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Preface to Volume 2
The ®rst volume of this edition covered basic aspects of ®nite element approximation
in the context of linear problems. Typical examples of two- and three-dimensional
elasticity, heat conduction and electromagnetic problems in a steady state and transient state were dealt with and a ®nite element computer program structure was introduced. However, many aspects of formulation had to be relegated to the second and
third volumes in which we hope the reader will ®nd the answer to more advanced
problems, most of which are of continuing practical and research interest.
In this volume we consider more advanced problems in solid mechanics while in
Volume 3 we consider applications in ¯uid dynamics. It is our intent that Volume 2
can be used by investigators familiar with the ®nite element method in general
terms and will introduce them here to the subject of specialized topics in solid
mechanics. This volume can thus in many ways stand alone. Many of the general
®nite element procedures available in Volume 1 may not be familiar to a reader introduced to the ®nite element method through dierent texts. We therefore recommend
that the present volume be used in conjunction with Volume 1 to which we make
frequent reference.
Two main subject areas in solid mechanics are covered here:
1. Non-linear problems (Chapters 1±3 and 10±12) In these the special problems of
solving non-linear equation systems are addressed. In the ®rst part we restrict
our attention to non-linear behaviour of materials while retaining the assumptions
on small strain used in Volume 1 to study the linear elasticity problem. This serves
as a bridge to more advanced studies later in which geometric eects from large
displacements and deformations are presented. Indeed, non-linear applications
are today of great importance and practical interest in most areas of engineering
and physics. By starting our study ®rst using a small strain approach we believe
the reader can more easily comprehend the various aspects which need to be
understood to master the subject matter. We cover in some detail problems in
viscoelasticity, plasticity, and viscoplasticity which should serve as a basis for
applications to other material models. In our study of ®nite deformation problems
we present a series of approaches which may be used to solve problems including
extensions for treatment of constraints (e.g. near incompressibility and rigid body
motions) as well as those for buckling and large rotations.
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2. Plates and shells (Chapters 4±9) This section is of course of most interest to those
engaged in `structural mechanics' and deals with a speci®c class of problems in
which one dimension of the structure is small compared to the other two. This
application is one of the ®rst to which ®nite elements were directed and which
still is a subject of continuing research. Those with interests in other areas of
solid mechanics may well omit this part on ®rst reading, though by analogy the
methods exposed have quite wide applications outside structural mechanics.
Volume 2 concludes with a chapter on Computer Procedures, in which we describe
application of the basic program presented in Volume 1 to solve non-linear problems.
Clearly the variety of problems presented in the text does not permit a detailed treatment
of all subjects discussed, but the `skeletal' format presented and additional information
available from the publisher's web site1 will allow readers to make their own extensions.
We would like at this stage to thank once again our collaborators and friends for
many helpful comments and suggestions. In this volume our particular gratitude goes
to Professor Eric Kasper who made numerous constructive comments as well as
contributing the section on the mixed±enhanced method in Chapter 10. We would
also like to take this opportunity to thank our friends at CIMNE for providing a
stimulating environment in which much of Volume 2 was conceived.
OCZ and RLT

1
Complete source code for all programs in the three volumes may be obtained at no cost from the
publisher's web page: http://www.bh.com/companions/fem

1
General problems in solid
mechanics and non-linearity
1.1 Introduction
In the ®rst volume we discussed quite generally linear problems of elasticity and of
®eld equations. In many practical applications the limitation of linear elasticity or
more generally of linear behaviour precludes obtaining an accurate assessment of
the solution because of the presence of non-linear eects and/or because of the
geometry having a `thin' dimension in one or more directions. In this volume we
describe extensions to the formulations previously introduced which permit solutions
to both classes of problems.
Non-linear behaviour of solids takes two forms: material non-linearity and geometric non-linearity. The simplest form of a non-linear material behaviour is that
of elasticity for which the stress is not linearly proportional to the strain. More general situations are those in which the loading and unloading response of the material
is dierent. Typical here is the case of classical elasto-plastic behaviour.
When the deformation of a solid reaches a state for which the undeformed and
deformed shapes are substantially dierent a state of ®nite deformation occurs. In
this case it is no longer possible to write linear strain-displacement or equilibrium
equations on the undeformed geometry. Even before ®nite deformation exists it is
possible to observe buckling or load bifurcations in some solids and non-linear equilibrium eects need to be considered. The classical Euler column where the equilibrium
equation for buckling includes the eect of axial loading is an example of this class of
problem.
Structures in which one dimension is very small compared with the other two
de®ne plate and shell problems. A plate is a ¯at structure with one thin direction
which is called the thickness, and a shell is a curved structure in space with one
such small thickness direction. Structures with two small dimensions are called
beams, frames, or rods. Generally the accurate solution of linear elastic problems
with one (or more) small dimension(s) cannot be achieved eciently by using the
three-dimensional ®nite element formulations described in Chapter 6 of Volume 11
and conventionally in the past separate theories have been introduced. A primary
reason is the numerical ill-conditioning which results in the algebraic equations
making their accurate solution dicult to achieve. In this book we depart from
past tradition and build a much stronger link to the full three-dimensional theory.
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This volume will consider each of the above types of problems and formulations
which make practical ®nite element solutions feasible. We establish in the present chapter the general formulation for both static and transient problems of a non-linear kind.
Here we show how the linear problems of steady state behaviour and transient behaviour discussed in Volume 1 become non-linear. Some general discussion of transient
non-linearity will be given here, and in the remainder of this volume we shall primarily
con®ne our remarks to quasi-static (i.e. no inertia eects) and static problems only.
In Chapter 2 we describe various possible methods for solving non-linear algebraic
equations. This is followed in Chapter 3 by consideration of material non-linear
behaviour and the development of a general formulation from which a ®nite element
computation can proceed.
We then describe the solution of plate problems, considering ®rst the problem of thin
plates (Chapter 4) in which only bending deformations are included and, second, the
problem in which both bending and shearing deformations are present (Chapter 5).
The problem of shell behaviour adds in-plane membrane deformations and curved
surface modelling. Here we split the problem into three separate parts. The ®rst, combines simple ¯at elements which include bending and membrane behaviour to form a
faceted approximation to the curved shell surface (Chapter 6). Next we involve the
addition of shearing deformation and use of curved elements to solve axisymmetric
shell problems (Chapter 7). We conclude the presentation of shells with a general
form using curved isoparametric element shapes which include the eects of bending,
shearing, and membrane deformations (Chapter 8). Here a very close link with the full
three-dimensional analysis of Volume 1 will be readily recognized.
In Chapter 9 we address a class of problems in which the solution in one coordinate
direction is expressed as a series, for example a Fourier series. Here, for linear
material behavior, very ecient solutions can be achieved for many problems.
Some extensions to non-linear behaviour are also presented.
In the last part of this volume we address the general problem of ®nite deformation
as well as specializations which permit large displacements but have small strains. In
Chapter 10 we present a summary for the ®nite deformation of solids. Basic relations
for de®ning deformation are presented and used to write variational forms related to
the undeformed con®guration of the body and also to the deformed con®guration. It
is shown that by relating the formulation to the deformed body a result is obtain
which is nearly identical to that for the small deformation problem we considered
in Volume 1 and which we expand upon in the early chapters of this volume. Essential
dierences arise only in the constitutive equations (stress±strain laws) and the
addition of a new stiness term commonly called the geometric or initial stress
stiness. For constitutive modelling we summarize alternative forms for elastic and
inelastic materials. In this chapter contact problems are also discussed.
In Chapter 11 we specialize the geometric behaviour to that which results in large
displacements but small strains. This class of problems permits use of all the constitutive equations discussed for small deformation problems and can address classical
problems of instability. It also permits the construction of non-linear extensions to
plate and shell problems discussed in Chapters 4±8 of this volume.
In Chapter 12 we discuss specialization of the ®nite deformation problem to
address situations in which a large number of small bodies interact (multiparticle
or granular bodies) or individual parts of the problem are treated as rigid bodies.

Small deformation non-linear solid mechanics problems

In the ®nal chapter we discuss extensions to the computer program described in
Chapter 20 of Volume 1 necessary to address the non-linear material, the plate and
shell, and the ®nite deformation problems presented in this volume. Here the discussion is directed primarily to the manner in which non-linear problems are solved. We
also brie¯y discuss the manner in which elements are developed to permit analysis of
either quasi-static (no inertia eects) or transient applications.

1.2 Small deformation non-linear solid mechanics
problems
1.2.1 Introduction and notation
In this general section we shall discuss how the various equations which we have
derived for linear problems in Volume 1 can become non-linear under certain circumstances. In particular this will occur for structural problems when non-linear stress±
strain relationships are used. But the chapter in essence recalls here the notation and
the methodology which we shall adopt throughout this volume. This repeats matters
which we have already dealt with in some detail. The reader will note how simply the
transition between linear and non-linear problems occurs.
The ®eld equations for solid mechanics are given by equilibrium (balance of
momentum), strain-displacement relations, constitutive equations, boundary conditions, and initial conditions.2ÿ7
In the treatment given here we will use two notational forms. The ®rst is a cartesian
tensor indicial form (e.g. see Appendix B, Volume 1) and the second is a matrix form
as used extensively in Volume 1.1 In general, we shall ®nd that both are useful to describe
particular parts of formulations. For example, when we describe large strain problems
the development of the so-called `geometric' or `initial stress' stiness is most easily
described by using an indicial form. However, in much of the remainder, we shall ®nd
that it is convenient to use the matrix form. In order to make steps clear we shall here
review the equations for small strain in both the indicial and the matrix forms. The
requirements for transformations between the two will also be again indicated.
For the small strain applications and ®xed cartesian systems we denote coordinates as
x; y; z or in index form as x1 ; x2 ; x3 . Similarly, the displacements will be denoted as u; v; w
or u1 ; u2 ; u3 . Where possible the coordinates and displacements will be denoted as xi and
ui , respectively, where the range of the index i is 1, 2, 3 for three-dimensional applications
(or 1, 2 for two-dimensional problems). In matrix form we write the coordinates as
8 9 8 9
>
= >
=
<x>
< x1 >
1:1
x  y  x2
>
; >
;
: >
: >
z
x3
and displacements as
8 9 8 9
>
= >
<u>
=
< u1 >
u  v  u2
1:2
>
; >
: >
;
: >
w
u3

3
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1.2.2 Weak form for equilibrium ± ®nite element discretization
The equilibrium equations (balance of linear momentum) are given in index form as
ui ;
i; j  1; 2; 3
1:3
ji; j  bi  
where ij are components of (Cauchy) stress,  is mass density, bi are body force
components and (_) denotes partial dierentiation with respect to time. In the
above, and in the sequel, we always use the convention that repeated indices in a
term are summed over the range of the index. In addition, a partial derivative with
respect to the coordinate xi is indicated by a comma, and a superposed dot denotes
partial dierentiation with respect to time. Similarly, moment equilibrium (balance
of angular momentum) yields symmetry of stress given indicially as
ij  ji

1:4

Equations (1.3) and (1.4) hold at all points xi in the domain of the problem . Stress
boundary conditions are given by the traction condition
ti  ji nj  ti

1:5

for all points which lie on the part of the boundary denoted as ÿt .
A variational (weak) form of the equations may be written by using the procedures
described in Chapter 3 of Volume 1 and yield the virtual work equations given by1;8;9
ui  ui d 

"ij ij d ÿ

ui bi d ÿ

ÿt

ui ti d  0

1:6

In the above cartesian tensor form, virtual strains are related to virtual displacements
as
"ij  12 ui; j  uj;i 
1:7
In this book we will often use a transformation to matrix form where stresses are
given in the order
r   11 22 33 12 23 31 T

T
 xx yy zz xy yz zx

1:8

T
T

1:9

and strains by
e   "11 "22 "33

 "xx "yy "zz

12

23

31

xy

yz

zx

where symmetry of the tensors is assumed and `engineering' shear strains are
introduced as
ij

 2"ij

1:10

to make writing of subsequent matrix relations in a consistent manner.
The transformation to the six independent components of stress and strain is
performed by using the index order given in Table 1.1. This ordering will apply to


This form is necessary to allow the internal work always to be written as rT e.
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Table 1.1 Index relation between tensor and matrix forms
Form

Index value

Matrix
Tensor (1; 2; 3)

1
11

2
22

3
33

Tensor (x; y; z)

xx

yy

zz

4
12
21
xy
yx

5
23
32
yz
zy

6
31
13
zx
xz

many subsequent developments also. The order is chosen to permit reduction to twodimensional applications by merely deleting the last two entries and treating the third
entry as appropriate for plane or axisymmetric applications.
In matrix form, the virtual work equation is written as (see Chapter 3 of Volume 1)
uT 
ud 

eT r d ÿ

uT b d ÿ

ÿt

uT t dÿ  0

1:11

Finite element approximations to displacements and virtual displacements are
denoted by
u x; t  N x ~
u t and u x  N x~u
1:12
or in isoparametric form as
u n; t  N n~
u t;

u n  N n~u

with

~
x n  N n x

1:13

and may be used to compute virtual strains as
e  S u  SN~u  B ~u

1:14

in which the three-dimensional strain-displacement matrix is given by [see Eq. (6.11),
Volume 1]
3
2
N;1 0
0
6 0 N
0 7
;2
7
6
7
6
6 0
0 N;3 7
7
1:15
B6
7
6N
6 ;2 N;1 0 7
7
6
4 0 N;3 N;2 5
N;3

0

N;1

~ denotes time-dependent nodal displacement parameters and ~u
In the above, u
represents arbitrary virtual displacement parameters.
Noting that the virtual parameters ~u are arbitrary we obtain for the discrete
problem
~
M
u  P r  f
1:16
where
M
f


NT N d
NT b d 

1:17

ÿt

NT t dÿ

For simplicity we omit direct damping which leads to the term C~u_ (see Chapter 17, Volume 1).

1:18
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and
BT r d

P r 

1:19

The term P is often referred to as the stress divergence or stress force term.
In the case of linear elasticity the stress is immediately given by the stress±strain
relations (see Chapter 2, Volume 1) as
r  De

1:20

when eects of initial stress and strain are set to zero. In the above the D are the usual
elastic moduli written in matrix form. If a displacement method is used the strains are
obtained from the displacement ®eld by using
Equation (1.19) becomes


P r 

e  B~u

1:21


B DB d ~u  K~u

1:22

T

in which K is the linear stiness matrix. In many situations, however, it is necessary to
use non-linear or time-dependent stress±strain (constitutive) relations and in these
cases we shall have to develop solution strategies directly from Eq. (1.19). This will
be considered further in detail in later chapters. However, at this stage we simply
need to note that
r  r e

1:23

quite generally and that the functional relationship can be very non-linear and
occasionally non-unique. Furthermore, it will be necessary to use a mixed approach
if constraints, such as near incompressibility, are encountered. We address this latter
aspect in Sec. 1.2.4; however, before doing so we consider ®rst the manner whereby
solution of the transient equations may be computed by using step-by-step time
integration methods discussed in Chapter 18 of Volume 1.

