path), see
Figure 14.1b.

e Trajectory-tracking: The robot must reach and follow a trajectory in the Cartesian
space (i.e., a geometric path with an associated timing law) starting from a given
initial configuration (on or off the trajectory), see Figure 14.1c.

The three tasks are sketched in Figure 14.1with reference to a three wheel car-like
robot. Execution of these tasks can be achieved using either feedforward commands,
or feedback control, or a combination of the two. Indeed, feedback solutions exhibit

341
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a
Goal
Start
b
Start

Start

Trajectory

Figure 14.1 Basic motion tasks for a mobile robot

an intrinsic degree of robustness. Explanations of the above motion tasks are similar
to those of ocean vehicles, see Section 3.2.

14.1.2 Modeling and Control Properties

14.1.2.1 Modeling

We consider a unicycle-type mobile robot, which under the assumption of no wheel
slips has the following dynamics [142]:
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n=J(o, (14.1)
Mo =—-C())w—Dw +,

where = [x y ¢]7 denotes the position (x, y), the coordinates of the middle point,
Py, between the left and right driving wheels, and heading angle ¢ of the robot
coordinated in the earth-fixed frame OXY, see Figure 14.2, ® = [w; w,]”, with
w; and w, being the angular velocities of the wheels of the robot, T = [r; 12]7,
with 71 and 7, being the control torques applied to the wheels of the robot. The
rotation matrix J (n), mass matrix M, Coriolis matrix C (1), and damping matrix
D in (14.1) are given by

cos(¢p) cos(¢p)
Ty = siig) sinig) | vr=| |
- 1 12 M1
b=l —b~
. d11 0
cir=[ % Lo [h 2] @i
with
C=Lr2mca mll——rz(mbz—i—l)—i—lw mlz—LrZ(mbz—l)
2b 4ph2 ’ 4h2 ’
m=me~+2my, I =mea®+2myb® + I + 21, (14.3)

where m. and m,, are the masses of the body and wheel with a motor; I, Iy,
and I,, are the moments of inertia of the body about the vertical axis through P,
(center of mass), the wheel with the rotor of a motor about the wheel axis, and the
wheel with the rotor of a motor about the wheel diameter, respectively; r, a, and b
are defined in Figure 14.2; the nonnegative constants dq; and d,; are the damping
coefficients. If these damping coefficients are zero, we have an undamped case. On
the other hand, if the damping coefficients are positive, we have a damped case.
We take the physical parameters from [142]: b = 0.75 m, a = 0.3 m, r = 0.15
m, m, = 30 kg, my = 1 kg, I, = 15.625 kgm?, I,, = 0.005 kgm?, I,, = 0.0025
kegm?, d1; = dap = 5kgs™! for numerical simulations. For convenience, we convert
the wheel angular velocities (w;,®;) of the robot to its linear, v, and angular, w,
velocities by:
-1 I[1 b

w =28 w’B_7|:1—b:|’ (14.4)
where @ = [v w]” and B is invertible since det(B) = —2b/r. With (14.4), we can
write the robot dynamics (14.1) as follows:

X = vcos(¢),
y = vsin(¢),
d=w, (14.5)

Mw =—-C(w)w—Dw + B,
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where

M=Bmp=|" 0
0 mo |’

o . 0 —bcw

Cwy=B'C@B=|c . |
L

D=B"'DB = [‘f“ ‘f‘z}, B=B", (14.6)
day dan

miy = my +miz, May =M1 —My2,

- 1 - b
di = E(d” +dz2), di2 = E(dn —d»),

- 1 - 1
dr = %(dll —dy), dyp = E(dll +da).

14.1.2.2 Control Properties

Since the last equation of (14.5) is a square system if we consider the robot velocities
v and w as outputs and the torques 7; and 1, as inputs, we only need to investigate
control properties of the first three equations of (14.5), i.e., we investigate the control
properties of the robot kinematic model:

X =vcos(p),
y = vsin(¢),
é=w. (14.7)

From the first two equations of (14.7), the nonholonomic constraint is
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X sin(¢p) — y cos(¢p) = 0. (14.8)

Controllability at a Point. The tangent linearization of (14.7) at any point », is the
linear system

0
f]: sin(ge) |v+ |0 |w, g =n—7e, (14.9)
1

which is clearly not controllable. This implies that a linear controller will never
achieve posture stabilization, not even in a local sense. In order to study the control-
lability of the unicycle, we need to use tools from nonlinear control theory [4]. Let
us define

cos(¢) 0
g1=|sin(®) |.g2=|0|. (14.10)
0 1

It is easy to check that the accessibility rank condition is satisfied globally (at any
e ), since

rank [g1 g2 [g1.£2]] =3, (14.11)

where the Lie bracket [g1, g2] of the two input vector fields g1 and g» is

0g2 0g1 sin()

[g1.82] = =—g1———g2=| —cos(9) |. (14.12)
an an 0

Since the system is driftless, condition (14.11) implies its controllability. Control-
lability can also be shown constructively, i.e., by providing an explicit sequence of
maneuvers bringing the robot from any start configuration (xy, ys, ¢s) to any desired
goal configuration (xg,ye,¢g). Since the unicycle can rotate on itself, this task is
simply achieved by an initial rotation on (xg, yy) until the unicycle is oriented to-
ward (xg,yg), followed by a translation to the goal position, and by a final rotation
on (xg,yg) so as to align ¢ with ¢,. As for the stabilizability of system (14.9) to a
point, the failure of the previous linear analysis indicates that exponential stability
cannot be achieved by smooth feedback [5]. Things turn out to be even worse: If
smooth (in fact, even continuous) time-invariant feedback laws are used, Lyapunov
stability is not applicable. This negative result is established on the basis of a nec-
essary condition due to Brockett [21]: Smooth stabilizability of a driftless regular
system (i.e., such that the input vector fields are well defined and linearly indepen-
dent at . ) requires a number of inputs equal to the number of states. The above
difficulty has a deep impact on the control design. In fact, to obtain a posture stabi-
lizing controller it is either necessary to give up the continuity requirement and/or
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to resort to time-varying control laws.

Controllability About a Trajectory. Given a desired Cartesian motion for the uni-
cycle mobile robot, it may be convenient to generate a corresponding state trajec-
tory 9g () = (x4(t), va(t),q(t)). In order to be feasible, the latter must satisfy the
nonholonomic constraint on the vehicle motion or, equivalently, be consistent with
(14.8). The generation of 54 (¢) and of the corresponding reference velocity inputs
vg () and wy (¢) will be addressed properly.

Defining the state tracking error as § = § — 54 and the input variations as v = v —
vg and W = w — wy, the tangent linearization of system (14.7) about the reference
trajectory is

) 0 0 —vgsin(¢g) cos(¢pg) O - ~
i=10 0 vgcos(¢g) |ii+| sin(gq) 0 [g}zA(t)ﬁ—l—B(t)[g]
00 0 0 1

(14.13)

Since the linearized system is time-varying, a necessary and sufficient controllability
condition is that the controllability Grammian is nonsingular. However, a simpler
analysis can be conducted by defining the state tracking error as

cos(pg)  sin(¢pg) O
nR = | —sin(¢g) cos(pg) 0 | 7. (14.14)
0 0 1

Using (14.7), we obtain

‘ 0 wy O 107 rs
mR=|-wa 0 wvg |fr+]|00 [w] (14.15)
0 0 0 01

When vy and wg are constant, the above linear system becomes time-invariant and
controllable, since matrix

10 0 0 —wi vgwg
C=[B AB A?B]=|0 0 —wy; wvg O 0 (14.16)
01 0 0 0 0

has rank 3 provided that either v; or wy are nonzero. Therefore, we conclude that
the kinematic system (14.7) can be locally stabilized by linear feedback about tra-
jectories that consist of linear or circular paths, executed with constant velocity.



14.1 Mobile Robots 347

14.1.2.3 Feedback Linearizability

Based on the previous discussion, it is easy to see that the driftless nonholonomic
system (14.7) cannot be transformed into a linear controllable one using static state
feedback. In particular, the controllability condition (14.11) implies that the dis-
tribution generated by vector fields g1 and g» is not involutive, thus violating the
necessary condition for full-state feedback linearizability [4]. However, when ma-
trix

cos(¢p) O
G(n) = | sin(¢) 0 (14.17)
0 1

has full column rank, two equations can always be transformed via feedback into
simple integrators (input—output linearization and decoupling). The choice of the
linearizing outputs is not unique and can be accommodated for special purposes as
illustrated in the following example. Define the two outputs as

y1 =x+dcos(¢),
ya =y +dsin(¢), (14.18)

with d # 0, i.e., the Cartesian coordinates of a point, B, displaced at a distance d
along the main axis of the unicycle.
Using the globally defined state feedback

L - cos(¢) sin(¢) u
|:wi| B |:—sin(¢)/d cos(¢)/d] |:”£i| (14.19)

the unicycle kinematic is equivalent to

y1=u,
y1=ui,
b= Uy cos(Pp) —uy sin(q&)' (14.20)

d

As a consequence, a linear feedback controller for u = (11, u,) will make the point
B track any reference trajectory, even with discontinuous tangent to the path (e.g.,
a square without stopping at corners). Moreover, it is easy to show that the internal
state evolution ¢(¢) is bounded. This approach, however, will not be pursued in
this chapter because of its limited interest, since the robot orientation ¢(¢) is not
controlled.
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14.1.2.4 Chained Forms

The existence of canonical forms for kinematic models of nonholonomic robots
allows a general and systematic development of both open loop and closed loop
control strategies. The most useful canonical structure is the chained form, which in
the case of two-input systems is

Z1 =uy,
Zy = Uy,
Z'3 =ZyUq, (1421)

Zp = Zp—1U71.