1.2.3 Non-linear formulation of transient and steady-state
problems
To obtain a set of algebraic equations for transient problems we introduce a discrete
approximation in time. We consider the GN22 method or the Newmark procedure as
being applicable to the second-order equations (see Chapter 18, Volume 1). Dropping
the tilde on discrete variables for simplicity we write the approximation to the
solution as
~
u t n  1   un  1
and now the equilibrium equation (1.16) at each discrete time tn  1 may be written in a
residual form as
n1

 fn  1 ÿ Mun  1 ÿ Pn  1  0

1:24
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where
Pn  1 

BT rn  1 d

 P un  1 

1:25

Using the GN22 formulae, the discrete displacements, velocities, and accelerations
are linked by [see Eq. (18.62), Volume 1]
un  1  un  t u_ n  12 1 ÿ
u_ n  1  u_ n  1 ÿ

un
1 t

2 t



2

un  12

2
un  1
2 t 

un  1
1 t 

1:26
1:27

where t  tn  1 ÿ tn .
Equations (1.26) and (1.27) are simple, vector, linear relationships as the coecient
1 and 2 are assigned a priori and it is possible to take the basic unknown in Eq.
(1.24) as any one of the three variables at time step n  1 (i.e. un  1 , u_ n  1 or un  1 ).
A very convenient choice for explicit schemes is that of un  1 . In such schemes we
take the constant 2 as zero and note that this allows un  1 to be evaluated directly
from the initial values at time tn without solving any simultaneous equations.
Immediately, therefore, Eq. (1.24) will yield the values of un  1 by simple inversion
of matrix M.
If the M matrix is diagonalized by any one of the methods which we have discussed
in Volume 1, the solution for 
un  1 is trivial and the problem can be considered solved.
However, such explicit schemes are only conditionally stable as we have shown in
Chapter 18 of Volume 1 and may require many time steps to reach a steady state
solution. Therefore for transient problems and indeed for all static (steady state)
problems, it is often more ecient to deal with implicit methods. Here, most conveniently, un  1 can be taken as the basic variable from which u_ n  1 and un  1 can be
calculated by using Eqs (1.26) and (1.27). The equation system (1.24) can therefore
be written as
1:28
un  1   n  1  0
The solution of this set of equations will require an iterative process if the relations
are non-linear. We shall discuss various non-linear calculation processes in some
detail in Chapter 2; however, the Newton±Raphson method forms the basis of
most practical schemes. In this method an iteration is as given below
k1
n1



k
n1



@ k
duk  0
@un  1 n

1:29

where dukn is an increment to the solution such that
1
k
k
ukn 
1  un  1  dun

1:30

For problems in which path dependence is involved it is necessary to keep track of the
total increment during the iteration and write
1
k1
ukn 
1  un  un

1:31

Thus the total increment can be accumulated by using the same solution increments as
1
k
k
ukn  1  unk 
1 ÿ un  un  dun


Note that an italic `d' is used for a solution increment and an upright `d' for a dierential.

1:32
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in which a quantity without the superscript k denotes a converged value from a
previous time step. The initial iterate may be taken as zero or, more appropriately,
as the converged solution from the last time step. Accordingly,
u1n  1  un

giving also

u1n  0

1:33

A solution increment is now computed from Eq. (1.29) as
dukn  KkT ÿ1

k
n1

1:34

where the tangent matrix is computed as
KkT  ÿ

@ k
@un  1

From expressions (1.24) and (1.26) we note that the above equations can be rewritten
as
KkT 

@Pk
@
u
 M n1 
@un  1
@un  1

BT DkT B d



2
M
2
t
2

We note that the above relation is similar but not identical to that of linear elasticity. Here DkT is the tangent modulus matrix for the stress±strain relation (which
may or may not be unique but generally is related to deformations in a nonlinear manner).
Iteration continues until a convergence criterion of the form
jj

k
n  1 jj 4 "jj

1
n  1 jj

1:35

or similar is satis®ed for some small tolerance ". A good practice is to assume the
tolerance at half machine precision. Thus, if the machine can compute to about 16
digits of accuracy, selection of "  10ÿ8 is appropriate. Additional discussion on
selection of appropriate convergence criteria is presented in Chapter 2.
Various forms of non-linear elasticity have in fact been used in the present context
and here we present a simple approach in which we de®ne a strain energy W as a
function of e
W  W e  W "ij 
and we note that this de®nition gives us immediately
r

@W
@e

1:36

If the nature of the function W is known, we note that the tangent modulus DkT
becomes
!k
@2W
@e
k
DT 
and
B
@e@e n  1
@u
The algebraic non-linear solution in every time step can now be obtained by the
process already discussed. In the general procedure during the time step, we have
to take an initial value for un  1 , for example, u1n  1  un (and similarly for u_ n  1
and 
un  1 ) and then calculate at step 2 the value of kn  1 at k  1, and obtain
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du1n  1 updating the value of ukn  1 by Eq. (1.30). This of course necessitates calculation
of stresses at tn  1 to obtain the necessary forces. It is worthwhile noting that the
solution for steady state problems proceeds on identical lines with solution variable
chosen as un  1 but now we simply say 
un  1  u_ n  1  0 as well as the corresponding
terms in the governing equations.

1.2.4 Mixed or irreducible forms
The previous formulation was cast entirely in terms of the so-called displacement
formulation which indeed was extensively used in the ®rst volume. However, as we
mentioned there, on some occasions it is convenient to use mixed ®nite element
forms and these are especially necessary when constraints such as incompressibility
arise. It has been frequently noted that certain constitutive laws, such as those of
viscoelasticity and associative plasticity that we will discuss in Chapter 3, the material
behaves in a nearly incompressible manner. For such problems a reformulation
following the procedures given in Chapter 12 of Volume 1 is necessary. We remind
the reader that on such occasions we have two choices of formulation. We can
have the variables u and p (where p is the mean stress) as a two-®eld formulation
(see Sec. 12.3 or 12.7 of Volume 1) or we can have the variables u, p and "v (where
"v is the volume change) as a three-®eld formulation (see Sec. 12.4, Volume 1). An
alternative three-®eld form is the enhanced strain approach presented in Sec. 11.5.3
of Volume 1. The matter of which we use depends on the form of the constitutive
equations. For situations where changes in volume aect only the pressure the two®eld form can be easily used. However, for problems in which the response is coupled
between the deviatoric and mean components of stress and strain the three-®eld
formulations lead to much simpler forms from which to develop a ®nite element
model. To illustrate this point we present again the mixed formulation of Sec. 12.4
in Volume 1 and show in detail how such coupled eects can be easily included
without any change to the previous discussion on solving non-linear problems. The
development also serves as a basis for the development of an extended form which
permits the treatment of ®nite deformation problems. This extension will be presented
in Sec. 10.4 of Chapter 10.

A three-®eld mixed method for general constitutive models

In order to develop a mixed form for use with constitutive models in which mean and
deviatoric eects can be coupled we recall (Chapter 12 of Volume 1) that mean and
deviatoric matrix operators are given by
8 9
1>
>
>
>
>
>
>1>
>
>
>
>
>
>
> >
<
1=
1
; Id  I ÿ mmT ;
m
1:37
>
3
0>
>
>
>
>
>
>
>
>
>
0>
>
>
>
;
: >
0
where I is the identity matrix.
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As in Volume 1 we introduce independent parameters "v and p describing volumetric
change and mean stress (pressure), respectively. The strains may now be expressed in
a mixed form as
e  Id Su  13 m "v

1:38

and the stresses in a mixed form as
  mp
r  Id r

1:39

 is the set of stresses deduced directly from the strains, incremental strains, or
where r
strain rates, depending on the particular constitutive model form. For the present we
shall denote this stress by
  r e
r

1:40

where we note it is not necessary to split the model into mean and deviatoric parts.
The Galerkin (variational) equations for the case including transients are now
given by
uT  
ud 

 SuT r d

ÿp d
mT r

0



p mT Su ÿ "v d

0

"v

1



3

uT b d 

ÿt

uT t dÿ
1:41

Introducing ®nite element approximations to the variables as
u^
u  Nu ~
u;

p  p^  Np ~p

and

"v  ^"v  Nv~ev

and similar approximations to virtual quantities as
u  ^
u  Nu ~
u;

p  ^
p  Np ~p

and

"v  ^"v  Nv ~ev

the strain and virtual strain in an element become
e  Id B~u  13 mNv~ev ;
e  Id B ~u  13 mNv ~ev

1:42

in which B is the standard strain-displacement matrix given in Eq. (1.15). Similarly,
the stresses in each element may be computed by using
  mNp ~p
r  Id r

1:43

 are stresses computed as in Eq. (1.40) in terms of the strains e.
where again r
Substituting the element stress and strain expressions from Eqs (1.42) and (1.43)
into Eq. (1.41) we obtain the set of ®nite element equations
P  M~u  f
Pp ÿ C~p  0
ÿCT ~ev  E~u  0

1:44
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where
P

BT r d ;

C

NTv Np d ;

f

NTu b d 

ÿt

Pp  13

d
NTv mT r

E

NTp mT B d

1:45

NTu t dÿ

If the pressure and volumetric strain approximations are taken locally in each
element and Nv  Np it is possible to solve the second and third equation of (1.44)
in each element individually. Noting that the array C is now symmetric positive
de®nite, we may always write these as
~
p  Cÿ1 Pp
~ev  Cÿ1 E~u  W~u
The mixed strain in each element may now be computed as

 


B
1
1
~u
e  Id B  mBv ~u  Id
m
3
Bv
3

1:46

1:47

where
Bv  Nv W

1:48

de®nes a mixed form of the volumetric strain-displacement equations.
From the above results it is possible to write the vector P in the alternative
forms10;11
P

BT r d



d 
BT Id r



d 
BT Id r




BT mNp d Cÿ1 Pp
1
3

d
WT NTv mT r


1 T T
d
B Id  Bv m r
3
T

The computation of P may then be represented in a matrix form as
"
#
 T
 Id
T
d
P
B
Bv 1 T r
3m

1:49

1:50

in which we note the inclusion of the transpose of the matrices appearing in the
expression for the mixed strain given in Eq. (1.47). Based on this result we observe
that it is not necessary to compute the true mixed stress except when reporting
®nal results where, for situations involving near incompressible behaviour, it is crucial
to compute explicitly the mixed pressure to avoid any spurious volumetric stress
eects.
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The last step in the process is the computation of the tangent for the equations. This
is straightforward using forms given by Eq. (1.40) where we obtain
 T de
d
rD
Use of Eq. (1.47) to express the incremental mixed strains then gives
"
#
 

 B
 T
 Id
T
1

KT 
I
m
d
D
B
Bv 1 T
T
d
3
Bv
3m
It should be noted that construction of a modi®ed modulus term given by
"
#
"
#
1
 T Id
 Tm


Id
I
I
D
D
d
d
3
1
T 

D
1 T D T Id
3m  1 T
 Tm
m DT Id 1 mT D
3m
3

1:51

1:52
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requires very few operations because of the sparsity and form of the arrays Id and m.
Consequently, the multiplications by the coecient matrices B and Bv in this form is
 as
far more ecient than constructing a full B
  Id B  1 mBv
B
3

1:53

 T directly.
and operating on D
The above form for the mixed element generalizes the result in Volume 1 and is
valid for use with many dierent linear and non-linear constitutive models. In
Chapter 3 we consider stress±strain behaviour modelled by viscoelasticity, classical
plasticity, and generalized plasticity formulations. Each of these forms can lead to
situations in which a nearly incompressible response is required and for many
examples included in this volume we shall use the above mixed formulation. Two
basic forms are considered: four-noded quadrilateral or eight-noded brick isoparametric elements with constant interpolation in each element for one-term approximations to Nv and Np by unity; and nine-noded quadrilateral or 27-noded brick
isoparametric elements with linear interpolation for Np and Nv . Accordingly, in
two dimensions we use
Np  Nv   1 



or

1

x

y



or

1

x y z

and in three dimensions
Np  Nv   1





The elements created by this process may be used to solve a wide range of problems in
solid mechanics, as we shall illustrate in later chapters of this volume.

1.3 Non-linear quasi-harmonic ®eld problems
In subsequent chapters we shall touch upon non-linear problems in the context of
inelastic constitutive equations for solids, plates, and shells and in geometric eects


Formulations using the eight-noded quadrilateral and twenty-noded brick serendipity elements may also
be constructed; however, we showed in Chapter 11 of Volume 1 that these elements do not fully satisfy the
mixed patch test.
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arising from ®nite deformation. In Volume 3 non-linear eects will be considered for
various ¯uid mechanics situations. However, non-linearity also may occur in many
other problems and in these the techniques described in this chapter are still universally applicable. An example of such situations is the quasi-harmonic equation which
is encountered in many ®elds of engineering. Here we consider a simple quasi-harmonic problem given by (e.g. heat conduction)
c_  rT q ÿ Q   0

1:54

with suitable boundary conditions. Such a form may be used to solve problems
ranging from temperature response in solids, seepage in porous media, magnetic
eects in solids, and potential ¯uid ¯ow. In the above, q is a ¯ux and generally this
can be written as
q  q ; r  k ; rr
or, after linearization,
dq  k0 d  k1 d r
where
k0i 

@qi
@

k1ij 

and

@qi
@; j

The source term Q  also can introduce non-linearity.
A discretization based on Galerkin procedures gives after integration by parts of
the q term the problem
 c _ d ÿ

 

rT q d

 Q  d ÿ

ÿ

ÿq

 qn dÿ  0

1:55

and is still valid if q and/or Q (and indeed the boundary conditions) are dependent on
 or its derivatives. Introducing the interpolations
~ and   N f
~
  Nf
1:56
a discretized form is given as
~  ÿ Cf
~_ ÿ Pq f
~  0
f f

1:57

where
C
Pq  ÿ
f

NT c N d
NT q d
NT Q  d ÿ

1:58

ÿq

NT qn dÿ

Equation (1.57) may be solved following similar procedures described in Chapter
18, Volume 1. For instance, just as we did with GN22 we can now use GN11 as
f n  1  f n  1 ÿ f_ n   f_ n  1

1:59
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Once again we have the choice of using f n  1 or f_ n  1 as the primary solution variable. To this extent the process of solving transient problems follows absolutely the
same lines as those described in the previous section (and indeed in the previous
volume) and need not be further discussed. We note again that the use of f n  1 as
the chosen variable will allow the solution method to be applied to static or steady
state problems in which the ®rst term of Eq. (1.54) becomes zero.

1.4 Some typical examples of transient non-linear
calculations
In this section we report results of some transient problems of structural mechanics as
well as ®eld problems. As we mentioned earlier, we usually will not consider transient
behaviour in latter parts of this book as the solution process for transients follow
essentially the path described in Volume 1.

Transient heat conduction

The governing equation for this set of physical problems is discussed in the previous
section, with  being the temperature T now [Eq. (1.54)].
Non-linearity clearly can arise from the speci®c heat, c, thermal conductivity, k,
and source, Q, being temperature-dependent or from a radiation boundary condition
k

@T
ÿ
@n

T ÿ Ta n

1:60

with n 6 1. Here is a convective heat transfer coecient and Ta is an ambient
external temperature. We shall show two examples to illustrate the above.
The ®rst concerns the freezing of ground in which the latent heat of freezing is
represented by varying the material properties with temperature in a narrow zone,
as shown in Fig. 1.1. Further, in the transition from the ¯uid to the frozen state a
variation in conductivity occurs. We now thus have a problem in which both matrices
C and P [Eq. (1.58)] are variable, and solution in Fig. 1.2 illustrates the progression of
a freezing front which was derived by using the three-point (Lees) algorithm12;13 with
C  Cn and P  Pn .
A computational feature of some signi®cance arises in this problem as values of
the speci®c heat become very high in the transition zone and, in time stepping
can be missed if the temperature step straddles the freezing point. To avoid this
diculty and keep the heat balance correct the concept of enthalpy is introduced,
de®ning
H

T
0

c dT

1:61

Now, whenever a change of temperature is considered, an appropriate value of c is
calculated that gives the correct change of H.
The heat conduction problem involving phase change is of considerable importance in welding and casting technology. Some very useful ®nite element solutions
of these problems have been obtained.14 Further elaboration of the procedure
described above is given in reference 15.

k , ρc , H
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H (T )
k (T )

ρc (T )

k (T )

ρc (T )
2∆T

H (T )
T0

Tf

Fig. 1.1 Estimation of thermophysical properties in phase change problems. The latent heat effect is approximated by a large capacity over a small temperature interval 2T.

The second non-linear example concerns the problem of spontaneous ignition.16 We
will discuss the steady state case of this problem in Chapter 3 and now will be concerned only with transient cases. Here the heat generated depends on the temperature
Q  eT

1:62

and the situation can become physically unstable with the computed temperature
rising continuously to extreme values. In Fig. 1.3 we show a transient solution of a
sphere at an initial temperature of T  290 K immersed in a bath of 500 K. The solution is given for two values of the parameter  with k  c  1, and the non-linearities
are now so severe that an iterative solution in each time increment is necessary. For
the larger value of  the temperature increases to in®nite value in a ®nite time and the
time interval for the computation had to be changed continuously to account for this.
The ®nite time for this point to be reached is known as the induction time and is shown

in Fig. 1.3 for various values of .
The question of changing the time interval during the computation has not been
discussed in detail, but clearly this must be done quite frequently to avoid large
changes of the unknown function which will result in inaccuracies.

Structural dynamics

Here the examples concern dynamic structural transients with material and geometric
non-linearity. A highly non-linear geometrical and material non-linearity generally
occurs. Neglecting damping forces, Eq. (1.16) can be explicitly solved in an ecient
manner.
If the explicit computation is pursued to the point when steady state conditions are
approached, that is, until 
u  u_  0 the solution to a static non-linear problem is
obtained. This type of technique is frequently ecient as an alternative to the methods

15

Fig. 1.2 Freezing of a moist soil (sand).

16 General problems in solid mechanics and non-linearity

Some typical examples of transient non-linear calculations

Fig. 1.3 Reactive sphere. Transient temperature behaviour for ignition   16 and non-ignition   2
cases: (a) induction time versus Frank±Kamenetskii parameter; temperature pro®les; (b) temperature pro®les
for ignition (  16) and non-ignition (  2) transient behaviour of a reactive sphere.

described above and in Chapter 2 and has been applied successfully in the context of
®nite dierences under the name of `dynamic relaxation' for the solution of non-linear
static problems.17
Two examples of explicit dynamic analysis will be given here. The ®rst problem,
illustrated in Plate 3, is a large three-dimensional problem and its solution was
obtained with the use of an explicit dynamic scheme. In such a case implicit schemes
would be totally inapplicable and indeed the explicit code provides a very ecient
solution of the crash problem shown. It must, however, be recognized that such

17
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Fig. 1.4 Crash analysis: (a) mesh at t  0 ms; (b) mesh at t  20 ms; (c) mesh at t  40 ms.

Some typical examples of transient non-linear calculations

®nal solutions are not necessarily unique. As a second example Figure 1.4 shows a
typical crash analysis of a motor vehicle carried out by similar means.

Earthquake response of soil ± structures

We have mentioned in Chapter 19, Volume 1, the essential problem involving interaction of the soil skeleton or matrix with the water contained in the pores. This
problem is of extreme importance in earthquake engineering and here again solution

Fig. 1.5 Retaining wall subjected to earthquake excitation: comparison of experiment (centrifuge) and
calculations.18
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of transient non-linear equations is necessary. As in the mixed problem which we
referred to earlier, the variables include displacement, and the pore pressure in the
¯uid p.
In Chapter 19 of Volume 1, we have in fact shown a comparison between some
centrifuge results and computations showing the development of the pore pressure
arising from a particular form of the constitutive relation assumed. Many such
examples and indeed the full theory are given in a recent text,18 and in Fig. 1.5 we
show an example of comparison of calculations and a centrifuge model presented
at a 1993 workshop known as VELACS19 . This ®gure shows the displacements of
a big retaining wall after the passage of an earthquake, which were measured in the
centrifuge and also calculated.

1.5 Concluding remarks
In this chapter we have summarized the basic steps needed to solve a general smallstrain solid mechanics problem as well as the quasi-harmonic ®eld problem. Only a
standard Newton±Raphson solution method has been mentioned to solve the
resulting non-linear algebraic problem. For problems which include non-linear
behaviour there are many situations where additional solution strategies are required.
In the next chapter we will consider some basic schemes for solving such non-linear
algebraic problems. In subsequent chapters we shall address some of these in the
context of particular problems classes.
The reader will note that, except in the example solutions, we have not discussed
problems in which large strains occur. We can note here, however, that the solution
strategy described above remains valid. The parts which change are associated with
the eects of ®nite deformation on computing stresses and thus the stress-divergence
term and resulting tangent moduli. As these aspects involve more advanced concepts
we have deferred the treatment of ®nite strain problems to the latter part of the
volume where we will address basic formulations and applications.
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2
Solution of non-linear
algebraic equations
2.1 Introduction
In the solution of linear problems by a ®nite element method we always need to solve
a set of simultaneous algebraic equations of the form
Ka  f

2:1

Provided the coecient matrix is non-singular the solution to these equations is
unique. In the solution of non-linear problems we will always obtain a set of algebraic
equations; however, they generally will be non-linear, which we indicate as
a  f ÿ P a  0

2:2

where a is the set of discretization parameters, f a vector which is independent of the
parameters and P a vector dependent on the parameters. These equations may have
multiple solutions [i.e. more than one set of a may satisfy Eq. (2.2)]. Thus, if a solution
is achieved it may not necessarily be the solution sought. Physical insight into the
nature of the problem and, usually, small-step incremental approaches from known
solutions are essential to obtain realistic answers. Such increments are indeed
always required if the constitutive law relating stress and strain changes is path dependent or if the load-displacement path has bifurcations or multiple branches at certain
load levels.
The general problem should always be formulated as the solution of
n1



an  1   fn  1 ÿ P an  1   0

2:3

which starts from a nearby solution at
a  an ;

n

 0;

f  fn

2:4

and often arises from changes in the forcing function fn to
fn  1  fn  fn

2:5

The determination of the change an such that
an  1  an  an

2:6

Iterative techniques

Fig. 2.1 Possibility of multiple solutions.

will be the objective and generally the increments of fn will be kept reasonably small
so that path dependence can be followed. Further, such incremental procedures will
be useful in avoiding excessive numbers of iterations and in following the physically
correct path. In Fig. 2.1 we show a typical non-uniqueness which may occur if the
function
decreases and subsequently increases as the parameter a uniformly
increases. It is clear that to follow the path fn will have both positive and negative
signs during a complete computation process.
It is possible to obtain solutions in a single increment of f only in the case of mild
non-linearity (and no path dependence), that is, with
fn  0;

fn  fn  1  f

2:7

The literature on general solution approaches and on particular applications is
extensive and, in a single chapter, it is not possible to encompass fully all the variants
which have been introduced. However, we shall attempt to give a comprehensive
picture by outlining ®rst the general solution procedures.
In later chapters we shall focus on procedures associated with rate-independent
material non-linearity (plasticity), rate-dependent material non-linearity (creep and
visco-plasticity), some non-linear ®eld problems, large displacments and other special
examples.

2.2 Iterative techniques
2.2.1 General remarks
The solution of the problem posed by Eqs (2.3)±(2.6) cannot be approached directly
and some form of iteration will always be required. We shall concentrate here on
procedures in which repeated solution of linear equations (i.e. iteration) of the form
Ki dain  rin  1

2:8
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in which a superscript i indicates the iteration number. In these a solution increment
dain is computed. Gaussian elimination techniques of the type discussed in Volume 1
can be used to solve the linear equations associated with each iteration. However, the
application of an iterative solution method may prove to be more economical, and in
later chapters we shall frequently refer to such possibilities although they have not
been fully explored.
Many of the iterative techniques currently used to solve non-linear problems originated by intuitive application of physical reasoning. However, each of such techniques has a direct association with methods in numerical analysis, and in what
follows we shall use the nomenclature generally accepted in texts on this subject.1ÿ5
Although we state each algorithm for a set of non-linear algebraic equations, we
shall illustrate each procedure by using a single scalar equation. This, though
useful from a pedagogical viewpoint, is dangerous as convergence of problems with
numerous degrees of freedom may depart from the simple pattern in a single
equation.

2.2.2 The Newton±Raphson method
The Newton±Raphson method is the most rapidly convergent process for solutions
of problems in which only one evaluation of
is made in each iteration. Of
course, this assumes that the initial solution is within the zone of attraction and,
thus, divergence does not occur. Indeed, the Newton±Raphson method is the only
process described here in which the asymptotic rate of convergence is quadratic.
The method is sometimes simply called Newton's method but it appears to have
been simultaneously derived by Raphson, and an interesting history of its origins is
given in reference 6.
In this iterative method we note that, to the ®rst order, Eq. (2.3) can be approximated as
 i
@
i1
i
an  1   an  1  
dai  0
2:9
@a n  1 n
Here the iteration counter i usually starts by assuming
a1n  1  an

2:10

in which an is a converged solution at a previous load level or time step. The jacobian
matrix (or in structural terms the stiness matrix) corresponding to a tangent direction is given by
KT 

@P
@
ÿ
@a
@a

Equation (2.9) gives immediately the iterative correction as
KiT dain 


i
n1

Note the dierence between a solution increment da and a dierential da.

2:11
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Fig. 2.2 The Newton±Raphson method.

or

ÿ ÿ1
dain  KiT

i
n1

2:12

A series of successive approximations gives
ain11  ain  1  dain  1
 an  ain

2:13

where
ain 

i
X

dakn

2:14

k1

The process is illustrated in Fig. 2.2 and shows the very rapid convergence that can be
achieved.
The need for the introduction of the total increment ain is perhaps not obvious
here but in fact it is essential if the solution process is path dependent, as we shall
see in Chapter 3 for some non-linear constitutive equations of solids.
The Newton±Raphson process, despite its rapid convergence, has some negative
features:
1. a new KT matrix has to be computed at each iteration;
2. if direct solution for Eq. (2.12) is used the matrix needs to be factored at each
iteration;
3. on some occasions the tangent matrix is symmetric at a solution state but unsymmetric otherwise (e.g. in some schemes for integrating large rotation parameters7
or non-associated plasticity). In these cases an unsymmetric solver is needed in
general.
Some of these drawbacks are absent in alternative procedures, although generally
then a quadratic asymptotic rate of convergence is lost.
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2.2.3 Modi®ed Newton±Raphson method
This method uses essentially the same algorithm as the Newton±Raphson process but
replaces the variable jacobian matrix KiT by a constant approximation
T
KiT  K

2:15

giving in place of Eq. (2.12),
 ÿ1
dain  K
T

i
n1

2:16

 T can be chosen as the matrix
Many possible choices exist here. For instance K
1
corresponding to the ®rst iteration KT [as shown in Fig. 2.3(a)] or may even be one
corresponding to some previous time step or load increment K0 [as shown in Fig.
2.3(b)]. In the context of solving problems in solid mechanics the method is also
known as the stress transfer or initial stress method. Alternatively, the approximation
 T  Kj where j 4 i.
can be chosen every few iterations as K
T
Obviously, the procedure generally will converge at a slower rate (generally a norm
of the residual has linear asymptotic convergence instead of the quadratic one in the
full Newton±Raphson method) but some of the diculties mentioned above for the
Newton±Raphson process disappear. However, some new diculties can also arise as
this method fails to converge when the tangent used has opposite `slope' to the one at
the current solution (e.g. as shown by regions with dierent slopes in Fig. 2.1).
Frequently the `zone of attraction' for the modi®ed process is increased and
previously divergent approaches can be made to converge, albeit slowly. Many
variants of this process can be used and symmetric solvers often can be employed
 T is chosen.
when a symmetric form of K

2.2.4 Incremental-secant or quasi-Newton methods
Once the ®rst iteration of the preceding section has been established giving
 ÿ1
da1n  K
T

1
n1

2:17

a secant `slope' can be found, as shown in Fig. 2.4, such that
ÿ ÿ1 ÿ 1

2
da1n  K2s
n1 ÿ n1

2:18

This `slope' can now be used to establish a2n by using
ÿ ÿ1 2
da2n  K2s
n1

2:19

Quite generally, one could write in place of Eq. (2.19) for i > 1, now dropping
subscripts,
ÿ ÿ1 i
dai  Kis
2:20
where Kis ÿ1 is determined so that
ÿ ÿ1 ÿ
dai ÿ 1  Kis

iÿ1

ÿ

i



ÿ ÿ1
 Kis ci ÿ 1

2:21
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Fig. 2.3 The modi®ed Newton±Raphson method: (a) with initial tangent in increment; (b) with initial problem
tangent.