It has been shown that a two-input driftless nonholonomic system with up to n = 4
generalized coordinates can always be transformed into a chained form by static
feedback transformation [143]. As a matter of fact, most (but not all) wheeled mo-
bile robots can be transformed in a chained form. For the kinematic model (14.7) of
the unicycle, we introduce the following globally defined coordinate transformation

z1 = ¢,
z5 = xcos(¢) + ysin(¢), (14.22)
z3 = xsin(¢) — y cos(¢),

and a static state feedback

vV =1us+z3uq,

w=u (14.23)
to give
Zy =uy,
Zy = Uy, (14.24)
23 = ZoUj.

Note that (z5, z3) is the position of the unicycle in a rotating left-hand frame having
the z,-axis aligned with the vehicle orientation. Equation (14.24) is another exam-
ple of static input output linearization, with z; and z, as linearizing outputs. We
note also that the transformation in a chained form is not unique. Mathematical
model and control properties of other types of mobile robots are given in [15, 130].
The reader is referred to [22, 33-40, 46, 51, 52, 144—-146] for various control de-
sign methods ranging from discontinuous to time-varying ones on stabilization and
trajectory-tracking control of systems that cover the chained form (14.21).
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14.1.3 Output Feedback Simultaneous Stabilization and
Trajectory-tracking

14.1.3.1 Control Objective
For the reader’s convenience, we rewrite the equations of motion here, see (14.1):

n=Jme,
Mo+CO)o+ Do =rt. (14.25)

We assume that the reference trajectory is generated by the following virtual robot:

Xa = cos(¢a)ura,
Ya = sin(¢pa)u1d, (14.26)
$a =Uaq,

where (x4, y4,¢q) are the position and orientation of the virtual robot, and 114 and

U, 4 are the linear and angular velocities of the virtual robot, respectively.

Control Objective. Under Assumption 14.1, design the control input vector T to
force the position and orientation, (x,y,¢) of the real robot (14.25) to globally
asymptotically track (x4, y4,¢q) generated by (14.26) with only (x, y,¢) available
for feedback.

Assumption 14.1.

1. The reference signals u14, W14, Ui1d, U2d, and toq are bounded. In addition, one
of the following conditions holds:

c. /(|u1d(r)|+|u2d<z)|)dzsuu,
0

o0
C2. [|u1d(t)|dt < pa1and |uxg(t)] = paz, (14.27)
0

t
Cs. /U%d(f)df > 31t —1to) — 32, Yt =10 >0,

to
where [L11, (21, and [L3p are nonnegative constants, and [Lyp and [L31 are

strictly positive constants.
2. The robot wheel velocities @ = [wy w»]T are not available for feedback.

Remark 14.1. The problem of set-point regulation/stabilization, tracking a path ap-
proaching a set-point is included in Condition C1. Tracking linear and circular paths
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belongs to Condition C3. Condition C2 implies that the case, where the robot linear
velocity is zero or approaches zero and its angular velocity is of sinusoidal type, is
excluded. The reason is that our control approach introduces a sinusoid signal in the
robot angular velocity virtual control to handle set-point stabilization/regulation.
Therefore, this case is excluded to avoid two signals canceling each other. If the
reference velocity u,4 is known completely in advance, the above case can be in-
cluded. Moreover, item (2) of Assumption 14.1 implies that we need to design an
output feedback controller.

Remark 14.2. The problem of simultaneous stabilization and tracking is not only of
theoretical interest but also possesses some advantages over the use of separate sta-
bilization and tracking controllers such as only one controller and transient improve-
ment because of the lack of switching. Moreover, if the switching time is unknown,
a separate stabilization and tracking control approach cannot be used.

14.1.3.2 Observer Design

We first remove the quadratic velocity terms in the mobile robot dynamics by intro-
ducing the following coordinate change:

X=0nw, (14.28)

where Q(n) is a globally invertible matrix with bounded elements to be determined.
Using (14.28), we write the second equation of (14.25) as follows:

=[0me - 2mM'Cie]+ QM (~Dw + ). (14.29)

In [101], Q(n) is required with the above properties such that

Q) = Q@mM~'C i), Vn e R’

which does not exist, as a simple calculation shows.

Our method is to cancel the square bracket on the right-hand side of (14.29) for
all (y,®) € R®. We assume that ¢;; (1), i = 1,2, j = 1,2, are the elements of Q(n).
Using the first equation of (14.25), it can readily be shown that the above square
bracket is zero for all (3, @) € R? if

d dgi1 1 niac niic

qll (¢)+—qlls (¢)+—§€;lz+—lbz 6];‘1+—1b1 qi» =0,

3 i ; 2l niic nisC

q2 os(¢) + —— C12 in(¢) — 8q¢2b+ 1[)1 gi1 + 1bz gi2 =0,

3 ; 9q; aq; ag; .
Hin | Ti2 ) os(g) + £+ﬂ sin(@) + (14.30)
ax | Ox dy ~ dy

aq; aq;
(%—%) (n11+n12) (gi1 +4gi2) =0.
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Using the characteristic method to solve the above partial differential equations
gives a family of solutions withi = 1,2

gi1 = Cisin(cA¢) + Cizcos(cAg),

giz = n7L ((CiaA—Ciinia)sin(cAp) — (Ci1 A+ Ciangz) cos(cAp)), (14.31)

_ 2 2 y—1 _ 2 2 \—1 _ 2 2
where n11 = my1(my; —mi,) ™, nip2 = —mia(my, —mi,) ", A = /n{; —ni,,
and C;; and Cj, are arbitrary constants. A choice of C;; = Cy =0, C1p = Cpy =
n1i results in

0(n) = nllc.os(aAqb) Asin(c?Aq&)—nlzcos(aAqf)) . (14.32)
niisin(aA¢) —nyzsin(@aA¢)— Acos(aAgp)

This matrix is globally invertible and its elements are bounded. Now we write
(14.25) in the (, X) coordinates as

i =J MmO X,

X =-D,(X + QMM 'z, (14.33)

where Dy(n) = Q(mM~1DQ~1(n). It can be seen that (14.33) is linear in the
unmeasured states. We here use the following passive observer:

=J@O YX + Ko1(n—1).

A ) o ) (14.34)
X ==Dy(mX +0mM"7 + Koz2(n—1),

where % and X are the estimates of n and X, respectively. The observer gain matri-
ces Ko1 and Ky, are chosen such that

Qo1 = K, Po1 + Po1Kox,
Qo2 =D (n)Poz+ Po2Dy(n)

are positive definite and
(T (M@ ') Por — Po2Koz =0, (14.35)

with Pg1 and P2 being positive definite matrices. Since Dy (1) is positive definite,
Ko7 and Ky, always exist. From (14.34) and (14.33), we have

n1=JmQ (X - Koii,
X =-D,(n)X — Ko2ij, (14.36)

where 7 = 5 —1# and X = X — X. It can now be seen that (14.36) is GES at the
origin by taking the Lyapunov function
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Vo =" Po1ii+ X" P2 X,
whose derivative along the solutions of (14.36) and using (14.35) satisfies
Vo =—iit Qo1ii—XT Q02X
which in turn implies that there exists a strictly positive constant gy such that
|Gi@). X)) < | Giteo), X (t0) €7, Vi =19 = 0. (14.37)
Define @ = [@; c?)z]T as an estimator of the velocity vector @ as
®=0"'X. (14.38)
The velocity estimate error vector, @ = @ — @, satisfies
®=0"1nX. (14.39)

To prepare for the control design in the next section, we convert the wheel ve-
locities w; and w, to the linear, v, and angular, w, velocities of the robot by the

relationship:
vl gt ginp= 1|1 P (14.40)
w| w> Tl 1 =b | :

By defining ¥ = v— 10, w = w — W, with 0 and W being estimates of v and w, we
can see from (14.39) and (14.40) that

1@ (@), BN < yol Gilto). X (t0)) e, ¥t > 15 > 0, (14.41)

where yy is a positive constant. We now write (14.25) in conjunction with (14.38)
and (14.40) as

X = cos(¢)0 4 cos(¢),
¥ = sin(¢)d + sin(¢)v,

¢=w—+w, (14.42)
U = Tyc + $2,
W = Tye + 2w,

where §2,, and £2,, are the first and second rows of £2

A

2 =B"'N.B [Uw]erB‘lQ‘l(n)Koz?n
_ | "2 711
N, —c [n“ _nu], (14.43)

and we have chosen the control torque
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T = MB (B_INCB[UA}})—B_IM_IDB[UA]—%[T”C D (14.44)
w w Twe

with 7, and 7. being the new control inputs to be designed in the next section.

14.1.3.3 Control Design

We first interpret the tracking errors as

Xe cos(¢p) sin(¢) 0 X —Xxq
Ye | = | —sin(¢) cos(¢) 0 | | y—ya |- (14.45)
Pe 0 0 L] ¢—¢a

Using (14.45), (14.26), and the kinematic part of (14.42) results in

Xe = 0—u1q cos(Pe) + Ve(W + W) + U,
Ve = U14 sin(ge) — X (W + W), (14.46)
(ﬁe = li) —Upd + u~)

Since (14.46) and the last two equations of (14.42) are of a lower triangular struc-
ture, we use the backstepping technique [3] to design 7, and 7, in two steps.

Step 1

In this step, we consider 0 and w as the controls. From (14.46), it can be seen
that 0 and W can be directly used to stabilize x, and ¢.-dynamics. To stabilize
Ye-dynamics, ¢, can be used when u4 is persistently exciting. When u4 is not
persistently exciting (stabilization/regulation case), we need some persistently ex-
citing signal in W to stabilize y.-dynamics via x.. With these observations in mind,
we define

V=10—0y,
W=wW—0Qy, (14.47)
(ﬁe = ¢e —Uge,

where oy, oy, and oy, are the virtual controls of 0, W, and ¢, respectively. From
the above discussion, we first choose the virtual controls o, and oy, as

oy = —cl.Ql_lxe + u14 cos(¢e),
(k@)
e = —arcsin Q—ye , (14.48)

1
k(t) = Atuyg + Azcos(Aat),
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where 21 = 1+ xe2 + yez, c1 is a positive constant, and A;, i = 1,2, 3 are positive
constants such that |k ()| < k.« < 1, V¢. They will be specified later. For simplicity,
the virtual control «,, does not cancel a known term y,w in the x.-dynamics. It is of
interest to note that the choice of (14.48) will result in the global result and bounded
virtual velocity controls.