For the scalar system illustrated in Fig. 2.4 the determination of Kis is trivial and, as
shown, the convergence is much more rapid than in the modi®ed Newton±Raphson
process (generally a super-linear asymptotic convergence rate is achieved for a norm
of the residual).
For systems with more than one degree of freedom the determination of Kis or its
inverse is more dicult and is not unique. Many dierent forms of the matrix Kis
can satisfy relation (2.1) and, as expected, many alternatives are used in practice.
All of these use some form of updating of a previously determined matrix or of its
inverse in a manner that satis®es identically Eq. (2.21). Some such updates preserve
the matrix symmetry whereas others do not. Any of the methods which begin with
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Fig. 2.4 The secant method starting from a K0 prediction.

a symmetric tangent can avoid the diculty of non-symmetric matrix forms that arise
in the Newton±Raphson process and yet achieve a faster convergence than is possible
in the modi®ed Newton±Raphson procedures.
Such secant update methods appear to stem from ideas introduced ®rst by
Davidon8 and developed later by others. Dennis and More9 survey the ®eld extensively, while Matthies and Strang10 appear to be the ®rst to use the procedures
in the ®nite element context. Further work and assessment of the performance of
various update procedures is available in references 11±14.
The BFGS update9 (named after Broyden, Fletcher, Goldfarb and Shanno) and the
DFP update9 (Davidon, Fletcher and Powell) preserve matrix symmetry and positive
de®niteness and both are widely used. We summarize below a step of the BFGS
update for the inverse, which can be written as
ÿ i ÿ1 ÿ
ÿ
ÿ1 ÿ

2:22
K
 I  wi vTi Ki ÿ 1
I  vi wTi
where I is an identity matrix and
"

dai ÿ 1 T ci ÿ 1
vi  1 ÿ
d ai  T i ÿ 1

wi 

1
da i ÿ 1T ci ÿ 1

da

#
iÿ1

ÿ

i

2:23

iÿ1

where c is de®ned by Eq. (2.21). Some algebra will readily verify that substitution of
Eqs (2.22) and (2.23) into Eq. (2.21) results in an identity. Further, the form of
Eq. (2.22) guarantees preservation of the symmetry of the original matrix.
The nature of the update does not preserve any sparsity in the original matrix. For
this reason it is convenient at every iteration to return to the original (sparse) matrix
K1s , used in the ®rst iteration and to reapply the multiplication of Eq. (2.22) through
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Fig. 2.5 Direct (or Picard) iteration.

all previous iterations. This gives the algorithm in the form
i ÿ
Y
 i
b1 
I  vj wTj
j 2

ÿ ÿ1
b2  K1s
b1
dai 

iY
ÿ 2ÿ
j 0

2:24


I  wi ÿ j vTi ÿ j b2

This necessitates the storage of the vectors vj and wj for all previous iterations and
their successive multiplications. Further details on the operations are described well
in reference 10.
When the number of iterations is large (i > 15) the eciency of the update
decreases as a result of incipient instability. Various procedures are open at this
stage, the most eective being the recomputation and factorization of a tangent
matrix at the current solution estimate and restarting the process again.
Another possibility is to disregard all the previous updates and return to the
original matrix K1s . Such a procedure was ®rst suggested by Cris®eld11;15;16 in the
®nite element context and is illustrated in Fig. 2.5. It is seen to be convergent at a
slightly slower rate but avoids totally the stability diculties previously encountered
and reduces the storage and number of operations needed. Obviously any of the
secant update methods can be used here.
The procedure of Fig. 2.5 is identical to that generally known as direct (or Picard)
iteration1 and is particularly useful in the solution of non-linear problems which can
be written as
a  f ÿ K aa  0
2:25
In such a case a1n  1  an is taken and the iteration proceeds as

ÿ1
ain11  K ain  1  fn  1

2:26
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2.2.5 Line search procedures ± acceleration of convergence
All the iterative methods of the preceding section have an identical structure described
by Eqs (2.12)±(2.14) in which various approximations to the Newton matrix KiT are
used. For all of these an iterative vector is determined and the new value of the
unknowns found as
ain11  ain  1  dain

2:27

starting from
a1n  1  an
in which an is the known (converged) solution at the previous time step or load level.
The objective is to achieve the reduction of in11 to zero, although this is not always
easily achieved by any of the procedures described even in the scalar example
illustrated. To get a solution approximately satisfying such a scalar non-linear
problem would have been in fact easier by simply evaluating the scalar in11 for
various values of an  1 and by suitable interpolation arriving at the required
answer. For multi-degree-of-freedom systems such an approach is obviously not
possible unless some scalar norm of the residual is considered. One possible approach
is to write
ain1;1 j  ain  1  i; j dain

2:28

and determine the step size i; j so that a projection of the residual on the search direction dain is made zero. We could de®ne this projection as
ÿ T i  1; j
Gi; j  dain
2:29
n1
where
i  1; j
n1



ÿ


ain  1  i; j dain ;

i;0  1

Here, of course, other norms of the residual could be used.
This process is known as a line search, and i; j can conveniently be obtained by
using a regula falsi (or secant) procedure as illustrated in Fig 2.6. An obvious

Fig. 2.6 Regula falsi applied to line search: (a) extrapolation; (b) interpolation.
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disadvantage of a line search is the need for several evaluations of . However, the
acceleration of the overall convergence can be remarkable when applied to modi®ed
or quasi-Newton methods. Indeed, line search is also useful in the full Newton
method by making the radius of attraction larger. A compromise frequently used10
is to undertake the search only if
ÿ T i  1; j
Gi;0 > " dain
2:30
n1
where the tolerance " is set between 0.5 and 0.8. This means that if the iteration
process directly resulted in a reduction of the residual to " or less of its original
value a line search is not used.

2.2.6 `Softening' behaviour and displacement control
In applying the preceding to load control problems we have implicitly assumed that
the iteration is associated with positive increments of the forcing vector, f, in Eq. (2.5).
In some structural problems this is a set of loads that can be assumed to be proportional to each other, so that one can write
fn  n f0

2:31

In many problems the situation will arise that no solution exists above a certain maximum value of f and that the real solution is a `softening' branch, as shown in Fig. 2.1.
In such cases n will need to be negative unless the problem can be recast as one in
which the forcing can be applied by displacement control. In a simple case of a single
load it is easy to recast the general formulation to increments of a single prescribed
displacement and much eort has gone into such solutions.11;17ÿ23
In all the successful approaches of incrementation of n the original problem of
Eq. (2.3) is rewritten as the solution of
n1

  n  1 f 0 ÿ P an  1   0

with
an  1  an  an

2:32

and
n  1  n  n
being included as variables in any increment. Now an additional equation (constraint)
needs to be provided to solve for the extra variable n .
This additional equation can take various forms. Riks19 assumes that in each
increment
aTn an  2 fT0 f0  l 2
where l is a prescribed `length' in the space of n  1 dimensions. Cris®eld
vides a more natural control on displacements, requiring that
aTn an  l 2

2:33
11;24

pro2:34

These so-called arc-length and spherical path controls are but some of the possible
constraints.
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Direct addition of the constraint Eqs (2.33) or (2.34) to the system of Eqs (2.32) is
now possible and the previously described iterative methods could again be used.
However, the `tangent' equation system would always lose its symmetry so an alternative procedure is generally used.
We note that for a given iteration i we can write quite generally the solution as
i
n1

 in  1 f0 ÿ P ain  1 

i1
n1



i
n1

 din  1 f0 ÿ KiT dain

The solution increment for a may now be given as
ÿ ÿ1  i

i
dain  KiT
n  1  dn f0
dain  d
ain  din d^ain
where

ÿ ÿ1 i
d
ain  KiT
n1
ÿ

ÿ1
d^
ain  KiT f0

2:35

2:36

2:37

Now an additional equation is cast using the constraint. Thus, for instance, with
Eq. (2.34) we have
ÿ iÿ1
T ÿ

2:38
an  dain ainÿ 1  dain  l 2
where ainÿ 1 is de®ned by Eq. (2.14). On substitution of Eq. (2.36) into Eq. (2.38) a
quadratic equation is available for the solution of the remaining unknown din (which
may well turn out to be negative). Additional details may be found in references 11
and 24.
A procedure suggested by Bergan20;23 is somewhat dierent from those just
described. Here a ®xed load increment n is ®rst assumed and any of the previously
introduced iterative procedures are used for calculating the increment dain . Now a new
increment n is calculated so that it minimizes a norm of the residual
hÿ
T ÿ
i
n f0 ÿ Pin11 n f0 ÿ Pin11  l 2
2:39
The result is thus computed from
dl 2
0
dn
and yields the solution
n 

f T0 Pin11
f T0 f0

2:40

This quantity may again well be negative, requiring a load decrease, and it indeed
results in a rapid residual reduction in all cases, but precise control of displacement
magnitudes becomes more dicult. The interpretation of the Bergan method in a
one-dimensional example, shown in Fig. 2.7, is illuminating. Here it gives the exact
answers ± with a displacement control, the magnitude of which is determined by
the initial n assumed to be the slope KT used in the ®rst iteration.
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Fig. 2.7 One-dimensional interpretation of the Bergan procedure.

2.2.7 Convergence criteria
In all the iterative processes described the numerical solution is only approximately
achieved and some tolerance limits have to be set to terminate the iteration. Since
®nite precision arithmetic is used in all computer calculations, one can never achieve
a better solution than the round-o limit of the calculations.
Frequently, the criteria used involve a norm of the displacement parameter changes
jjdain jj or, more logically, that of the residuals jj in  1 jj. In the latter case the limit can
often be expressed as some tolerance of the norm of forces jjfn  1 jj. Thus, we may
require that
jj

i
n  1 jj 4 " jjfn  1 jj

where " is chosen as a small number, and
ÿ
jj jj 

T

1=2

2:41

2:42

Other alternatives exist for choosing the comparison norm, and another option is to
use the residual of the ®rst iteration as a basis. Thus,
jj

i
n  1 jj 4 "jj

1
n  1 jj

2:43

The error due to the incomplete solution of the discrete non-linear equations is of
course additive to the error of the discretization that we frequently measure in the
energy norm (see Chapter 14 of Volume 1). It is possible therefore to use the same
norm for bounding of the iteration process. We could, as a third option, require
that the error in the energy norm satisfy

1=2

1=2
i
1
dE i  dai;T
4 " da1;T
n1 n1
n1 n1
4 " dE 1

2:44
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In each of the above forms, problem types exist where the right-hand-side norm is
zero. Thus a fourth form, which is quite general, is to compute the norm of the
element residuals. If the problem residual is obtained as a sum over elements as
X e
wn  1
2:45
n1 
e

where e denotes an individual element and we the residual from each element, we can
express the convergence criterion as
jj

i
e
n  1 jj 4 "jjwn  1 jj

where
jjwen  1 jj 

X
e

jj wen  1 i jj

2:46

2:47

Once a criterion is selected the problem still remains to choose an appropriate value
for ". In cases where a full Newton scheme is used (and thus asymptotic quadratic
convergence should occur) the tolerance may be chosen at half the machine precision.
Thus if the precision of calculations is about 16 digits one may choose "  10ÿ8 since
quadratic convergence assures that the next residual (in the absence of round-o )
would achieve full precision. For modi®ed or quasi-Newton schemes such asymptotic
rates are not assured, necessitating more iterations to achieve high precision. In these
cases it is common practice by some to use much larger tolerance values (say 0.01 to
0.001). However, for problems where large numbers of steps are taken, instability in
the solution may occur if the convergence tolerance is too large. We recommend
therefore that whenever practical a tolerance of half machine precision be used.

2.2.8 General remarks ± incremental and rate methods
The various iterative methods described provide an essential tool-kit for the solution
of non-linear problems in which ®nite element discretization has been used. The
precise choice of the optimal methodology is problem dependent and although
many comparative solution cost studies have been published10;15;25 the dierences
are often marginal. There is little doubt, however, that exact Newton±Raphson
processes (with line search) should be used when convergence is dicult to achieve.
Also the advantage of symmetric update matrices in the quasi-Newton procedures
frequently make these a very economical candidate. When non-symmetric tangent
moduli exist it may be better to consider one of the non-symmetric updates, for
example, a Broyden method.11;26
We have not discussed in the preceding direct iterative methods such as the various
conjugate direction methods27ÿ31 or dynamic relaxation methods in which an explicit
dynamic transient analysis (see Chapter 18 of Volume 1) is carried out to achieve a
steady-state solution.32;33 These forms are often characterized by:
1. a diagonal or very sparse form of the matrix used in computing trial increments da
(and hence very low cost of an iteration) and
2. a signi®cant number of total iterations and hence evaluations of the residual .
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These opposing trends imply that such methods oer the potential to solve large
problems eciently. However, to date such general solution procedures are eective
only in certain problems.34
One ®nal remark concerns the size of increments f or  to be adopted. First, it
is clear that small increments reduce the total number of iterations required per
computational step, and in many applications automatic guidance on the size of
the increment to preserve a (nearly) constant number of iterations is needed. Here
such processes as the use of the `current stiness parameter' introduced by Bergan20
can be eective.
Second, if the behaviour is path dependent (e.g. as in plasticity-type constitutive
laws) the use of small increments is desirable to preserve accuracy in solution changes.
In this context, we have already emphasized the need for calculating such changes by
using always the accumulated ain change and not in adding changes arising from
each iterative dain step in an increment.
Third, if only a single Newton±Raphson iteration is used in each increment of
 then the procedure is equivalent to the solution of a standard rate problem
incrementally by direct forward integration. Here we note that if Eq. (2.3) is rewritten
as
P a   f0
2:48
we can, on dierentiation with respect to  obtain
dP da
 f0
da d

2:49

f (λ)

Possible divergence
∆f4
∆f3

∆f2

∆f1

a

Fig. 2.8 Direct integration procedure.
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and write this as
da
 Kÿ1
T f0
d

2:50

Incrementally, this may be written in an explicit form by using an Euler method as
an  Kÿ1
Tn f0

2:51

This direct integration is illustrated in Fig. 2.8 and can frequently be divergent as well
as being only conditionally stable as a result of the Euler explicit method used.
Obviously, other methods can be used to improve accuracy and stability. These
include Euler implicit schemes and Runge±Kutta procedures.
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3
Inelastic and non-linear materials

3.1 Introduction
In Chapter 1 we presented a framework for solving general problems in solid
mechanics. In this chapter we consider several classical models for describing the
behaviour of engineering materials. Each model we describe is given in a straindriven form in which a strain or strain increment obtained from each ®nite element
solution
step is used to compute the stress needed to evaluate the internal force,
 T
B r d as well as a tangent modulus matrix, or its approximation, for use in
constructing the tangent stiness matrix. Quite generally in the study of small
deformation and inelastic materials (and indeed in some forms applied to large
deformation) the strain (or strain rate) or the stress is assumed to split into an additive
sum of parts. We can write this as
e  ee  ei

3:1

r  re  ri

3:2

or

in which we shall generally assume that the elastic part is given by the linear model
ee  Dÿ1 r

3:3

in which D is the matrix of elastic moduli.
In the following sections we shall consider the problems of viscoelasticity,
plasticity, and general creep in quite general form. By using these general types it is
possible to present numerical solutions which accurately predict many physical
phenomena. We begin with viscoelasticity, where we illustrate the manner in which
we shall address the solution of problems given in a rate or dierential form. This
rate form of course assumes time dependence and all viscoelastic phenomena are
indeed transient, with time playing an important part. We shall follow this section
with a description of plasticity models in which times does not explicitly arise and
the problems are time independent. However, we shall introduce for convenience a
rate description of the behaviour. This is adopted to allow use of the same kind of
algorithms for all forms discussed in this chapter.