To design «,, differentiating ¢, = ¢ — age along the solutions of (14.46) to-
gether with (14.48) yields

- k . k I
e = (I_Q_er)(aw T WA W) —Upg — ——5XeYe(V+ V) +

2,22

1 /(- ker , kuig 2 .

N (kye + Q—%xe Ye + 22 (1 +x7)sin(¢e) |, (14.49)
which suggests that we choose

1 Czq_be 1 . kCl 2
Oy = - Furg — —(kye + —5X;ye +
w 1—k!22_1xe( m 2d 92( Ye Qi:, eVe
kuyg .
9112 (1+x2) sm(¢e)), (14.50)

where 2, = /1 +x2+ (1 —k2)y2 and ¢, is a positive constant.

Remark 14.3. From (14.48) and (14.50), the virtual controls ¢, and oy, as a simple
calculation shows, are bounded by some constants depending on the upper bound of
Uid, Uid, and uzg.

Substituting (14.48) and (14.50) into (14.46) and (14.49) results in

. C1 N ~ -~
Xe=——Xe+ Ve(W+ W)+ 0+ 70,

21
k . - -

Ye = — %4 Ve —Xe(W + W) + tid (sm(qﬁe)[)z — (cos(¢pe) — l)kye) , (14.51)
2 2

I Czqge k - - k _ -

— 2% L (1-= - .
de 1+¢62+( sze) (w+w) _QZ_leer’e(”+”)
Step 2

At this step, the control inputs 7, and . are designed. We note that ¢y, is a smooth
function of x¢, ye, ¢e, and u 4, and that ¢, is a smooth function of xe, ye, Pe, U14,
W14, Uoad, and . By differentiating ¥ = 0 — &, and W = W — oy, along the solutions
of (14.46) and the last two equations of (14.42), and noting the last equation of
(14.51), we choose Ty, and Ty as
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Tye = Uid COS(¢€)+Yew)
~ day 5 (92 A2\ =
) —XeW) + u d”ld_ v(v +w )U+ 2, szeye¢e,
- doryy . o
Twe = ™ Uid COS(¢e)+yew)+ 8¢ = (D —uq) +
e e
dor R day . oty .. doty .
= (g sin(ge) — xeW) + ——tl1g + ———li1g + ———2g —
dYe u1q g usg
k
(1 — Q—xe) Pe — 8w (0> +1?) W, (14.52)

where c3, ¢4, 8y, and 8y, are positive constants. The terms multiplied by &, and
8y are the nonlinear damping terms to overcome the effect of observer errors, see
(14.43). The choice of (14.52) results in

. 0 0
b= —c3a—ai;(yew+ﬁ)—£w+aiy:xew+
k _
— 8y (U +w2) +Wx€y6¢»
. oy .  Oay .
w = +v)— w4+ —x.w+ (14.53)
%) e dYe ¢

k - N DN -
Qw—(l—g—xe)cﬁ w (0% + %) .

14.1.3.4 Stability Analysis

To analyze the closed loop system consisting of (14.51) and (14.53), we first con-
sider the (¢, v, w)-subsystem, then move to the (x,, y.)-subsystem.

(¢e, U, 1) -subsystem. For this subsystem, consider the Lyapunov function
1 -
= (g + 02+ 0%, (14.54)

whose derivative along the solutions of the last equation of (14.51) and (14.53)
satisfies

. C - _ _ —, —
o= _—2_¢3—C3U2—C4w2 + (11 + g12Vy) e o0t=10)
V1+¢2
< (x11Vi + x12) e o0t 10), (14.55)

where y17 and yp; are class-K functions of ” ((t0). X (t0)) H The second line of
(14.55) implies that Vi (¢) < y13, with y;3 being a class-K function of ” (n(t0),
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X (o), X (t0))| with X (t) = [¢e(t) 0(z) w(z)]T. Substituting this bound into the
first line of (14.55) yields

V) < —2min( ,03704) Vi+ (i1 + pizx13) e 000 (14.56)

C2
V1+2)13

which implies that there exist o1 > 0 and a class-K function x; depending on
|Gi(10). X (10). X (t0)) || such that | X (1)] < y1e7°1¢~"0), that is, the (¢e.D,w)-
subsystem is GAS.

(xe, ye)-subsystem. We first prove that the trajectories (x., y.) are bounded by tak-

ing the Lyapunov function
Vo= /1+x2+y2—1, (14.57)

whose derivative along the solutions of the first two equations of (14.51) satisfies

c1 , kuig 4

v, o< S 2 —021(t—10)
h < lexe 912y3+)(21€
Aruqg cos(Ast
< 2 ldgz( 3 )y92+X216_021(t_t0)’ (14.58)
1

where 01 = min(co,01) and x»; is a class-K function of ||(7(zo). X (t0), X (t0))||-
Integrating both sides of the second line of (14.58) yields

Valt) < Valto) +2hou™ + 22

021
= X22, (14.59)

where u('7* is the upper bound of |u,4(¢)|. Therefore, the trajectories (x,, y.) are

bounded on [0, 00). To prove convergence of (x., y.) to zero, we consider each case
of Assumption 14.1.

Cases C1 and C2. From the first line of (14.58) and noting (14.48), we have

V2= _%xez + [ Aaut g+ a1 (e 21T, (14.60)
1

Integrating both sides of (14.60) and using Barbalat’s lemma, it is straightforward
to show that lim;_, X, (¢) = 0. To prove that lim; o Y () = 0, applying Lemma
2.6 to the first equation of (14.51) yields:

Jim (ye(ew +1 +1) +0+7) =0, (14.61)
—00

which is equivalent to:
tlim E(@)=0, (14.62)
—>00
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where )
k(1)ye(t)
E(t) = ye(t —uyg(t)]. (14.63)
(t) ye()(\/l—l—(l—kz(t))yez(t) 2 (1)

On the other hand, from (14.60), we have
d p 1

i [ |A2u1d(r)|dr+Em(-)e‘“ﬂ“—m) <0, (14.64)

0

t
which means that V, — [ |A2u14(7)|dT + 05! ¥21(-)e~921¢=10) is nonincreasing.

Since V5, is bounded fror(1)1 below by zero, V, tends to a finite nonnegative constant
depending on ”Xe(lo)” with Xe = (xe. Ve, X, i (t0), X (t0)). This implies that the
limit of |y (¢)| exists and is finite, say /,,. If /;, were not zero, there would exist
a sequence of increasing time instants {;}72, with #; — oo, such that both of the
limits of lé(l,-) and Z (¢;) would not be zero. With this in mind, if we choose A; # 0
and such that

A2z

—F < W22,
JT—k2

then under conditions (14.27), Ié(t,-) and Z (t;) cannot be nonzero simultaneously
for any #;. Hence /,,, must be zero, which allows us to conclude from (14.62) that
lim; 00 Ye(2) = 0, i.e., the (x¢, yo)-subsystem is asymptotically stable.

(14.65)

Case C3. In this case, from (14.58), we have
. 1 _ _
V) < o2 (c1x2+ (Al — Az [urg))y2) + x21e” 021710, (14.66)
1

which means that there exist 0, > 0 and a class-K function y» depending on
| X (t0) || such that

1Gxe (0), ye(@)]] < x20 20710, (14.67)

as long as
Apsr —Aauls > 3y, (14.68)

where (3, is a positive constant. In addition, it can be shown that in this case the
closed loop of (14.51) and (14.53) is also locally exponentially stable. Under As-
sumption 14.1 there always exist A; such that (14.65) and (14.68) hold. We have
thus proven the following result.

Theorem 14.1. Under Assumption 14.1 the output feedback control laws consisting
of (14.44) and (14.52) force the mobile robot (14.25) to globally asymptotically
track the virtual vehicle (14.26) if the constants A;,i = 1,2,3 are chosen such that
Ai #0, (14.65) and (14.68) hold.
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14.1.3.5 Simulations

The physical parameters of the robot are given in Section 14.1.2. We perform
two simulations. For the first simulation, the reference velocities are chosen as:
u1g = 0.5(tanh(zs —t) 4+ 1), and u,4 = 0, where ; is a positive constant. A switch-
ing combination of a tracking controller and a stabilization one in the literature can-
not be used to fulfill this task if z; is unknown in advance. A calculation shows that
for t <ty (tracking a curve), condition C3 holds with (37 = 0.25 and for ¢ > ¢, (park-
ing) Case C1 holds. Hence, our proposed controller can be applied. We also assume
that due to some sudden impact at the time #,, > ,, the robot position is perturbed
to y = ym # 0 to illustrate the regulation ability of our proposed controller. For
the second simulation, the reference velocities are u;4 = 0,u,4 = 0.2, i.e., Case C2
holds with u2> = 0.2. The initial conditions are: T, wT)=((-2,2,-0.5),(0,0)),
@7, XT)=((0,0,0),(0,0)), (x4, va.pa) = (0,0,0), and we take t; = 20, t,, = 30,
¥m = 1.5. The control and observer gains are chosen as ¢; =2, 1 <i <4, §, =
Sw = O.l, P01 = P()z = diag(l, 1), )Ll = X3 = 0.5, Az = 0.1, K01 = diag(l, 1),
Koz = (J (n)Q_l(n))T. The above choice satisfies the requirements in Theorem
14.1. The robot trajectories in the (x, y)-plane are plotted in Figures 14.3 and 14.4.
The tracking errors in the form of /x2Z + y2 + ¢2 are plotted in Figure 14.5. This
figure indicates that convergence of the tracking errors for the case of regulation to
zero is much slower than those for the other cases, which is a quite well-known ef-
fect when using the smooth time-varying controllers. Convergence of tracking errors
in Case C2 is slower than that in Case C3, since Case C3 yields local exponential
stability but only asymptotic stability for Case C2 (see the proof of Theorem 14.1).

y[m]

0.8

0.6}

0.4F

0.2}

15 20 25

Figure 14.3 First simulation: Robot position in the (x, y)-plane
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2.5

Tracking errors
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&)

-2 -1.5 -1 -0.5 0 0.5
x[m]
Figure 14.4 Second simulation: Robot position in the (x, y)-plane
':/Case: v,=0; w =0.2 ]
: Case: vd:O.S(tanh(ZO—t)+1); Wd:0
20 40 60 80 100
Time [s]

Figure 14.5 Tracking errors with respect to the first and second simulations
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14.1.4 Output Feedback Path-following
14.1.4.1 Control Objective
For the reader’s convenience, we rewrite the equations of motion here, see (14.1):

1=J(eo,

. ] (14.69)
Mo+CO))o+Do =rt.