Viscoelasticity ± history dependence of deformation

3.2 Viscoelasticity ± history dependence of deformation
Viscoelastic phenomena are characterized by the fact that the rate at which inelastic
strains develop depends not only on the current state of stress and strain but, in
general, on the full history of their development. Thus, to determine the increment
of inelastic strain over a given time interval (or time step) it is necessary to know
the state of stress and strain at all preceding times. In the computation process
these can in fact be obtained and in principle the problem presents little theoretical
diculty. Practical limitations appear immediately, however, that each computation
point must retain this history information ± thus leading to very large storage
demands. In the context of linear viscoelasticity, means of overcoming this limitation
were introduced by Zienkiewicz et al.1 and White.2 Extensions to include thermal
eects were also included in some of this early work.3 Further considerations
which extend this approach are also discussed in earlier editions of this book.4;5

3.2.1 Linear models for viscoelasticity
The representation of a constitutive equation for linear viscoelasticity may be given in
the form of either a dierential equation or an integral equation.6;7 In a dierential
model the constitutive equation may be written as a linear elastic part with an
added series of partial strains q. Accordingly, we write
r t  D0 e t 

M
X
m1

Dm q m t

3:4

where for a linear model the partial stresses are solutions of the ®rst-order dierential
equations
q_ m  Tm q m  e_

3:5

with Tm a constant matrix of reciprocal relaxation times and D0 , Dm constant moduli
matrices. The presence of a split of stress as given by Eq. (3.2) is immediately evident
in the above. Each of the forms in Eq. (3.5) represents an elastic response in series with
a viscous response and is known as a Maxwell model. In terms of a spring±dashpot
model, a representation for the Maxwell material is shown in Fig. 3.1(a) for a
single stress component. Thus, the sum given by Eq. (3.4) describes a generalized
Maxwell solid in which several elements are assembled in a parallel form and the
D0 term becomes a spring alone.
In an integral form the stress±strain behaviour may be written in a convolution
form as
t
@e
r  D te 0  D t ÿ t0  0 dt0
3:6
@t
0
where components of D t are relaxation moduli functions.
Inverse relations may be given where the dierential model is expressed as
M
X
e t  J0 r t 
Jm r m t
m1

3:7
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(a)

(b)

Fig. 3.1 Spring±dashpot models for linear viscoelasticity: (a) Maxwell element; (b) Kelvin element.

where for a linear model the partial stresses r are solutions of
r_ m  Vm r m  r

3:8

in which Vm are constant reciprocal retardation time parameters and J0 , Jm constant
compliances (i.e. reciprocal moduli). Each partial stress corresponds to a solution in
which a linear elastic and a viscous response are combined in parallel to describe a
Kelvin model as shown in Fig. 3.1(b). The total model thus is a generalized Kelvin solid.
In an integral form the strain±stress constitutive relation may be written as
e  J tr 0 

t
0

@r 0
dt
@t0

J t ÿ t0 

3:9

where J t are known as creep compliance functions.
The parameters in the two forms of the model are related. For example, the creep
compliances and relaxation moduli are related through
J tD 0 

t
0

J t ÿ t0 

@D 0
dt  D t J 0 
@t0

t
0

D t ÿ t0 

@J 0
dt  I
@t0

3:10

as may easily be shown by applying, for example, Laplace transform theory to
Eqs (3.6) and (3.9).
The above forms hold for isotropic and anisotropic linear viscoelastic materials.
Solutions may be obtained by using standard numerical techniques to solve the
constant coecient dierential or integral equations. Here we will proceed to describe
a solution for the isotropic case where speci®c numerical schemes are presented.
Generalization of the methods to the anisotropic case may be constructed by using
a similar approach and is left as an exercise to the reader.

3.2.2 Isotropic models
To describe in more detail the ideas presented above we consider here isotropic
models where we split the stress as
r  s  mp

with

p  13 mT r

3:11
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where s is the stress deviator, p is the mean (pressure) stress and, for a threedimensional state of stress, m is given in Eq. (1.37). Similarly, a split of strain is
expressed as
e  e  13 m

with

  mT e

3:12

where e is the strain deviator and  is the volume change.
In the presentation given here, for simplicity we restrict the viscoelastic response to
deviatoric parts and assume pressure±volume response is given by the linear elastic
model
p  K

3:13

where K is an elastic bulk modulus. A generalization to include viscoelastic behaviour
in this component also may be easily performed by using the method described below
for deviatoric components.

Differential equation model

The deviatoric part may be stated as dierential equation models or in the form of
integral equations as described above. In the dierential equation model the constitutive equation may be written as
!
M
X
m
s  2G 0 e 
3:14
m q
m1

in which m are dimensionless parameters satisfying
M
X
m0

m  1

3:15

and dimensionless partial deviatoric strains q m are obtained by solving
q_ m 

1 m
q  e_
m

3:16

in which m are relaxation times. This form of the representation is again a generalized
Maxwell model (a set of Maxwell models in parallel).
Each dierential equation set may be solved numerically by using any of the ®niteelement-in-time methods described in Chapter 18 of Volume 1 (see Sec. 18.2). To
solve numerically we ®rst de®ne a set of discrete points, tk , at which we wish to
obtain the solution. For a time tn  1 we assume the solution at all previous points
up to tn are known. Using a simple single-step method the solution for each partial
stress is given by:




 t
1 ÿ t
m
1
3:17
qn  1  1 ÿ
qnm  en  1 ÿ en
m
m
in which t  tn  1 ÿ tn .

In Volume 1 rd was used to denote the deviatoric stress, and ed the deviatoric strain. Here we use the
alternate notation s and e to avoid the extra superscript d.
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We note that this form of the solution is given directly in a strain-driven form.
Accordingly, given the strain from any ®nite element solution step we can immediately compute the stresses by using Eqs (3.13), (3.14) and (3.17) in Eqs (3.11) and
(3.12). Inserting the above into a Newton-type solution strategy requires the computation of the tangent moduli. The tangent moduli for the viscoelastic model are
deduced from
KT jn  1 

@rn  1 @sn  1
@p

 m n1
@en  1 @en  1
@en  1

3:18

The tangent part for the volumetric term is elastic and given by
m

@pn  1
@p
@n  1
 m n1
 KmmT
@en  1
@n  1 @en  1

3:19

Similarly, the tangent part for the deviatoric term is deduced from Eq. (3.17) as
2
3
M
X
@sn  1 @sn  1 @en  1
m

7I

 2G60 
3:20
4
t 5 d
@en  1 @en  1 @en  1
m1 1 
m
where Id is de®ned in Eq. (1.37). Using the above, tangent moduli are expressed as
2
3
M
X
m
T

7I
KT jn  1  Kmm  2G60 
3:21
4
t 5 d
m1 1 
m
and we note that the only dierence from a linear elastic material is the replacement of
the elastic shear modulus by the viscoelastic term
2
3
M
X
m

7
G ! G60 
4
t 5
m1 1 
m
This relation is independent of stress and strain and hence when it is used with a
Newton scheme it converges in one iteration (i.e. the residual of a second iteration
is numerically zero).
The set of ®rst-order dierential equations (3.16) may be integrated exactly for
speci®ed strains, e. The integral for each term is given by
q m t 


 @e 0
exp ÿ t ÿ t0 =m
dt
@t0
ÿ1
t

3:22

An advantage to the dierential equation form, however, is that it may be extended to
include ageing or other nonlinear eects by making the parameters time or solution
dependent. The exact solution to the dierential equations for such a situation will
then involve integrating factors, leading to more involved expressions. In the following parts of this section we consider the integral equation form and its numerical solution for linear viscoelastic behaviour. Models and their solutions for more general
cases are left as an exercise for the reader.
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Fig. 3.2 Typical viscoelastic relaxation function.

Integral equation model

The integral equation form for the deviatoric stresses is expressed in terms of a relaxation modulus function which is de®ned by an idealized experiment in which, at time
zero (t  0), a specimen is subjected to suddenly applied and constant strain, e0 , and
the stress response, s t, is measured. For a linear material a unique relation is
obtained which is independent of the magnitude of the applied strain. This relation
may be written as
s t  2G te0

3:23

where G t is de®ned as the shear relaxation modulus function. A typical relaxation
function is shown in Fig. 3.2. The function is shown on a logarithmic time scale
since typical materials have time eects which cover wide ranges in time.
Using linearity and superposition for an arbitrary state of strain yields the integral
equation speci®ed as
s t 

t
ÿ1

2G t ÿ t0 

@e 0
dt
@t0

3:24

We note that the above form is a generalization to the Maxwell material. However,
the integral equation form may be specialized to the generalized Maxwell model by
assuming the shear relaxation modulus function in a Prony series form
"
#
M
X
G t  G 0 
m exp ÿ t=m 
3:25
m1

where the m satisfy Eq. (3.15).

Solution to integral equation with Prony series

The solution to the viscoelastic model is performed for a set of discrete points tk .
Thus, again assuming that all solutions are available up to time tn , we desire to
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Fig. 3.3 Standard linear viscoelastic solid: (a) model for standard solid; (b) relaxation function.

compute the next step for time tn  1 . Solution of the general form would require
summation over all previous time steps for each new time; however, by using
the generalized Maxwell model we may reduce the solution to a recursion formula
in which each new solution is computed by a simple update of the previous
solution.
We will consider a special case of the generalized Maxwell material in which the
number of terms M is equal to 1 [which de®nes a standard linear solid, Fig. 3.3(a)].
The addition of more terms is easily performed from the one-term solution. Accordingly, we take
G t  G 0  1 exp ÿt=1 

3:26

where 0  1  1. For the standard solid only a limited range of time can be considered, as can be observed from Fig. 3.3(b) for the model given by
G t  G 0:15  0:85 exp ÿt
To consider a wider range it is necessary to use terms in which the m cover the total
time by using at least one term for each decade of time (a decade being one unit on the
log10 time scale).
Substitution of Eq. (3.26) into Eq. (3.24) yields
s t  2G

t
ÿ1



0  1 exp ÿ t ÿ t0 =1 

 @e
@t0

dt0

3:27

which may be split and expressed as
s t  2G 0 e t  2G 1
 2G 0 e t  1 q
1

1

t
ÿ1

t

exp ÿ t ÿ t0 =1 

@e 0
dt
@t0
3:28

where we note that q is identical to the form given in Eq. (3.22). Thus use of a Prony
series for G t is identical to solving the dierential equation model exactly.
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In applications involving a linear viscoelastic model, it is usually assumed that the
material is undisturbed until a time identi®ed as zero. At time zero a strain may be
suddenly applied and then varied over subsequent time. To evaluate a solution at
time tn  1 the integral representation for the model may be simpli®ed by dividing
the integral into
tn  1
ÿ1

 dt0 

0ÿ
ÿ1

 dt0 

0
0ÿ

 dt0 

tn
0

 dt0 

tn  1
tn

 dt0

3:29

In each analysis considered here the material is assumed to be unstrained before the
time denoted as zero. Thus, the ®rst term on the right-hand side is zero, the second
term includes a jump term associated with e0 at time zero, and the last two terms
cover the subsequent history of strain. The result of this separation when applied
to Eq. (3.27) gives the recursion3
1

qn  1  exp ÿ t=1  qn1  q 1

3:30

where
q 1 

tn  1
tn

expÿ tn  1 ÿ t0 =1 

@e 0
dt
@t0

3:31

1

and q0  e0 .
To obtain a numerical solution, we approximate the strain rate in each time
increment by a constant to obtain
1

qn  1 

1
t

tn  1
tn

expÿ tn  1 ÿ t0 =1 en  1 ÿ en  dt0

3:32

The integral may now be evaluated directly over each time step as3
1

qn  1 

1
1
1 ÿ exp ÿt=1  en  1 ÿ en   qn  1 en  1 ÿ en 
t

3:33

This approximation is singular for zero time steps; however, the limit value at t  0
is one. Thus, for small time steps a series expansion may be used to yield accurate
values, giving
 
 
 
1 t
1 t 2 1 t 3
1
qn  1  1 ÿ
ÿ

3:34

2 1
3! 1
4! 1
Using a few terms for very small time increment ratios yields numerically correct
answers (to computer precision). Once the time increment ratio is larger than a certain
small value the representation given in Eq. (3.33) is used directly.
The above form gives a recursion which is stable for small and large time steps and
produces very smooth transitions under variable time steps.
A numerical approximation to Eq. (3.32) in which the integrand of Eq. (3.31) is
evaluated at tn  1=2 has also been used with success.8 In the above recursion we
note that a zero and in®nite value of a time step produces a correct instantaneous
and zero response, respectively, and thus is asymptotically accurate at both limits.
The use of ®nite dierence approximations on the dierential equation form directly
does not produce this property unless   1 and for this value is much less accurate
than the solution given by Eq. (3.33).
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Using the recursion formula, the constitutive equation now has the simple form
1

sn  1  2G 0 en  1  1 qn  1 

3:35

The process may also be extended to include eects of temperature on relaxation
times for use with thermorheologically simple materials.3
The implementation of the above viscoelastic model into a Newton type solution
process again requires the computation of a tangent tensor. Accordingly, for the
deviatoric part we need to compute
@sn  1 @sn  1

I
@en  1 @en  1 d

3:36

The partial derivative with respect to the deviatoric stress follows from Eq. (3.35) as
"
#
@s
@q 1
 2G 0 I  1
3:37
@e
@e
Using Eq. (3.33) the derivative of the last term becomes
1

@qn  1
1
 qn  1 t I
@en  1

3:38

Thus, the tangent tensor is given by
@sn  1
1
 2 G 0  1 qn  1 t Id
@en  1

3:39

Again, the only modi®cation from a linear elastic material is the substitution of the
elastic shear modulus by
1

G ! G 0  1 qn  1 t

3:40

We note that for zero t the full elastic modulus is recovered, whereas for very large
increments the equilibrium modulus 0 G is used. Since the material is linear, use of
this tangent modulus term again leads to convergence in one iteration (the second
iteration produces a numerically zero residual).
m
The inclusion of more terms in the series reduces to evaluation of additional qn  1
m
integral recursions. Computer storage is needed to retain the qn for each solution
(quadrature) point in the problem and each term in the series.