After an observer and a primary control design as in Section 14.1.3.2, we only need
to consider the robot model (i.e., the dynamics (14.42)):

X = cos(¢)0 4 cos(¢),

¥y = sin(¢)0 + sin(¢h) T,

¢ =+w, (14.70)
{5 = Tyc + £2y,

W= Twe + 2w

In this section, we consider a control objective of designing the control vector ©
to force the mobile robot to follow a specified path I', see Figure 14.6. If we are
able to drive the robot to closely follow a virtual robot that moves along the path
with a desired speed vy, which is tangential to the path, then the control objective is
fulfilled, i.e., the robot is in a tube of nonzero diameter centered on the reference path
and moves along the specified path at the speed vo. Roughly speaking, the approach
is to steer the robot such that it heads toward the virtual robot and eliminates the
distance between itself and the virtual robot. We define the following variables to
mathematically formulate the control objective:

Xe = Xg — X,

Ye = Ya — X,
14.71
de = ¢ —da. (147D
Ze = 4/ xez + yZ,
where
. Ye
¢4 = arcsin (—) . (14.72)
Ze

Control Objective. Under Assumption 14.2, design the controls 71 and 75 to force
the mobile robot (14.70) to follow the path I" given by

Xq = xq($),
Yd = ya(s), (14.73)
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A

@)

Figure 14.6 General framework of mobile robot path-following

where s is the path parameter variable, such that
lim z,(7) < Z,
t—>00
lim [¢.(7)] =0, (14.74)
t—>00

with Z, being an arbitrarily small positive constant.
Assumption 14.2.

1. The reference path is regular, i.e., there exist positive constants Ry, and Rpax

such that
Ixa\>  (0va\’
0< Rmin <\ = +| = =< Rmax < 0.
as as

2. The minimum radius of the osculating circle of the path is larger than or equal
to the minimum possible turning radius of the robot.

Remark 14.4.

1. Assumption 14.2 ensures that the path is feasible for the robot to follow.

2. If the reference path is not regular, then we can often split it into regular sections
and consider each of them separately.

3. The path parameter, s, is not the arc length of the path in general. For example,
a circle with radii of R centered at the origin can be described as x; = R cos(s)
and y; = Rsin(s), see [136] for more details.

If one differentiates both sides of . = ¢ — ¢4 to obtain the ¢e-dynamics, there
will be discontinuity in the ¢.-dynamics when x, changes its sign. This discontinu-
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ity will cause difficulties in applying the backstepping technique. To get around this
problem, we compute the ¢.-dynamics based on

Xe Sin(¢) — ye cos(¢p)

sin(¢e) = E
cos(ge) = cos(¢) Z-i- Ve sin(¢)' (14.75)

We now use (14.71) and (14.75) to transform (14.71) to

e 0 e 0 . .
Ze = —co8(¢he) + Ye PYd | JeDVd §—cos(¢e)T,
Ze 08 Zp 0§

¢') — B+ |:(Sin(¢) _ Xe Sin(¢e)) 8)C_d _ (COS(¢) 4 Ye Sin(¢e)) %} %

Ze z2 as Ze z2 as
S sin(¢e) . . .
+ (0 +9)+w,
cos(¢e) Ze
V= Tyc+ 2y,
D= tye+ 2. (14.76)

It is noted that (14.75) is not defined at z, = 0. However, our controller will
guarantee that z,(¢) > z: > 0, for all 0 <t < oo for feasible initial conditions. The
second equation of (14.76) is not defined at ¢, (#) = 0.5 but we will design §
to overcome this problem. Therefore, we will design the controls 7, and 7y, for
(14.76) to yield the control objective. In the next section, a procedure to design
a stabilizer for the path-following error system (14.76) is presented in detail. The
triangular structure of (14.76) suggests that we design the controls 7y, and 7y in
two stages. First, we design the virtual velocity controls for ¢ and W and choose §
to ultimately stabilize z, and ¢, at the origin. Based on the backstepping technique,
the controls 7, and 1y, will be then designed.

14.1.4.2 Control Design
Step 1

The z.- and ¢.-dynamics have three inputs that can be chosen to stabilize z, and ¢.,
namely $, 0, and w. The input W should be designed to stabilize the ¢,.-dynamics
at the origin. Therefore, two inputs, § and v, can be used to ultimately stabilize z,
at the origin. We can either choose the input ¥ and § and then design the remaining
input. If we fix s, then the virtual robot is allowed to move at a desired speed. The
real robot will follow the virtual one on the path by the controller, and vice versa.
We here choose to fix §. This allows us to adjust the initial conditions in most cases
without moving the robot. Since the transformed system (14.76) is not defined at
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ze = 0, we first assume in the following that z,(t) > zJ > 0,V 0 < ¢ < co. We will
then show that there exist initial conditions such that this hypothesis holds.
Define o
Ve = U — 0y,
We = W — Wy,

14.77)

where ¥, and W, are the virtual controls of ¥ and w, respectively. As discussed
above, we choose the virtual controls and § as follows:

Xe 0Xg | Ve Oya vo(Z,Ze)

Ze Os Ze 3s) x, 2+ 4 >’
s s

By = —koy — |:(5in(¢) _ Xe Sin(¢e)) aﬁ _ (COS(¢) + Ve Sin(¢e)) ay_d]

Ur = ki(ze — 5)+(

Ze z2 ds Ze z2 ds
Vo(7,Ze) _ Sin(‘lse)ﬁr _5, (Slnz(¢e)) de,
e

X > >
0xy ya Ze
()= (%)
. cos(ge)vo(t, ze) ’ (14.78)

axq )\ ava\>
(5) +(5)
where k1 > 0, k, > 0, and §; > 0. The term multiplied by §; is a nonlinear damping
term to overcome the observer error effect. vy (t,z,) # 0 forallt >y > 0and z, € R,
is the speed of the virtual robot on the path. Indeed, one can choose this speed to be a
constant. However, the time-varying speed and position path-following dependence

of the virtual robot on the path is more desirable, especially when the robot starts to
follow the path. For example, one might choose

Vo(t.2¢) = vg (1= yye 127100~ x3%¢, (14.79)

where vy #0, x; >0,i =1,2,3, and x; < 1. The choice of vy(t, z.) in (14.79) has
the following desired feature: When the path-following error, z,, is large, the virtual
robot will wait for the real one; when z, is small, the virtual robot will move along
the path at the speed closed to vg and the real one follows it within the specified
look ahead distance. This feature is suitable in practice because it avoids using a
high gain control for a large signal z,.

Substituting (14.78) into the first two equations of (14.76) results in

Ze = —k1c08(ge)(ze —8e) —coS(ge) (V + ve),

$e = —k2¢e—81(sm(¢e)) Pe+ Sl“Z(¢e)( +ve) + 1B +we. (14.80)
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Step 2

By noting that the virtual control 9, is a function of ¢, x., y., and s, and the virtual

control W, is a function of , Xx., ye, s, and ¢, differentiating both sides of (14.77)
along the solutions of the last two equations of (14.76) results in

o (BA 8 )
) Tye +
e _ ve v + 8)&- ) ) _
. e ow 8wr . 0w,
We Twe w axe 9% w Y,
00, 00, (x4 0, (0yg a0, :
5 + Bre (Ks—vcos(qﬁ)) 7% (Ks—vsm((b)) %5
oW, [0xq oW, (9yq oWy : 811), "
ore (WS vcos(¢)) 7% (a—s vsm(qb)) % 8¢

(14.81)
From (14.80) and (14.81), we choose the control inputs with nonlinear damping

terms to overcome the observer error effect as follows:
00 00, ]
( ! cos(¢p) + — sm(gb))
dxe dye

Tye C21Ve

=— -4

|:Tw01| |:022we:| 2 ow, 8 2 oWy 2| F

0Xe ap |

Db, Dby (Oxg. . a,a b, T

v v ﬁs—vcos(qﬁ) + 0 ﬁs—vsm(q&) 0

as aye as ds _
0wy (0 BA, 0 8 r. 0wy

o ﬂs— cos(¢) d ﬁs—vsm(qﬁ) o

0xe \ Os ay as

e 3¢>
sin(¢e)
[ (0% + @z)ve ] _ Ze

$e —

be
aw , (14.82)

where ¢31, €22, 82, and 83 are positive constants. Substituting (14.82) into (14.81)
results in

Ve | _ C21Ve 2y § (v +w2)ve Sln(‘pe)d’e/ze
we | B C22We + -Qw -7 (U + wZ)w be
v
(3x 9ye ) _
GInS oW My
(axe 0Ye ) ' d¢ v
(8& cos(¢) + — sm(¢>))
8 0e

5, a2 |- (14.83)
(5 o) e+ ()
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14.1.4.3 Stability Analysis

To analyze the closed loop system consisting of (14.80) and (14.83), we first con-
sider the (¢e, Ve, We)-subsystem, then move to the z,-dynamics.