Example: a thick-walled cylinder subjected to internal pressure

To illustrate the importance of proper element selection when performing analyses in
which material behaviour approaches a near incompressible situation we consider the
case of internal pressure on a thick-walled cylinder. The material is considered to be
isotropic and modelled by viscoelastic response in deviatoric stress±strain only.
Material properties are: modulus if elasticity, E  1000; Poisson's ratio,   0:3;
1  0:99; and 1  1. Thus, the viscoelastic relaxation function is given by
G t 

1000
0:01  0:99 exp ÿt
2:6

The ratio of the bulk modulus to shear modulus for instantaneous loading is given by
K=G 0  2:167 and for long time loading by K=G 1  216:7 which indicates a
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(a)

(b)

Fig. 3.4 Mesh and loads for internal pressure on a thick-walled cylinder: (a) four-noded quadrilaterals;
(b) nine-noded quadrilaterals.
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near incompressible behaviour for sustained loading cases (the eective Poisson ratio
for in®nite time is 0.498). The response for a suddenly applied internal pressure,
p  10, is computed to time 20 by using both displacement and the mixed element
described in Chapter 1. Quadrilateral elements with four nodes (Q4) and nine
nodes (Q9) are considered, and meshes with equivalent nodal forces are shown in
Fig. 3.4. The exact solution to this problem is one-dimensional and, since all radial
boundary conditions are traction ones, the stress distribution should be time independent. During the early part of the solution, when the response is still in the compressible range, the solutions from the two formulations agree well with this exact
solution. However, during the latter part of the solution the answers from a displacement element diverge because of near incompressibility eects, whereas those from a
mixed element do not. The distribution of quadrature point radial stresses at time
t  20 is shown in Fig. 3.5 where the highly oscillatory response of the displacement
form is clearly evident. We note that extrapolation to reduced quadrature points
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Fig. 3.5 Radial stress for internal pressure on a thick-walled cylinder: (a) mixed model; (b) displacement
model.
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would avoid these oscillations; however, use of fully reduced integration would lead
to singularity in the stiness matrix (as shown in Volume 1) and selective reduced
integration is dicult to use with general non-linear material behaviour. Thus, for
general applications the use of mixed elements is preferred.

3.2.3 Solution by analogies
The labour of step-by-step solutions for linear viscoelastic media can, on occasion, be
substantially reduced. In the case of a homogeneous structure with linear isotropic
viscoelasticity and constant Poisson ratio operator, the McHenry±Alfrey analogies
allow single-step elastic solutions to be used to obtain stresses and displacements at
a given time by the use of equivalent loads, displacements and temperatures.9;10
Some extensions of these analogies have been proposed by Hilton and Russell.11
Further, when subjected to steady loads and when strains tend to a constant value
at an in®nite time, it is possible to determine the ®nal stress distribution even in
cases where the above analogies are not applicable. Thus, for instance, where the
viscoelastic properties are temperature dependent and the structure is subject to a
system of loads and temperatures which remain constant with time, long-term
`equivalent' elastic constants can be found and the problem solved as a single, nonhomogeneous elastic one.12
The viscoelastic problem is a particular case of a creep phenomenon to which we
shall return in Sect. 3.3 using some other classical non-linear models to represent
material behaviour.

3.3 Classical time-independent plasticity theory
Classical `plastic' behaviour of solids is characterized by a non-unique stress±strain
relationship which is independent of the rate of loading but does depend on loading
sequence that may be conveniently represented as a process evolving in time. Indeed,
one de®nition of plasticity is the presence of irrecoverable strains on load removal. If
uniaxial behaviour of a material is considered, as shown in Fig. 3.6(a), a non-linear
relationship on loading alone does not determine whether non-linear elastic or plastic
behaviour is exhibited. Unloading will immediately discover the dierence, with an
elastic material following the same path and a plastic material showing a historydependent dierent path. We have referred to non-linearity elasticity already in
Sect. 1.2 [see Eq. (1.36)] and will not give further attention to it here as the techniques
used for plasticity problems or non-linear elasticity show great similarity. Representation of non-linear elastic behaviour for ®nite deformation applications is more
complex as we shall show in Chapter 10.
Some materials show a nearly ideal plastic behaviour in which a limiting yield
stress, Y (or y ), exists at which the strains are indeterminate. For all stresses
below such yield, a linear (or non-linear) elastic relationship is assumed, Fig. 3.6(b)
illustrates this. A further re®nement of this model is one of a hardening/softening
plastic material in which the yield stress depends on some parameter  (such as the
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Fig. 3.6 Uniaxial behaviour of materials: (a) non-linear elastic and plastic behaviour; (b) ideal plasticity;
(c) strain hardening plasticity.

accumulated plastic strain " p ) [Fig. 3.6(c)]. It is with such kinds of plasticity that this
section is concerned and for which much theory has been developed.13;14
In a multiaxial rather than a uniaxial state of stress the concept of yield needs to
be generalized. It is important to note that in the following development of
results in a matrix form all nine tensor components are used instead of the six
`engineering' component form used previously. To distinguish between the two we
introduce an underbar on the symbol for all nine-component forms. Thus, we shall
use:

T
r  x y z xy yz zx

T
r  x y z xy yx yz zy zx xz
3:41

T
e  "x "y "z
xy
yz
zx

T
e  "x "y "z "xy "yx "yz "zy "zx "xz
in which ij  2 "ij . The transformations between the nine- and six-component forms
needed later are obtained by using
e  Pe

and

r  PT r

3:42
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Accordingly, we ®rst make all computations by using the nine `tensor' components of
stress and strain and only at the end do we reduce the computations to expressions in
terms of the six independent `engineering' quantities using P. This will permit ®nal
expressions for strain and equilibrium to be written in terms of B as in all previous
developments. In addition we note that:
3
2
2
7
6
2
7
6
7
16
2
T
T
7
6
P IP  P P  I0
3:43
with
I0  6
7
1
26
7
5
4
1
1
(see Section 12.2, Volume 1).

3.3.1 Yield functions
It is quite generally postulated, as an experimental fact, that yielding can occur only if
the stress satis®es the general yield criterion
F r; j;   0

3:44
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Fig. 3.7 Yield surface and normality criterion in two-dimensional stress space.
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where r denotes a matrix form with all nine components of stress, j represents
kinematic hardening parameters and  an isotropic hardening parameter.13 We shall
discuss these particular sets of parameters later but, of course, many other types of
parameters also can be used to de®ne hardening.
This yield condition can be visualized as a surface in an n-dimensional space of
stress with the position and size of the surface dependent on the instantaneous
value of the parameters j and  (Fig. 3.7).

3.3.2 Flow rule (normality principle)
Von Mises ®rst suggested that basic behaviour de®ning the plastic strain increments is
related to the yield surface.15 Heuristic arguments for the validity of the relationship
proposed have been given by various workers in the ®eld16ÿ23 and at the present time
the following hypothesis appears to be generally accepted for many materials; if e p
denotes the components of the plastic strain tensor the rate of plastic strain is assumed
to be given by
_ ;r
e_ p  F

3:45

@F
@r

3:46

where the notation
F;r 

is introduced. In the above, _ is a proportionality constant, as yet undetermined,
often referred to as the `plastic consistency' parameter. During sustained plastic
deformation we must have
F_  0
and
_ > 0
3:47
whereas during elastic loading/unloading _  0 and F_ 
6 0 leading to a general
constraint condition in Kuhn±Tucker form14
F_ _  0
3:48
The above rule is known as the normality principle because relation (3.45) can be
interpreted as requiring the plastic strain rate components to be normal to the yield
surface in the space of nine stress and strain dimensions.
Restrictions of the above rule can be removed by specifying separately a plastic ¯ow
rule potential
Q  Q r; 
3:49
which de®nes the plastic strain rate similarly to Eq. (3.45); that is, giving this as
e_ p  _ Q;r ;


_
50

3:50

Some authors prefer to write Eq. (3.45) in an incremental form
dep  d F;r

where then dep  e_ p dt, and t is some pseudo-time variable. Here we prefer the rate form to permit use of
common solution algorithms in which de will denote an increment in a Newton-type solution. (Also note
the dierence in notation between a small increment `d' and a dierential `d'.)
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The particular case of Q  F is known as associative plasticity. When this relation is
not satis®ed the plasticity is non-associative. In what follows this more general form
will be considered initially (reductions to the associative case follow by simple substitution of Q  F).
The satisfaction of the normality rule for the associative case is essential for proving
so called upper and lower bound theorems of plasticity as well as uniqueness. In the
non-associative case the upper and lower bound do not exist and indeed it is not
certain that the solutions are always unique. This does not prevent the validity of
non-associated rules as it is well known that in frictional materials, for instance,
uniqueness is seldom achieved but the existence of friction cannot be denied.

3.3.3 Hardening/softening rules
Isotropic hardening

The parameters j and  must also be determined from rate equations and de®ne
hardening (or softening) of the plastic behaviour of the material. The evolution of
, govern the size of the yield surface is commonly related to the rate of plastic
work or directly to the consistency parameter. If related to the rate of plastic work
 has dimensions of stress and a relation of the type
_  rT e_ p  Y  "_ pu

3:51

is used to match behaviour to a uniaxial tension or compression result. The slope
A

@Y
@

3:52

provides a modulus de®ning instantaneous isotropic hardening.
In the second approach  is dimensionless (e.g., an accumulated plastic strain14 )
and is related directly to the consistency parameter using

1=2
_ T;r Q;r 1=2
_  e_ p T e_ p
 Q
3:53
A constitutive equation is then introduced to match uniaxial results. For example, a
simple linear form is given by
y   y0  Hi0 
where Hi0 is a constant isotropic hardening modulus.

Kinematic hardening

A classical procedure to represent kinematic hardening was introduced by Prager24
and modi®ed by Ziegler.25 Here the stress in each yield surface is replaced by a
linear relation in terms of a `back stress' j as
|rÿj

3:54

F r ÿ j;   F |;   0

3:55

with the yield function now given as

Classical time-independent plasticity theory

during plastic behaviour. We note that with this approach derivatives of the yield
surface dier only by a sign and are given by
F;|  F;r  ÿ F;j

3:56

Accordingly, the yield surface will now translate, and if isotropic hardening is present
will also expand or contract, during plastic loading.
A rate equation may be speci®ed most directly by introducing a conjugate work
variable b from which the hardening parameter j is deduced by using a hardening
potential H. This may be stated as
j  ÿH;b

3:57

which is completely analogous to use of an elastic energy to relate r and ee . A rate
equation may be expressed now as
b_  _ Q;j

3:58

It is immediately obvious that here also we have two possibilities. Using Q in the
above expression de®nes a non-associative hardening, whereas replacing Q by F
would give an associative hardening. Thus for a fully associative model we require
that F be used to de®ne both the plastic potential and the hardening. In such a
case the relations of plasticity also may be deduced by using the principle of maximum
plastic dissipation.13;14;26;27 A quadratic form for the hardening potential may be
adopted and written as
H  12 bT Hk b

3:59

in which Hk is assumed to be an invertible set of constant hardening parameters. Now
b may be eliminated to give the simple rate form
j_  ÿ _ Hk

@Q
 ÿ_ Hk Q;j
@j

3:60

Use of a linear shift in relation (3.54) simpli®es this, noting Eq. (3.56), to
_ k Q;|
j_  H

3:61

In our subsequent discussion we shall usually assume a general quadratic model for
both elastic and hardening potentials. For a more general treatment the reader is
referred to references 14 and 28.
Another approach to kinematic hardening was introduced by Armstrong and
Frederick29 and provides a means of retaining smoother transitions from elastic to
inelastic behaviour during cyclic loading. Here the hardening is given as
j_  _ Hk Q;| ÿ HNL j

3:62

Applications of this approach are presented by Chaboche30;31 and numerical
comparisons to a simpler approach using a generalized plasticity model32;33 are
given by Auricchio and Taylor.34
Many other approaches have been proposed to represent classical hardening
behaviour and the reader is referred to the literature for additional information
and discussion.19ÿ21;35ÿ37 A physical procedure utilizing directly the ®nite element
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method is available to obtain both ideal plasticity and hardening. Here several ideal
plasticity components, each with dierent yield stress, are put in series and it will be
found that both hardening and softening behaviour can be obtained easily retaining
the properties so far described. This approach was named by many authors as an
`overlay' model38;39 and by others is described as a `sublayer' model.
There are of course many other possibilities to de®ne change in surfaces during the
process of loading and unloading. Here frictional soils present one of the most dicult materials to model and for the non-associative case we ®nd it convenient to use
the generalized plasticity method described in Sect. 3.6.

3.3.4 Plastic stress±strain relations
To construct a constitutive model for plasticity, the strains are assumed to be divisible
into elastic and plastic parts given as
e  ee  e p

3:63

For linear elastic behaviour, the elastic strains are related to stresses by a symmetric
9  9 matrix of constants D. Dierentiating Eq. (3.63) and incorporating the plastic
relation (3.50) we obtain
e_  Dÿ1 r_  _ Q;r

3:64

The plastic strain (rate) will occur only if the `elastic' stress changes
r_ e  D e_

3:65

tends to put the stress outside the yield surface, that is, is in the plastic loading direction. If, on the other hand, this stress change is such that unloading occurs then of
course no plastic straining will be present, as illustrated for the one-dimensional
case in Fig 3.6. The test of the above relation is therefore crucial in dierentiating
between loading and unloading operations and underlines the importance of the
straining path in computing stress changes.
When plastic loading is occurring the stresses are on the yield surface given by
Eq. (3.44). Dierentiating this we can therefore write
@F
@F
@F
@F
@F
F_ 
_  0
_ 
_     
_ 
_     
@x x @y y
@x x @y y
@
or
F_  F;rT r_  F;jT j_ ÿ Hi _  0
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in which we make the substitution
@F
_  ÿ F; _
Hi _  ÿ
@
where Hi denotes an isotropic hardening modulus.