(¢e, Ve, W )-subsystem. For this subsystem, we take the following Lyapunov func-
tion:

1
V= 5(qstru‘,%ng), (14.84)

whose derivative along the solutions of the last equation of (14.80) and (14.83), after
some manipulation, satisfies

Vi < —p1 Vi 4 y1(-)e 00t (14.85)

where p; is a positive constant and can be made arbitrarily large by increas-
ing the design constants k1, k2, c21 and ¢z, and y1(-) is a class-K function of
[ (ze(20). ¢e (10). 7 (t0). X (10))||. From (14.85), it is not hard to show that

[(Pe(t), ve (1), we ()| < a1 (-)e™ ! (Z_ZO), (14.86)

where a1 () is a class-K function of ||(ze(to). ge (to0). ii(to). X (o)) |, and oy is
a positive constant. Hence (14.86) implies that the (¢, Ve, W )-subsystem is K-
exponentially stable at the origin.

z.-subsystem: Lower Bound of z.. Defining Z, = z, — §,, the first equation of
(14.80) can be written as

ée = —k1cos(pe)Ze —cos(ge) (U + ve)
> —ki1Ze— |1~) + ve|
> —k1Ze —ap()e2 (710, (14.87)

where a5 (-) is a class-K function of ||(z.(t0).¢e(t0). 7 (o). X (to))||, and o7 is a
positive constant. From (14.87) and the comparison principle, we have

Z(1) > Z,(tg)eF1¢10) 4 az—(]z (e—"2<"’0> - e—kl(’—fo)) . (14.88)
02 — K1

Therefore the condition z.(¢) > z holds if

052(') +Z*

o2 >k, ze(tg) > =28, + .
O’z—kl

(14.89)

ze-subsystem: Upper Bound of z.. To estimate the upper bound of z,, we write
the first equation of (14.80) as
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Ze = —k1ze —k1(cos(¢e) — 1)ze + k1 c0S(Pe)de — cOS(e ) (U + ve). (14.90)

By taking the Lyapunov function V, = O.Sze2 and noting that ¢., v,, and U expo-
nentially converge to zero, it is not hard to show that

|Ze ()] < a3(-)e™7300) 4 oy, (14.91)

where a3(-) is a class-K function of ||(ze(fo). ¢e(t0). 7 (t0). X (f0))||, and o and p3
are positive constants. The constant p3 can be made arbitrarily small by reducing
Se.

14.1.4.4 Simulations

To illustrate the effectiveness of the proposed output feedback path-following con-
troller, we perform a numerical simulation. The physical parameters are given in
Section 14.1.2. The design constants are:

k] = 0.5; k2 = 5, Cy1 = Cpp = 2, 81 = 82 = 83 = 005, 53 =0.2.
The initial conditions are:
aT.0T) = ((-5.0.0.5).(0.1). GT.XT) = ((0.0.0).(0.0)). 5(0) = 0.

The reference speed of the virtual mobile robot is vg = 2.5m/s. The path I" is
chosen to be a sinusoidal path specified by x; = s and y; = 10sin(0.15s). This
path is regular and satisfies all requirements in Assumption 14.2. Simulation results
are plotted in Figure 14.7. From this figure, it can be clearly seen that the proposed
output feedback controller is able to force the mobile robot in question to follow the
reference path accurately.

14.1.5 Notes and References

This section has shown that the observer design and control design techniques de-
veloped for underactuated ships in Chapters 5, 6, 7, and 11 can be successfully ap-
plied to solve the challenging problems of output feedback simultaneous stabiliza-
tion and trajectory-tracking, and path-following for mobile robots. Indeed, the main
difficulty in solving stabilization and trajectory-tracking control of mobile robots
is due to the fact that the motion of the systems to be controlled has more degrees
of freedom to be controlled than the number of control inputs under nonholonomic
constraints. In addition, the cross-terms of the robot velocities due to the Coriolis
matrix prevents the success of the traditional observer designs. Stabilization and
trajectory-tracking control problems of mobile robots are usually addressed sepa-
rately in the literature. Discontinuous and time-varying approaches are often used
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Figure 14.7 a. Robot position and orientation in the (x, y)-plane, b. Control torques

to solve the stabilization problem where the robot dynamics is transformed to a
chained system. Various nonlinear controllers have been developed based on Lya-
punov’s direct method and the backstepping technique to solve the tracking con-
trol problem, see [18,41-44,47,131,142,147-150]. The simultaneous stabilization
and trajectory-tracking control problem of mobile robots has been solved using the
time-varying approach, see [133, 151, 152] and the high-gain (using an oscillator)
approach, see [148, 150]. It is also mentioned that all proofs of the main results in
this section are based on Lyapunov’s direct method for the reader’s convenience.
Indeed, we can use the stability result for cascade systems given in Section 2.1.3 to
analyze stability of the closed loop systems. Moreover, if nonlinear damping terms
are included in the robot dynamics, Lemma 2.2 can be used with the proposed co-
ordinate transformation to design an exponential/asymptotic observer.
The work in this section is based on [131, 151].
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14.2 Vertical Take-off and Landing Aircraft

14.2.1 Control Objective

A scaled mathematical model of a VTOL aircraft can be described as, see [153]:

X1 = x2,

X2 = —uq sin(@) + euy cos(H),

=2 (14.92)
y2 = ujcos(0) + suysin(f) — g,

0=w,

W = Uy,

where x1, y1, and 6 denote position of the aircraft center of mass and roll angle, x5,
Y2, and @ denote linear and roll angular velocities of the aircraft, respectively, u;
and u, are the vertical control force and rotational moment, g > 0 is the gravitational
acceleration, and ¢ is the constant coupling between the roll moment and the lateral
force, see Figure 14.8.

1l &l

Figure 14.8 The VTOL aircraft

The aircraft model (14.92) is underactuated if we want to use two available con-
trol inputs (1; and u5) to control three outputs (x1, y1, and #). Furthermore, the
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zero-dynamics of the aircraft model (14.92) is nonminimum phase for ¢ # 0 at the
steady state when considering (x1, y1) as the output and 6 as an internal state. This
phenomenon can be seen from (14.92) by setting x; = y1 = x2 = y» =0.

We assume that the reference trajectory to be tracked is generated by

X1r = Xor,

Xar = —uy, sin(6y) + euz, cos(;),

).;lr = yor, . (14.93)
Yar = u1rcos(0;) 4 cuarsin(6,) — g,

ér = Wy,

@y = Uz,

where all of the variables in (14.93) have the same meaning as in (14.92). In this sec-
tion, we are interested in designing the control inputs ©#; and u, to force the aircraft
model (14.92) to globally asymptotically track the reference model (14.93) without
measurements of the velocities x», y,, and @ under the following assumption:

Assumption 14.3.

1. The reference signals wy, U1y, Uay, U1y, U1y and ta, are bounded.
2. There exists a strictly positive constant u, such that

U, —ew? > uj,. (14.94)

Remark 14.5. The condition (14.94) covers the stabilization/regulation of the VTOL
aircraft and implies that the aircraft is not allowed to land faster than it freely falls
under the gravitational force.

14.2.2 Observer Design

From (14.92), a reduced-order observer can indeed be designed. However, such an
observer is often noise-sensitive. Here we use the following full-order observer:

X1 =Xy +ki1(x1 —X1),

2> = —uysin(0) + sup cos(0) + ki (x; —Xx1),

.

V1= J2+ ka1 (y1—51),
iy = 11 cos(0) + suy sin(0) — g + koo (y1 — $1),
=& +ks1(6-9).

X (14.95)
y

6

& = us +k32(0 —0),
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where k;;, 1 <i <3 and 1 < j <2 are positive constant observer gains. By defining
the observer error as

X1 X1 — X1
X2 X2 — X2
x=|2 =] (14.96)
Y2 Y2 )2
0 0—0
| & | | w— |
and subtracting (14.95) from (14.92), we have
2 ~ . _kil 1 .
X =AX, A=diag(4;), A, = ,i=1,2,3. (14.97)
—Ki2
It is easy to show that
1X@)| < @0 | X(to)]| e, V1 >19>0, (14.98)

for some positive constants ¢y and op, which implies that (14.95) is a global expo-
nential observer of (14.92). Therefore, in the following we will design the desired
tracking controllers u; and u, based on the following transformed system:

X1 =X+ 12,

Xy = —uysin(0) + sup cos(0) + k1%,

):1 =Yy2+Y2, . ) (14.99)
V2 = ujcos(0) + eupsin(f) — g + ka2 1,

0=d+a,

C’l‘\) = Uy +k32§.

14.2.3 Coordinate Transformations

Solving u, from the last two equations of (14.92) and substituting it into the second
and fourth equations of (14.92), we have

%(xl —esin(f)) = x; —ecos(f)w,
%(xz —ecos(f)w) = —sin(0)(u; —ew?),
%(h 4+ ecos(0)) = y, —esin(f)w, (14.100)

%()’2 —esin(f)w) = cos(8)(u; —ew?) —g.
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If we consider x; —esin(f) and y; +ecos(6) as outputs, it can be seen that (14.100)
is of a triangular form and does not depend on u,. It is of interest to note that the
above outputs coincide with the aircraft center of oscillation and they are the flat out-
puts [154]. Motivated by the above discussion, we define the following coordinate

changes:

z1 = x1 —esin(0),
Zy = Xy —ecos(0)d,
w1 = y1 +ecos(H),

Wy = Jp —esin(0)d.

Applying the above coordinate changes to (14.99) results in

Z1 = Zp + Xy —ecos(0)@,

W) = wy + Va2 —esin(f)o,

2, = —iiy sin(0) + esin(0)d@ + k1251 — k32 cos(6),

Wy =il cos(0) —g—ecos(0)OD + kaay1 — ks sin(@)é,
6

=0+,

@ = us + k3,0,

where it} = u; —e®?. Similarly, applying the coordinate changes

to (14.93) yields

where 11, = Uy, —sa)rz.

z1r = X1 —e&sin(6;),
Zap = Xor —&c0s(0, )y
Wi, = y1r +&cos(6y),

War = yar —esin(f;)w,

Z1r = Zor,

Wiy = War,

Zyp = —U1r sin(@r),
Wy, = Uy, cos(f;) —g,
ér = Wr,

Wy = Uzy,

(14.101)

(14.102)

(14.103)

(14.104)

If we directly design the control inputs u; and u, to force (14.102) to track
(14.104), it will be very complicated since the angle 6 enters in the third and fourth
equations of (14.102). Motivated by controlling underactuated ships, we interpret
the tracking errors in a frame attached to the virtual aircraft as
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21— Z1r

= J(6,) :
w1 —Wir

“2e ] — J(6,) [22_22’ } (14.105)

W2 — War

where

(14.106)

76 = |:—sin(9,) cos(e,)] |

cos(6,) sin(6,)

It is seen that the above coordinate changes are globally invertible and that conver-
gence of (Z1¢, Wie, Z2e, Wae) to the origin implies that of (zq — z1,, w1 — W1y, 22 —
Zor, W — War).

Remark 14.6. If J(0) instead of J(6,) is used in the coordinate transformation
(14.105), it will be extremely difficult to design the control inputs for the result-
ing system.

Differentiating both sides of (14.105) along the solutions of (14.102) and (14.104)
yields

Z1e = Zoe — Wie®r + Oz1,

Wie = Wae + Z1ewr + Oy,

Z'-Ze =1 fOSFGe) — U1y — Wer ._8003(9e~)wea~) + 022, (14.107)

Woe = —U1 SIN(0e) + Z2ewr + £8iN(0 )we @ + Oyya,

ée = we + 0,

@e = Uy —Uay + k320,
where for simplicity of presentation, we have defined the following terms which
exponentially converge to zero when X does:

071 = —sin(6,) (X2 —ecos(8)@) + cos(6,) (¥ — esin(0)d),
Oy1 = cos(f,) (X2 —ecos(0)w) + sin(6; ) (y2 — esin(0)®),
0.2 = —sin(0,) (k1251 — ek3z cos(0)6) +
cos(0y) (ko y1 —ekaa sin(@)é) —ecos(b,)wr®, (14.108)
Ow> = c0s(0,)(k12X1 — ek3p cos(0)0) +
sin(6; ) (ko y1 —ek3p sin(@)é) + esin(f,)w, @.

We have therefore converted the tracking control problem to a problem of stabilizing
(14.107) at the origin.
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14.2.4 Control Design

It is observed that (14.107) is of a triangular form. Although there are connection
terms between the (z1e,22¢)- and (wie, Wy )-subsystems, they do not prevent us
from applying the popular backstepping technique [10] to (14.107), see below. To
make our control design clear, we divide the control design into two steps. The first
step designs u1. The control u, is designed in the second step.

Step 1
At this step, we design the control input #; and as an application of our approach

used in underactuated ship tracking, the angle error 6, is also used as a “control” to
stabilize the (z1e,Z2¢, W1e, Wae )-subsystem. We proceed in two substeps.

Substep 1

Define

Z2e = Z2¢ — Uy,
Wae = Wae — Oy, (14.109)

where o, and «,, are virtual controls of z5, and ws., respectively. Consider the

Lyapunov function
Vii=4/1+22, +w?, —1, (14.110)

whose time derivative along the solutions of (14.109) and the first two equations of
(14.107) is

. V4 _ w _
Vit = = (Zae + 0z + Oz1) + — (B2 + 0w + Ouw1). (14.111)
A A
where A = 4/1 +zfe + wfe. From (14.111), we choose
kizie kaowie
= 0%, =2 14.112
az A, Oy A, ( )

where Ay = \/1 + 2%, + w3, +z3, + w3,, and k; and k» are positive constants to
be specified later.

Remark 14.7. The choice of the virtual controls o, and «,, in (14.112) is differ-
ent from a standard application of the backstepping technique in the sense that o,
and «,, depend on z5, and w,, .This choice together with the Lyapunov function
(14.110) instead of a quadratic function will result in a bounded control input
(see Substep 1.2). This bounded control is crucial to obtain a global result, see Step
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2. In addition, the choice of (14.110) and (14.112) can also be considered as an
interesting application of the bounded backstepping approaches recently proposed
in [155] and [156] to the VTOL aircraft system.

Substituting (14.112) into (14.111) gives

2 2 = -
klzle +k2wle Z1eZ2e | WieW2e

I‘/ll =
VASWAD) Ay A4

+ O11, (14.113)

where the term Oj; containing the observer errors as a factor is defined as

Z1e 021 Wie Ow1
011 = . 14.114
11 A, + A, ( )

Substep 2

Define

O = 6 — o, (14.115)
where g is a virtual control of 6,. To design #; and oy, we take the following
Lyapunov function:

Vig = Vi1 + %k3 (23, +w3,). (14.116)
where k3 is a positive constant, which is introduced to enhance the flexibility of

choosing the design constants. Differentiating both sides of (14.116) along the so-
lutions of (14.112) and (14.113), the third and fourth equations of (14.107) give

2 2
_klzle +k2wle

Via = A A +k3Zae[b11 (1 cos(ag) —u1r) + b1y sin(ag) +
142
Szl +k3wae [b21 (1 cos(ag) — 1)+ baouysin(ag) + fuw] + go + O12,
(14.117)
where for simplicity of presentation, we have defined the following terms:
The terms b;;, i = 1,2, j = 1,2, are
by =1— klzle322e’
43
k1z1ewze
bix = A—S’
kawiezze
by =——5—, (14.118)
43
k
by = —1+ 2W1eW2e

A3
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The terms f; and f,,, which will be canceled in this step, are

2 ki kiz
fz = k3Ael — Oy Wy + A_Z(ZZe —WieWy) — Age (Z1e22¢ + W1eW2e),
fw = Ple +a;w +k2 (Wae + z1ewr) kzwle(z Zoe + WieWse)
= — (w2 1 - leZ2 leW2e).
w k3Al zY%Wr Az e ewr A; e e e e

(14.119)

The term gg, which will be canceled in the next step, is

g6 = ki1 [(b11Z2¢ + ba1W2e) ((cos(De) — 1) cos(atg) —sin(8e) sin(ag)) +
(b1272¢ + ba2e ) ((cos(Be) — 1) sin(arg) + sin(Be) cos(atg)) ]

(14.120)
The term O;,, which contains the observer error as a factor, is defined as
_ - k10
O12 = k3Ze [—ecos(ée)wea) + 0z + IA 21 i| +
2
k,O
k30, [—ssin(@e)we@ + Owa + ZA wl ] - (14.121)
2

ka(k1z1eZ2e +kowieWae)
43
Z2¢(—£€08(0)we® + Oz2) 4+ Wae (e8in(be)we @ + Oy2)] + O11.

(21 Oz1 + W1e Oyt +

Since O, is Lipschitz in Zp,w, and wiewe, from (14.117) we choose the control
input #; and og such that

bi1(uycos(ag) —u1,) +brouysin(og) + f; = —kaZze/As,
ba1(uy cos(ag) —u1y) + bty sin(ag) + fu = —kswae /A3, (14.122)

where Az = /14 Z%e + u')%e, k4 and ks are positive constants to be selected later.
Solving (14.122) results in

ag = arctan (i1 / (i1, +11)),

~ _ _ o (14.123)
g = (i1, +1u11)cos(ag) + 12 sin(ag),
where
_ 1 kaZo ksw
— _ e . b S5W2e b ,

i b11b22—b12b21( ( 43 +f) 22+( 43 +fw) 12) (14.124)

_ _ 1 kaZoe kswoe

2 1has —biabay <( 43 +fz)b21_( 43 +fw)b“)'

From expressions of b;;, i = 1,2, j = 1,2, given in (14.118), we have
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k k 2k1k
bi1bys—biabyy = —1+ 121e322e+ 2w1e3w2e_ 1 ZZIeZZGewleWZE‘ (14.125)
43 A3 A3

Therefore, there is no singularity in (14.124), if k1 and k, are chosen such that
ki+ky+2kik, < 1. (14.126)
Moreover, the virtual control ag in (14.123) is well defined if
Uiy +uqpp > 0. (14.127)

This condition, as a simple calculation shows, is equivalent to

o (Pt k(L ko) + (L4 ko) Gk +1/ks +kg)
lr_( 1— (k1 +ky 4+ 2k1k>) "
ki (ks + 1/ k3 + 3k2)
1—(ky +kz+2k1k2))

(14.128)

Indeed, there always exist positive constants k;, 1 <i <5 such that (14.128) holds.
Also it can be shown from (14.123) and (14.124) that 1 is bounded by some posi-
tive constant, which can be easily calculated from (14.123) and (14.124). Note that
under the conditions (14.126) and (14.128), ay is a smooth function of zi,, z5.,
Wie, Wae, @r, and u1,. Substituting (14.123) into (14.117) yields

kiz3, +kow?,  ks(kaZ2, +ksw3
. 177, + 2Wy, 3( 425, + 5w2€)+g9+012- (14.129)
A]Az A3

I./12 =

Step 2
In this step, we design u, to stabilize the (6, w, )-system. Define
We = We — Uy, (14.130)
where «, is a virtual control of w,. To design «,,, we take the Lyapunov function
Va1 = Via +0.502. (14.131)

By differentiating both sides of (14.131) along the solutions of (14.129) and the fifth
equation of (14.107), and using (14.130), the virtual control ¢, is chosen as

- do dag _ _
Ay = —k69e_g—_9+ 6 (ZZe_wlea)r)+ ¢ (ulCOS(OE)_ulr_wzewr)+
O 0z1e 9z2¢
dag dog . _ . dog . Oag -
(Wae + Z1607) + ol (it sin(0e) + 22607) + oy + iy,
awle awze 360, aulr

(14.132)
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where kg is a positive constant. Note that gg/ 6, with gg being given in (14.120) is
- T . T
well defined because Smgﬁ = [cos(f.A)dA and % = — [sin(6.A)dA are
¢ 0 ¢ 0

smooth functions of ée. Hence «,, is a smooth function of Z1e, Z2¢, Wie, Wae, e,
wy, Op, U1, and ﬁl r. Note that at this stage, we do not need a nonlinear damping
term for the observer effects since O,1, see (14.134), is Lipschitz in G_ea)e and we
wish to design a weak nonlinear control law of «,.