3:67
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For the case where kinematic hardening is introduced, using Eq. (3.54) we can
substitute Eq. (3.61) and modify Eq. (3.64) to
_ ;|
D e_  |_  D  Hk  Q
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Similarly, introducing Eq. (3.56) into Eq. (3.66) we obtain
F_  F;|T |_ ÿ Hi _  0
Equations (3.68) and (3.69) now can be written in matrix form as
#( )

 " I
D  Hk Q;|
|_
D e_

T
0
F;|
ÿHi
_

3:69

3:70

The indeterminate constant _ can now be eliminated (taking care not to multiply or
divide by Hi or Hk which are zero in ideal plasticity). To accomplish the elimination
we solve the ®rst set of Eq. (3.70) for |_ , giving
|_  D e_ ÿ D  Hk  Q;| _
and substitute into the second, yielding the expression
F;|T D e_ ÿ Hi  F;rT D  Hk  Q;|  _  0
Equation (3.64) now results in an explicit expansion that determines the stress changes
in terms of imposed strain changes. Using Eq. (3.43) this may now be reduced to a
form in which only six-independent components are present and expressed as
r_  Dep e_
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and
Dep  PT D P ÿ
Dÿ

1 T
P D Q;| F;|T D P
H

1 T
P D Q;| F;|T D P
H

3:72

where
H   Hi  F;|T D  Hk  Q;|
The elasto-plastic matrix Dep takes the place of the elasticity matrix DT in a continuum
rate formulation. We note that in the absence of kinematic hardening it is possible to
make reductions to the six-component form for all the computations at the very beginning. However, the manner in which the back stress enters the computation is not the
same as that for the plastic strain and would be necessary to scale the two dierently to
make the general reduction. Thus, for the developments reported here we prefer to
carry out all calculations using the full nine-component form (or, in the case of plane
stress, to follow a four-component form) and make ®nal reductions using Eq. (3.72).


We shall show this step in more detail below for the J2 plasticity model. In general, however, the ®nal
result involves only the usual form of the D matrix and six independent components from the derivative
of the yield function.
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For a generalization of the above concepts to a yield surface possessing `corners'
where Q;r is indeterminate, the reader is referred to the work of Koiter17 or the
multiple surface treatments in Simo and Hughes.14
An alternative procedure exists here simply by smoothing the corners. We shall
refer to it later in the context of the Mohr±Coulomb surface often used in geomechanics and the procedure can be applied to any form of yield surface.
The continuum elasto-plastic matrix is symmetric only when plasticity is associative
and when kinematic hardening is symmetric. In general, non-associative materials
present stability diculties, and special care is needed to use them eectively. Similar
diculties occur if the hardening moduli are negative which, in fact, leads to a
softening behaviour. This is addressed further in Secs 3.11 and 3.12.
The elasto-plastic matrix given above is de®ned even for ideal plasticity when Hi
and Hk are zero. Direct use of the continuum tangent in an incremental ®nite element
context where the rates are approximated by
e_ n  1 t  en  1

r_ n  1 t  rn  1

and

was ®rst made by Yamada et al.40 and Zienkiewicz et al.41 However, this approach
does not give quadratic convergence when used in the Newton±Raphson scheme.
For the associative case we can introduce a discrete time integration algorithm in
order to develop an exact (numerically consistent) tangent which does produce
quadratic convergence when used in the Newton±Raphson iterative algorithm.

3.4 Computation of stress increments
We have emphasized that with the use of iterative procedures within a particular
increment of loading, it is important to compute always the stresses as
rkn  1  rn  rkn

3:73

corresponding to the total change in displacement parameters akn and hence the total
strain change
ekn  B akn

akn 

k
X
i0

dain
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which has accumulated in all previous iterations within the step. This point is of
considerable importance as constitutive models with path dependence (namely,
plasticity-type models) have dierent responses for loading and unloading. If a
decision on loading/unloading is based on the increment dakn erroneous results will
be obtained. Such decisions must always be performed with respect to the total
increment akn .
In terms of the elasto-plastic modulus matrix given by Eq. (3.72) this means that the
stresses have to be integrated as
rkn  1  rn 

ekn
0

Dep de

3:75

Computation of stress increments

incorporating into Dep the dependence on variables in a manner corresponding to
a linear increase of ekn (or akn ). Here, of course, all other rate equations have to
be suitably integrated, though this generally presents little additional diculty.
Various procedures for integration of Eq. (3.75) have been adopted and can be
classi®ed into explicit and implicit categories.

3.4.1 Explicit methods
In explicit procedures either a direct integration process is used or some form of the
Runge±Kutta process is adopted.42 In the former the known increment ekn is
subdivided into m intervals and the integral of Eq. (3.75) is replaced by direct summation, writing
rkn 

ÿ1
1 mX
D
ek
m j  0 nj=m n
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where Dn  j=m denotes the tangent matrix computed for stresses and hardening
parameters updated from the previous increment in the sum.
This procedure, originally introduced in reference 43 and described in detail in
references 44 and 45, is known as subincrementation. Its accuracy increases with the
number of subincrements, m, used. In general it is dicult a priori to decide on this
number, and accuracy of prediction is not easy to determine.
Such integration will generally result in the stress change departing from the yield
surface by some margin. In problems such as those of ideal plasticity where the yield
surface forms a meaningful limit a proportional scaling of stresses (or return map) has
been practiced frequently to obtain stresses which are on the yield surface at all
times.45;46 In this process the eects of integrating the evolution equation for hardening must also be treated.
A more precise explicit procedure is provided by use of a Runge±Kutta method.
Here, ®rst an increment of e=2 is applied in a single-step explicit manner to obtain
rn  1=2  12 Dn en
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using the initial elasto-plastic matrix. This increment of stress (and corresponding
jn  1=2 ) is evaluated to compute Dn  1=2 and ®nally we evaluate
rn  Dn  1=2 en

3:78

This process has a second-order accuracy and, in addition, can give an estimate of
errors incurred as
rn ÿ 2 rn  1=2

3:79

If such stress errors exceed a certain norm the size of the increment can be
reduced. This approach is particularly useful for integration of non-associative
models or models without yield functions where `tangent' matrices are simply
evaluated (see Sect. 3.6).
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3.4.2 Implicit methods
The integration of Eq. (3.75) can, of course, be written in an implicit form. For
instance, we could write in place of Eq. (3.75), during each iteration k, that
k
rkn  1   1 ÿ Dn   D;k
n  1 en  1

3:80

where here Dn denotes the value of the tangential matrix at the beginning of the time
step and D;k
n  1 the current estimate to the tangential matrix at the end of the step.
This non-linear equation set could be solved by any of the procedures previously
described; however, derivatives of the tangent matrix are quite complex and in any
case a serious error is committed in the approximate form of Eq. (3.80). Further,
there is no guarantee that the stresses do not depart from the yield surface.

Return map algorithm

In 1964 a very simple algorithm was introduced simultaneously by Maenchen and
Sacks47 and by Wilkins.48 This algorithm uses a two-step process to compute the
new stress and was originally implemented in an explicit time integration form,
thus requiring no explicit construction of an elasto-plastic tangent matrix; however,
later its versatility and robustness was demonstrated for implicit solutions.49;50 The
steps of the algorithm are:
1. Perform a predictor step in which the entire increment of strain (for the present
discussion we omit the iteration counter k for simplicity)
en  1  en  en
is used to compute trial stresses (denoted by superscript TR) assuming elastic
behaviour. Accordingly,
p
rTR
n  1  D en  1 ÿ e n 
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where only an elastic modulus D is required.
2. Evaluate the yield function in terms of the trial stress and the values of the plastic
parameters at the previous time:
(
40;
elastic
F rTR ; jn ; n  
3:82
>0;
plastic
(a) For an elastic value of F set the current stress to the trial value, accordingly
rn  1  rTR
n  1;

jn  1  jn

and

n  1  n

(b) For a plastic state solve a discretized set of plasticity rate equations (namely,
using any appropriate time integration method as described in Chapter 18 of
Volume 1) such that the ®nal value of Fn  1 is zero.
A plastic correction can be most easily developed by returning to the original
Eq. (3.64) and writing the relation for stress increment as
rn  D en ÿ e pn 
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Now integrating the plastic strain relation (3.50) using a form similar to that in
Eq. (3.80) yields
e pn    1 ÿ Q;r jn   Q;r jn  1 

3:84

where  represents an approximation to the change in consistency parameter over
the time increment. Kinematic hardening is included by integrating Eq. (3.60) as
jn  ÿ Hk  1 ÿ Q;j jn   Q;j jn  1 
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Finally, during the plastic solution we enforce
Fn  1  0

3:86

thus ensuring that ®nal values at tn  1 satisfy the yield condition exactly.
The above solution process is particularly simple for   1 (backward dierence or
Euler implicit) and now, eliminating e pn , we can write the above non-linear system in
residual form
Ri  en ÿ Dÿ1 rin ÿ  Q;r jin  1
i
i
Ri  ÿHÿ1
k jn ÿ  Q;j jn  1

r i  ÿ Fni  1
and seek solutions which satisfy Ri  0, Ri  0 and r i  0. Any of the general
iterative schemes described in Chapter 2 can now be used. In particular, the full
Newton±Raphson process is convenient. Noting that en is treated here as a speci®ed
constant (actually, the ekn from the current ®nite element solution), we can write, on
linearization
2 ÿ1
3i 8
9 8 i 9
D   Q;rr
Q;rj
Q;r
>
dri >
= >
=
<
< R >
6
7
ÿ1
i
6
7
 Ri
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where Hi is the same hardening parameter as that obtained in Eq. (3.67). Some
complexity is introduced by the presence of the second derivatives of Q in Eq. (3.87)
and the term may be omitted for simplicity (although at the expense of asymptotic
quadratic convergence in the Newton±Raphson iteration). Analytical forms of such
second derivatives are available for frequently used potential surfaces.14;28;49ÿ51
Appendix A also presents results for second derivatives of stress invariants.
It is important to note that the requirement that Fn  1  ÿri [Eq. (3.87)] ensures
that the r i residual measures precisely the departure from the yield surface. This
measure is not available for any of the tangential forms if Dep is adopted.
For the solution it is only necessary to compute di and update as
i 

i
X
j0

dj

3:88
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This solution process can be done in precisely the same way as was done in establishing Eq. (3.72). Thus, a solution may be constructed by de®ning the following:
" #
"
#
R
r
R
f
;
R
j
"
#
"
#
F;r
Q;r
rF 
rQ 
3:89
;
F;j
Q;j
" ÿ1
#
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#
Q;rr Q;rj
D
0
i
A
 
Q;jr Q;jj
0
Hÿ1
k
and expressing Eq. (3.87) as
dfi  Aÿ1 Ri ÿ



1 ÿ1
i
rF i T Aÿ1 Ri ÿ r i
 A rQ
A
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where
A  Hi  rF i T Aÿ1 rQi

3:91

Immediately, we observe that at convergence Ri  0 and r i  0, thus, here we obtain
a zero stress increment. At this point we have computed a stress state rn  1 which
satis®es the yield condition exactly. However, this stress, when substituted back
into the ®nite element residual [e.g. Eq. (1.24) or (1.44)] may not satisfy the equilibrium condition and it is now necessary to compute a new iteration k and obtain a
new strain increment dekn from which the process is repeated. We note that inserting
this new increment into Eq. (3.87) will again result in a non-zero value for R , but that
R and r remain zero until subsequent iterations. Thus, Eq. (3.90) provides directly
~ ep from
now the required tangent matrix D
# 
  " ~
  
de
de
dr
1 ÿ1
Dep 
ÿ1
T ÿ1
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 A ÿ  A rQ rF A
A
dj
0
0


~ ep is obtained from the upper diagonal block of Eq.
Thus, we ®nd the tangent matrix D
(3.92). We note that this development also follows exactly the procedure for computing Dep in Eq. (3.72). At this stage the terms may once again be reduced to their sixcomponent form using P as indicated in Eq. (3.42).
Some remarks on the above algorithm are in order:
1. For non-associative plasticity (namely, Q 6 F) the return direction is not normal
to the yield surface. In this case no solution may exist for some strain increments
(in general, arbitrary selection of F and Q forms in non-associative does not assure
stability) and the iteration process will not converge.
2. For associative plasticity the normality principle is valid, requiring a convex yield
surface. In this case the above iteration process always converges for a hardening
material.
3. Convergence of the ®nite element equations may not always occur if more than
one quadrature point changes from elastic to plastic or from plastic to elastic in
subsequent iterations.

Isotropic plasticity models

Based on these comments it is evident that no universal method exists that can be used
with the many alternatives which can occur in practice. In the next several sections we
illustrate some formulations which employ the alternatives we have discussed above.

3.5 Isotropic plasticity models
We consider here some simple cases for isotropic plasticity-type models in which both
a yield function and a ¯ow rule are used. For an isotropic material linear elastic
response may be expressed by moduli de®ned with two parameters. Here we shall
assume these to be the bulk and shear moduli, as used previously in the viscoelastic
section (Sec. 3.2). Accordingly, the stress at any discrete time tn  1 is computed
from elastic strains in matrix form as
rn  1  pn  1 m  sn  1  K m m een  1  2 G I ÿ 13 m mT  een  1
ÿ

 D en  1 ÿ epn  1
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where the elastic modulus matrix for an isotropic material is given in the simple form
D  K m mT  2G I ÿ 13 m mT 

3:94

and I is the 9  9 identity matrix and m is the nine-component matrix
m  1

1 1

0

0

0 0

0

0 T

Using Eqs (3.42) and (3.43) immediately reduces the above to
D  K m mT  2 G I0 ÿ 13 m mT 

3:95

The above relation yields the stress at the current time provided we know the
current total strain and the current plastic strain values. The total strain is available
from the ®nite element equations using the current value of nodal displacements, and
the plastic strain is assumed to be computed with use of one of the algorithms given
above. In the discussion to follow we consider relations for various classical yield
surfaces.

3.5.1 Isotropic yield surfaces
The general procedures outlined in the previous section allow determination of the
tangent matrices for almost any yield surface applicable in practice. For an isotropic
material all functions can be represented in terms of the three stress invariants:
I1  ii  mT r
2J2  sij sji  sT s  jsj2

3:96

3J3  sij sjk ski  det s
where we can observe that de®nition of all the invariants is most easily performed in
indicial notation.