Differentiating both sides of (14.131) along the solutions of (14.129) and the fifth
equation of (14.107), and using (14.130), (14.132) yields

k122 +kow?  ka(kaz2 + ksw? o
— lzleA+A 2wle _ 3( 4Z2eA+ Swze) _k6062 + Qed)e + 0217 (14133)
142 3

VZI =

where the term O,;, which contains the observer error as a factor, is defined as

- 0 0 0
051 = G| @+ 200,14+ 22 041 + 220 (_ecos(Be)wed + Os2) +
0Z1e¢ 0W1e 022¢
dag . -
5 (esin(Be)we® + Oy2) | + O12. (14.134)
W2e

We are now ready to design the control input u, by considering the Lyapunov

function 1
Var = Va1 + Ea‘)j. (14.135)

By differentiating both sides of (14.135) along the solutions of (14.133) and the
sixth equation of (14.107), and using (14.130) and (14.132), the control input u, is
chosen as

_ = 0ty | 00ty .. oy -
Uy = —kyie — O + Uz, + _wa)r + _.wa)r + __wulr +
dwy dwy o1y

0oty = do oo,
_wu1r+_w(22e_w1ewr)+ “
o1y 0z1e 0z2¢
0y, 00y . 0,
(W2e + Z1er) + (—u1 SIH(Qe) + Z200r) + W + Undam,
Bwle aw2e aee

(14.136)

(11 cos(Be) — U1 —Wrew;) +

where k7 is a positive constant and the damping term u,g4,,, to take care of observer
error effects is given by

Aoty \ 2 dory \? da \° 2
Uzdam = - + + (a)e + 1) +
0Z1e owie 0z2¢

datyy \2 5 day, \27
by, ) @tV 50 ) |2 (14.137)
e e
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where § is a positive constant. Differentiating both sides of (14.135) along the solu-
tions of (14.133) and the sixth equation of (14.107), and using (14.130), (14.132),
and (14.136) yields

_klzfe +k2w%e _ k3(k42%e —‘rksﬁ)%e) _

AIAZ A3
k602 — k72 + Uzgan@e + 022, (14.138)

I‘/22 =

where the term O, containing the observer error as a factor, is defined as

-~ do o -
022 = @e| k320 + —= 021 + —— Oy + ——(—£08(0e)we® + O72) +
021 oW1 022,
At . oy -
%9 (¢5in(0e)wed + Owa) + 2@ | + 0. (14.139)
W2e 896

By replacing w, by @, + ¢, in all of the terms Oy, Oz1, and O,», and noting that
u is bounded by some positive constant, after a lengthy but simple calculation by
completing squares, it is readily shown that

klZ%e +k2w%e k3(k42§e +k5w§e) n2 -2
- - —ke0> —k
MDA, As 6V, 70, +
(X1()Vaz + x2()) e~ =10)

< (01()Vaz + g2()) e o0C10), (14.140)

Var <

where x1(-) and y»(-) are some class-K functions of H)? (to)H. To prove conver-

gence of (Z1e, Wie, Z2e, Wae, Be, @e) to zero based on (14.140), we need the follow-
ing lemma.

Lemma 14.1. Consider the following first-order scalar differential equation
%= (ax+b)e U0 Vi >1>0, (14.141)

where a > 0, b > 0 and ¢ > 0 are constants. The solution of (14.141) is bounded
and satisfies

Ix(0)] < |x(to)| /¢ +ba™! (e“/c - 1) = (x(t)), Vi>10>0. (14.142)
Proof. Solving (14.141) for x then taking the norm of x gives (14.142). O
Applying the above lemma to the second inequality of (14.140), we have
Var(t) = (| (X 10). Z1e(t0). Wi 10). Z2e (10). D2 (10). B 10). 5 (10)) | )
with 7,5 (+) being calculated from the above lemma. This implies that z5,, Wae, G,

e, 171, and u, are also bounded for all ¢ € [0, 00). With this observation in mind,
the first line of (14.140) yields
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k122 +kow?,  ks(ksZ2, +ksw? ~
_ 1Zle+ 2wle_ 3( 4226+ 5w2€)_k69e2_k7d)ez+
AvmAom Azm

(X1 ()22() + x2(-)) e~ 10), (14.143)

Var <

where A;,,, i = 1,2,3 are A; with the arguments being replaced by their upper
bounds. Applying Babarlat’s lemma to (14.143), it is readily shown that

Jim (216(0). wie (1), Z2e (1), W2e (1). e (1) e (1)) = 0. (14.144)

By construction, see (14.109), (14.112), (14.115) and (14.123), the limit (14.144)
implies that

M (Z1e (1), wie (1), 22¢ (1), w2e (1) Oe (1), e (£)) = 0.
‘We now summarize the main result of this section in the following theorem.

Theorem 14.2. Under Assumption 14.3, the dynamic output feedback control law
consisting of (14.99), (14.123), and (14.136) forces the aircraft (14.92) to globally
asymptotically track the reference model (14.93) if the design constants ki, 1 <i <
5, are chosen such that (14.126) and (14.128) hold.

14.2.5 Simulations

In this section, we perform a numerical simulation to illustrate the effectiveness
of the proposed controller with ¢ = 0.8. The observer and control gains are cho-
sen as: k11 = k21 = k31 = 1, k12 = k22 = k32 = 2, kl = k2 = 0.15, k3 = 5,
ks =ks =0.4, k¢ = k7 =15,6 = 0.1, and initial conditions are x1(0) = y1(0) =5,
0(0) =0.2,x2(0) = y2(0) = w(0) = 0.2, %1 (0) = y1(0) =3, 0(0) = 0.1, x1,(0) =
¥1r(0) = 0,(0) = x2,(0) = y2,(0) = w0, (0) = 0, X2(0) = y2(0) = w(0) = 0. The
goal is to force the aircraft to track a sinusoid signal of 5(sin (0.17) + 1.2) in the
vertical plane generated by (14.93). It is shown that there exists u;, for this case
with u}, > 2 (see Assumption 14.3) and that conditions (14.126) and (14.128) hold.
The simulation results are plotted in Figures 14.9, 14.10, and 14.11. It is seen that
the proposed controller forces the aircraft to track the reference trajectory very well.
The oscillation in the control input u, is due to the initial conditions and the above
selection of the control and observer gains. By further tuning these gains, we can
improve the transient response. In general, higher control and observer gains result
in a shorter transient response time but more overshoot in the velocities and control
inputs of the aircraft.
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Figure 14.9 Reference (dotted line) and real (solid line) position trajectories: a. Position in x
direction; b. Position in y direction; ¢. Velocity in x direction; d. Velocity in y direction
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Figure 14.10 Reference (dotted line) and real (solid line) angular trajectories, and control inputs:
a. Angles; b. Angular velocities; ¢. Control input #1; d. Control input u»
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Figure 14.11 Observer errors: a. Errors x| — X1 (solid line) and y; — J1 (dash-dotted line); b.

Errors X» — X5 (solid line) and y> — y» (dash-dotted line); c. Errors 6 — 0 (solid line) and w — @
(dash-dotted line)

14.2.6 Notes and References

The main difficulty in controlling VTOL aircraft is that they are underactuated
and nonminimum phase. An approximate input—output linearization approach was
used in [1, 153, 157-159] to develop a controller for stabilization and output track-
ing/regulation of a VTOL aircraft. In these papers, the controller was initially de-
signed by ignoring the coupling between roll moment and thrust. The controller pa-
rameters were then selected to take into account the effects of the coupling. In [154],
by noting that the output at a fixed point with respect to the aircraft body (Huygens
center of oscillation) can be used, an interesting approach was introduced to design
an output tracking controller. However, the proposed controller was not defined in
the whole space. A simple approach was developed in [160] to provide a global con-
troller for the stabilization of a VTOL aircraft. An optimal controller was provided in
[6] for robust hovering control of a VTOL aircraft. In [161], dynamic inversion and
robust control techniques were used to deal with the nonminimum phase dynamics.
However, this approach imposed restrictions on the desired reference trajectories.
Recently, a dynamic high-gain approach was used in [162] to design a controller to
force the VTOL aircraft to globally practically track a reference trajectory generated
by a reference model. In all of the aforementioned papers, all of the VTOL aircraft
states are required for feedback. The output feedback tracking controller for a VTOL
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aircraft in this section is based on [163]. Under this controller, the VTOL aircraft
globally asymptotically tracks the reference trajectory generated by the reference
model. Indeed, the tracking controller proposed in this section covered stabilization
and output tracking/regulation problems studied in the above-mentioned papers.

14.3 Conclusions

This chapter has illustrated that a careful investigation of the observer design and
control design techniques developed for the ocean vessels in this book can result
in various solutions of many control problems for other underactuated mechanical
systems that are common in practice.



Chapter 15
Conclusions and Perspectives

15.1 Summary of the Book

This monograph has concentrated on the control of underactuated ocean vessels in-
cluding ships and underwater vehicles. These vessels have more degrees of freedom
to be controlled than the number of independent control inputs. Ships do not have an
independent sway actuator while for underwater vehicles there are no independent
sway and heave actuators. The book started with a review of the necessary back-
ground on ocean vessel dynamics and nonlinear control theory. The authors then
demonstrated a systematic approach based on various nontrivial coordinate trans-
formations together with advanced nonlinear control design methodologies founded
on the basis of Lyapunov’s direct method, backstepping, and parameter projection
techniques for the development and analysis of a number of ocean vessel control
systems to achieve advanced motion control tasks. These tasks include stabiliza-
tion, trajectory-tracking, path-tracking, and path-following. The book has offered
new knowledge regarding the nonlinear control of underactuated ocean vessels, ef-
ficient controllers for practical control of underactuated ocean vessels, and general
methods and strategies to solve nonlinear control problems of other underactuated
systems, including underactuated land and aerial vehicles. Numerical simulations
and real-time implementations of the designed control systems on a scaled model
ship have been included to illustrate the effectiveness and practical guidance of the
control systems developed in the book. As an illustration of the constructive feature
of the book, the observer design, control design, and stability analysis techniques
developed for underactuated ocean vessels have been applied to control of other
underactuated mechanical systems including mobile robots and VTOL aircraft.

The book consists of 15 Chapters. Chapter 1 presented a brief review of the de-
velopment in nonlinear control theory and its applications, and difficulties in the
control of underactuated ocean vessels. The main contributions of the book are or-
ganized into five parts.

383
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In Part I (Chapter 2), various mathematical tools such as Barbalat-like lemmas,
Lyapunov stability theory, and the backstepping technique were presented for con-
trol design and stability analysis of controlled systems designed in the book.

Part II consists of Chapters 3 and 4. This part addressed modeling, motion control
tasks, and control properties of ocean vessels. The existing literature on the control
of underactuated ocean vessels was also reviewed in this part. This review motivated
contributions of the book on new solutions for the motion control of underactuated
ships and underwater vehicles.

Part III consists of Chapters 5, 6, 7, 8, 9, 10, and 11. This part focused on under-
actuated surface ships by proposing a number of solutions for various control prob-
lems including stabilization, trajectory-tracking, path-tracking and path-following.
Chapter 5 addressed the problem of trajectory-tracking control of underactuated
ships. These ships do not have independent actuators in the sway axis. The refer-
ence trajectory was generated by a suitable virtual ship. The control development
was based on an elegant coordinate transformation, Lyapunov’s direct method, and
the backstepping technique, and utilized passivity properties of ship dynamics and
their interconnected structure. Chapter 6 examined the problem of designing a sin-
gle controller that achieved stabilization and trajectory-tracking simultaneously for
underactuated ships. In comparison with the preceding chapter, a path approach-
ing the origin and a set-point were included in the reference trajectory, that is,
stabilization/regulation was also considered. The control development was based
on several special coordinate transformations plus the techniques in the preceding
chapter. Chapter 7 presented global partial-state feedback and output feedback con-
trol schemes for trajectory-tracking control of underactuated ships. For the case of
partial-state feedback, measurements of the ship sway and surge velocities were not
needed, while for the case of output feedback, no ship’s velocities were required
for feedback. Global nonlinear coordinate changes were introduced to transform the
ship dynamics to a system affine in the ship velocities. This affine form allowed
us to design observers that globally exponentially estimate unmeasured velocities.
These observers plus the techniques in Chapters 4 and 5 facilitated the development
of the controllers. Chapter 8 dealt with the problem of path-tracking control of un-
deractuated ships. In comparison with Chapters 5, 6, and 7, the requirement of the
reference trajectory generated by a suitable virtual ship was relaxed. Both full state
feedback and output feedback cases were considered. The control development was
based on a series of nontrivial coordinate transformations plus the techniques in the
previous chapters. Chapter 9 addressed the problem of way-point tracking control of
underactuated ships. Both full state feedback and output feedback controllers were
designed. The controllers in this chapter could be regarded as an advanced version
of the conventional course-keeping controllers in the sense that in addition to main-
taining the desired heading, both the sway displacement (lateral distance) and sway
velocity were controlled. Chapter 10 developed full state feedback and output feed-
back controllers that forced underactuated ships to follow a predefined path. The
control development was motivated by an observation that it is practical to steer a
vessel such that the vessel is on the reference path and its total velocity is tangent to
the reference path, and that the vessel forward speed is controlled separately by the
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main thruster control system. The techniques in the previous chapters plus the use of
the Serret—Frenet frame facilitated the results. Chapter 11 presented a different ap-
proach from Chapter 10 to solve a path-following problem for underactuated ships.
Unlike Chapter 10, the control development was based on the method of generating
reference paths by the helmsman. The path-following errors were first interpreted in
polar coordinates, then the techniques developed in the previous chapters were used
to design path-following controllers. Interestingly, some situations of practical im-
portance such as parking and point-to-point navigation were covered in this chapter
as a by-product of the developed path-following system.

Part IV consists of Chapters 12 and 13. This part focused on underactuated un-
derwater vehicles. Chapter 12 addressed the problem of trajectory-tracking control
of underactuated underwater vehicles. These vehicles do not have independent actu-
ators in the sway and heave axes. The controller development was built on the tech-
niques developed for underactuated ships in Chapters 5, 6, and 7. Due to complex
dynamics of the underwater vehicles in comparison with that of the ships, the control
design and stability analysis required more complicated and coordinate transforma-
tions and control design than those already developed for underactuated ships in
Chapters 5, 6, and 7. Chapter 13 extended the results of Chapter 11 to the design of
a path-following control system for underactuated underwater vehicles. A series of
path-following strategies for the vehicles was first discussed. A practical approach
was then chosen to facilitate the control development. We also addressed the parking
and point-to-point navigation problems for the vehicles in this chapter.

Part V (Chapter 14) presented several applications of the observer and control
design techniques developed in the previous chapters to other underactuated me-
chanical systems including mobile robots, and VTOL aircraft.

Finally this chapter concludes the book by briefly summarizing the main results
presented in the previous chapters and presenting related open problems for further
investigation.

15.2 Perspectives and Open Problems

Control of underactuated ocean vessels in particular and of underactuated mechani-
cal systems in general is far from being well completed. There are in fact numerous
important problems, which are still open to further investigation. In the previous
chapters, we provided a number of control objectives and their solutions. However,
this book has not covered all aspects of dynamics and control of the ocean vessels.
Here, we highlight some open problems with detailed discussion. The problems are
mainly chosen based on the following two criteria. First, to our knowledge these
problems are still open and have not been solved in the literature. Second, we think
that these problems potentially have important impacts on the development of con-
trol theory for underactuated systems and significant applications in practice. These
criteria are highly subjective and mainly reflect our personal experience and points
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of view. However, the discussions are usually made in an elementary and intuitive
manner.

15.2.1 Further Issues on Control of Single Underactuated Ocean
Vessels

15.2.1.1 Theoretical issues

Robust and Adaptive Issues. Although the trajectory-tracking controllers in this
book possess a certain robustness, more research is needed to design such a con-
troller that explicitly takes the environmental disturbances into account. Distur-
bances entering the actuated dynamics (e.g., surge and yaw for ships) can be easily
taken care of. However, disturbances that enter the unactuated dynamics (e.g., sway
for ships) are more difficult to handle. A possible way to reject the constant part of
these disturbances on the unactuated dynamics is to introduce a small angle to the
heading error to compensate for the disturbances.

Since the controllers in the book require exact knowledge of the system param-
eters, it is of interest to examine the problem of entirely unknown vessel parame-
ters. As opposed to the approach based on time-varying linear system stability, the
proposed control designs in this book generate explicit Lyapunov functions. This
feature can be further exploited in conjunction with adaptive control algorithms in
the literature to address the adaptive tracking problem.

Output Feedback Issues. The global coordinate transformations in the book bring
the ship and mobile robot systems to an affine form for which a global exponential
nonlinear observer can be easily designed. It is worth investigating the possibility
of extending this type of transformation to a certain class of Lagrange systems.
Indeed, the most difficult task is to obtain a solution of a set of partial differential
equations, which are in general not easy to solve. Furthermore, an adaptation rule
should be included in the observers to estimate the constant components (bias) of
the environmental disturbances.

15.2.1.2 Real Application Issues

Although several controllers presented in this book have been successfully imple-
mented on a scaled model ship, the following problems of technology transfer to
real application studies should be considered:

1. assessment of benefits obtainable from implementing nonlinear controllers on
real ocean-going vessels;

2. the issues of controller implementation in practice;

3. water-tank trials of controllers with scaled models;
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4. sea-going trials: a full set of application trials;
5. commercial implementation.

15.2.2 Coordination Control of Multiple Underactuated Ocean
Vessels

Coordination control involves controlling positions of a group of ocean vehicles
such that they perform desired tasks such as optimizing objective functions from
measurements taken by each vessel, and stabilization/tracking desired locations rel-
ative to reference point(s). Therefore from a reference trajectory/path point of view,
we can divide coordination control of a network of vessels into two main classes:
(1) Known reference trajectories in advance and (2) unknown reference trajectories
in advance, for the agents in the network. Three popular approaches to the known
reference trajectory in advance class are leader-following (e.g. [164, 165]), behav-
ioral (e.g., [166,167]), and use of virtual structures (e.g., [168, 169]). Most research
work investigating formation control utilize one or more of these approaches in ei-
ther a centralized or a decentralized manner. Centralized schemes ( [165,170,171])
use a single controller that generates collision free trajectories in the workspace. Al-
though these guarantee a complete solution, centralized schemes require high com-
putational power and are not robust. Decentralized schemes (e.g., [57, 172]) require
less computational effort, and are relatively more scalable to the team size. However,
it is very difficult to predict and control the critical points. For the unknown refer-
ence trajectory in advance class, coordination control often involves optimizing ob-
jective functions to give reference trajectories for the agents in the network to track.
An application of formation control based on the potential field method [165] and
Lyapunov’s direct method [173] to gradient climbing was addressed in [174]. Geo-
metric formation based on Voronoi’s partition optimization is given in [175]. Some
other work belonging to this class includes [176] on geometric formation, [177,178]
on pattern formation, [57] on flocking, [179] on swarm aggregation, and [180] on
deployment and task allocation. The main problem with this class is that the final
arrangement of the agents cannot be foretold due to the fact that the aforementioned
results use local optimization methods to optimize nonconvex objective functions.
This means that only local results can be obtained. For both classes, the aforemen-
tioned works assume that the vehicles have very simple dynamics such as single
or double integrators. Vehicle dynamics are usually complex in the sense of being
nonlinear and are subject to disturbances. Therefore, motion coordination control
systems and deployment algorithms for networked vehicles should consider these
complex features of the vehicle dynamics. It is suggested to combine the control
developments for the single underactuated ocean vessels in this book with the avail-
able coordination control algorithms to achieve the aforementioned coordination
objectives. Indeed, this combination is not a trivial task. It requires a careful exam-
ination of the algorithms developed for single vessels and coordination objectives.
The reader is referred to [181-185] for several coordination control results based
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on the control of single mobile robots in Chapter 14 of this book and the formation
control results in [186].
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