Appendix A presents a summary of invariants and their derivatives.
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One useful form of these invariants for use in yield functions is given by43
3m  I1
p
  J2
3   sin

ÿ1

p 1=3
3 3 J3
ÿ
2 
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!
with ÿ
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Using these de®nitions the surface for several classical yield conditions can be given
as:
1. Tresca:
F  2  cos  ÿ Y   0
2. Huber±von Mises:
p
F  2  ÿ

r
r
2
2
Y   jsj ÿ
Y   0
3
3

3:98
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Both conditions 1 and 2 are well veri®ed in metal plasticity. For soils, concrete and
other `frictional' materials the Mohr±Coulomb or Drucker±Prager surfaces is
frequently used.52
3. Mohr±Coulomb:


1
p


F  m sin    cos  ÿ
sin  sin  ÿ c cos   0
3:100
3
where c  and   are the cohesion and the angle of friction, respectively, which
can depend on an isotropic strain hardening parameter .
4. Drucker±Prager:
F 3

0

m   ÿ K   0
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where
0

2 sin 
 p
3 3 ÿ sin 

6 cos 
K  p
3 3 ÿ sin 

and again c and  can depend on a strain hardening parameter.
These forms lead to a convenient de®nition of the gradients F;r or Q;r , irrespective
of whether the surface is used as a yield condition or a ¯ow potential. Thus we can
always write
F;r  F;m

@m
@ 
@
 F;
 F;
@r
@r
@r
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and upon noting that
@  @  @J2
1 @J2

 p
@r @J2 @r
2 J2 @r



@
@ @J2 @ @J3
1 @J3 1 @J2


 tan 3 J3
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Isotropic plasticity models
Table 3.1 Invariant derivatives for various yield conditions
p
Yield condition
F;m
J2 F;J2
Tresca

0

Huber±von Mises

0

Mohr±Coulomb

sin 

Drucker±Prager

3

0

2 cos  1  tan  tan 3
p
3


1
1
cos  1  tan  sin 3  p sin  tan 3 ÿ tan 
2
3
1

J2 F;J3
p
3 sin 
cos 3
0
p
3 sin   sin  cos 
2 cos 3
0

Alternatively, we can always write:
F;r  F;m

@m
@J
@J
 F;J2 2  F;J3 3
@r
@r
@r
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which can be put into a matrix form as shown in Appendix A.
The values of the three derivatives with respect to the invariants are shown in
Table 3.1 for the various yield surfaces mentioned. The form of the various yield
surfaces given above is shown with respect to the principal stress space in Fig. 3.8,
though many more elaborate ones have been developed, particularly for soil
(geomechanics) problems.53ÿ55
Drucker–Prager φ > 0
–σ3

Von Mises
φ=0

√3c cot φ

–σ3

σ1 = σ2 = σ3

Mohr–Coulomb φ > 0
σ1 = σ2 = σ3

√3c cot φ

Tresca
φ=0

–σ2

–σ2
–σ1

–σ1
(a)

(b)

Fig. 3.8 Isotropic yield surfaces in principal stress space: (a) Drucker±Prager and von Mises; (b) Mohr±Coulomb
and Trexa.

3.5.2 J2 model with isotropic and kinematic hardening
(Prandtl±Reuss equations)
As noted in Table 3.1 a particularly simple form results if we assume the yield function
involves only the second invariant of the deviatoric stresses J2 . Here we present a
more detailed discussion of results obtained by using an associated form and the
return map algorithm. Since the yield function involves deviatoric quantities only
we can initially make all the calculations in terms of these. Accordingly, the elastic
deviatoric stress±strain relation is given as
s  2 G ee  2 G e ÿ e p 

3:105
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Continuum rate form

Before constructing the return map solution we ®rst consider the form of the plasticity
equations in rate form for this simple model. The plastic deviatoric strain rates are
deduced from
@F
_ ;s
 F
e_ p  _
@s

3:106

Including the eects of isotropic and kinematic hardening the Huber±von Mises
yield function may be expressed as
q
3:107
F  js ÿ jj ÿ 23 Y   0
in which j are back stresses from kinematic hardening and  is an isotropic hardening
parameter. We assume linear isotropic hardening given by
Y   Y0  Hi 

3:108

Here a rate of  is computed from a norm of the plastic strains, by using Eq. (3.53),
as
q
_  23 _
3:109
p
in which the factor
2=3 is introduced to match uniaxial behaviour given by
Eq. (3.108).
On dierentiation of F it will be found that
@F
@F
ÿ
n
@s
@

where

n

sÿj
js ÿ jj
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Using the above, the plastic strains are given by
_
e_ p  n
and, when substituted into a rate-of-stress relation, yield


_
s_  2 G e_ ÿ n

3:111
3:112

A rate form for the kinematic hardening is taken as
j_  23 Hk _ n

3:113

The rate of the yield function becomes
F_  nT s_ ÿ j_  ÿ 23 Hi _

3:114

and when combined with the other rate equations gives the expression for the plastic
consistency parameter as (noting that with the nine-component form nT n  1)
G
_   nT e
G

3:115


More general forms of hardening may be approximated by piecewise linear segments, thus making the
present formulation quite general.
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where
G  G  13 Hi  Hk 

3:116

Substitution of Eq. (3.115) into Eq. (3.112), and using Eq. (3.42) to reduce to the sixcomponent form, gives the rate form for stress±strain deviators as


2G
s_  2G I0 ÿ  n nT e_
3:117
G
We note that for perfect plasticity Hi  Hk  0 leading to 2G=G  1 and, thus, the
elastic±plastic tangent for this special case is also here obtained.
Use of Eq. (3.117) in the rate form of Eq. (3.93) gives the ®nal continuum elastic±
plastic tangent


1
2G T

T
T
Dep  K m m  2 G I0 ÿ m m ÿ  nn
3:118
3
G
This then establishes the well-known Prandtl±Reuss stress±strain relations generalized for linear isotropic and kinematic hardening.

Incremental return map form

The return map form for the equations is established by using a backward (Euler
implicit) dierence form as described previously (see Sec. 3.4.2). Omitting the
subscript on the n  1 quantities the plastic strain equation becomes, using Eqs
(3.106) and (3.110),
e p  e pn  n

3:119

and the accumulated (eective) plastic strain
q
  n  23 

3:120

Thus, now the discrete constitutive equation is
s  2G e ÿ e p 

3:121

j  jn  23 Hk n
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the kinematic hardening is
and the yield function is
F  js ÿ jj ÿ

q

2
3 Yn

ÿ 23 Hi 

3:123
p
where Yn  Y0  2=3 n .
The trial stress, which establishes whether plastic behaviour occurs, is given by
sTR  2 G e ÿ e pn 

3:124

which for situations where plasticity occurs permits the ®nal stress to be given as
s  sTR ÿ 2G  n

3:125
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Using the de®nition of n, we may now combine the stress and kinematic hardening
relations as
ÿ

js ÿ jjn  jsTR ÿ jn j nTR ÿ 2 G  23 Hk n
3:126
and noting from this that we must have
nTR  n

3:127

we may solve the yield function directly for the consistency parameter as14;34
p
jsTR ÿ jn j ÿ 2=3 Yn
 
3:128
2G
where G is given by Eq. (3.116).
We can also easily establish the relations for the consistent tangent matrix for this
J2 model. From Eqs (3.121) and (3.119) we obtain the incremental expression
ds  2 G de ÿ n d ÿ  dn
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The increment of relation (3.127) gives14
dn  dnTR 


2G 
I ÿ n nT de
js ÿ jj
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and from Eq. (3.128) we have
d 

G T
n de
G

Substitution into Eq. (3.129) gives the consistent tangent matrix
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ds  2 G 1 ÿ TR
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This may now be expressed in terms of the total strains, combined with the elastic
volumetric term and reduced to six-components to give





2G 
G
2G 
T
Dep  K m mT  2 G 1 ÿ TR
ÿ
I0 ÿ
nn
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G jsTR ÿ jn j
js ÿ jn j
We here note also that when   0 the tangent for the return map becomes the
continuum tangent, thus establishing consistency of form.

3.5.3 J2 plane stress
The discussion in the previous part of this section may be applied to solve problems in
plane strain, axisymmetry, and general three-dimensional behaviour. In plane strain
and axisymmetric problems it is only necessary to note that some strain components
are zero. For problems in plane stress, however, it is necessary to modify the
algorithm to achieve an ecient solution process. In a plane stress process only the
four stresses x , y , xy and yx need be considered. When considering deviatoric
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components, however, there are ®ve components, sx , sy , sz , sxy and syx . The deviators
may be expressed in terms of the independent stresses as
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The Huber±von Mises yield function may be written as

1=2 q2
F  r ÿ jT PTs Ps r ÿ j
ÿ 3 Y 40
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Expanding Eq. (3.135) gives the plane stress yield function

1=2
2
2
F  &x2 ÿ &x &y  &y2  1:5 &xy
 &yx

ÿY 40
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where
& x  x ÿ  x ;

&y  y ÿ y ;

&xy  xy ÿ xy ;

&yx  yx ÿ yx

3:137

de®ne stresses which are shifted by the kinematic hardening back stress. Plastic strain
rates may now be computed by direct dierentiation of the yield function, giving
9
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where As  PTs Ps . Similarly, the rate of the back stress for the kinematic hardening
case is given by
1
_
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The elastic components are computed by using the plane stress relation. Accordingly,
for a plastic step the constitution is given by
r_  D e_ ÿ e_ p 

3:140

where for isotropic behaviour
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with E the modulus of elasticity and  the Poisson's ratio.

3:141

67

68 Inelastic and non-linear materials

We note that for a J2 model the volumetric plastic strain must always be zero;
consequently, we can complete the determination of plastic strains at any instant
by using
"pz  ÿ "px ÿ "py
This may be combined with the elastic strain given by

ÿ
  y
"ex  ÿ
E x

3:142

3:143

to compute the total strain "z and, thus, the thickness change. The solution process
now follows the procedures given for the general return mapping case. A procedure
which utilizes a spectral transformation on the elastic and plastic parts is given in
references 14 and 50. The process given there is more elegant but lacks the clarity
of working directly with the stress and plastic strain increments.

3.6 Generalized plasticity ± non-associative case
Plastic behaviour characterized by irreversibility of stress paths and the development
of permanent strain changes after a stress cycle can be described in a variety of ways.
One form of such description has been given in Sec. 3.3. Another general method is
presented here.

3.6.1 Non-associative case ± frictional materials
This approach assumes a priori the existence of a rate process which may be written
directly as
r_  D e_

3:144

in which the matrix D depends not only on the stress r and the state of parameters j,
but also on the direction of the applied stress (or strain) rate r_ (or e_ ).56 A slightly less
ambitious description arises if we accept the dependence of D only on two directions
± those of loading and unloading. If in the general stress space we specify a `loading'
direction by a unit vector n given at every point (and also depending on the state
parameters j), as shown in Fig. 3.9, we can describe plastic loading and unloading
_ Thus
by the sign of the projection nT r.

>0 for loading
nT r_
3:145
<0 for unloading
while nT r_  0 is a neutral direction in which only elastic straining occurs. One can
now write quite generally that
 
DL e_ for loading
_r 
3:146
DU e_ for unloading
where the matrices DL and DU depend only on the state described by r and j.

Generalized plasticity ± non-associative case
σ2
n

.

σ (load)

.

σ (unload)

σ1

Fig. 3.9 Loading and unloading directions in stress space.

The speci®cation of DL and DU must be such that in the neutral direction of the
stress increment r_ the strain rates corresponding to this are equal. Thus we require
e_  DL ÿ1 r_  DUÿ1 r_

when nT r_  0

3:147

A general way to achieve this end is to write
DL ÿ1  Dÿ1 

1
n nT
HL gL

and

DU ÿ1  Dÿ1 

1
n nT
HU gU

3:148

where D is the elastic matrix, ngL and ngU are arbitrary unit stress vectors for loading
and unloading directions, and HL and HU are appropriate plastic moduli which in
general depend on r and j.
The value of the tangent matrices DL and DU can be obtained by direct inversion
if HL=U 6 0, but more generally can be deduced following procedures given in Sect.
3.3.4 or can be written directly using the Sherman±Morrison±Woodbury formula57 as:
DL  D ÿ

1
D ngL nT D
HL

HL  HL  nT D ngL

3:149

This form resembles Eq. (3.72) and indeed its derivation is almost identical. We note
further that DL ÿ1 is now well behaved for HL zero and a form identical to that of
perfect plasticity is represented. Of course, a similar process is used to obtain DU .
This simple and general description of generalized plasticity was introduced by
MroÂz and Zienkiewicz.58;59 It allows:
1. the full model to be speci®ed by a direct prescription of n, ng and H for loading and
unloading at any point of the stress space;
2. existence of plasticity in both loading and unloading directions;
3. relative simplicity for description of experimental results when these are complex
and when the existence of a yield surface of the kind encountered in ideal plasticity
is uncertain.
For the above reasons the generalized plasticity forms have proved useful in
describing the complex behaviour of soils.60ÿ64 Here other descriptions using various
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interpolations of n and moduli form a unique yield surface, known as bounding
surface plasticity models, are indeed particular forms of the above generalization
and have proved to be useful.65
Classical plasticity is indeed a special case of the generalized models. Here the yield
surface may be used to de®ne a unit normal vector as
n

1
F T;r F;r 1=2

F;r

3:150

Q;r

3:151

and the plastic potential may be used to de®ne
ng 

1
QT;r Q;r 1=2
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where once again some care must be exercised in de®ning the matrix notation. Substitution of such values for the unit vectors into Eq. (3.149) will of course retrieve
the original form of Eq. (3.72). However, interpretation of generalized plasticity in
classical terms is more dicult.
The success of generalized plasticity in practical applications has allowed many complex phenomena of soil dynamics to be solved.66;67 We shall refer to such applications
later but in Fig. 3.10 we show how complex cyclic response with plastic loading and
unloading can be followed.
While we have speci®ed initially the loading and unloading directions in terms of
the total stress rate r_ this de®nition ceases to apply when strain softening occurs
and the plastic modulus H becomes negative. It is therefore more convenient to
check the loading or unloading direction by the elastic stress increment r_ e of
Computational model
100
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–100
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Mean effective pressure p' (kPa)
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Fig. 3.10 A generalized plasticity model describing a very complex path, and comparison with experimental
data. Undrained two-way cyclic loading of Nigata sand.68 (Note that in an undrained soil test the ¯uid restrains
all volumetric strains, and pore pressures develop; see Sec. 19.3.5 of Volume 1).
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Eq. (3.65) and to specify
T

n r_ e



>0

for loading

<0

for unloading

3:152

This, of course, becomes identical to the previous de®nition of loading and unloading
in the case of hardening.

3.6.2 Associative case ± J2 generalized plasticity
Another modi®cation to the classical rate-independent approach is one in which the
transition from an elastic to a fully plastic solution is accomplished with a smooth
transition. This approach is useful in improving the match with experimental data
for cyclic loading. A particularly simple form applicable to the J2 model was
introduced by Lubliner.32;33 In this approach, the yield function is modi®ed to a
rate form directly and is expressed as
h F F_ ÿ _  0

3:153

where h F is given by the function
h F 

F
ÿ F   H

3:154

in which H  Hi  Hk , and , are two positive parameters with dimension of stress.
In particular, is a distance between a limit plastic state and the current radius of the
yield surface, and  is a parameter controlling the approach to the limit state with
increasing accumulated plastic strain.
On discretization and combination with the return map algorithm a rate-independent
process is evident and again only minor modi®cations to the algorithm presented
previously is necessary. A full description of the steps involved is given by Auricchio
and Taylor.34 Their paper also includes a development for the non-linear kinematic
hardening model given in Eq. (3.62). In the case where the yield function is associative
(i.e. F  Q) the use of the non-linear kinematic hardening model leads to an
unsymmetric tangent stiness when used with the return map algorithm. On the
other hand, the generalized plasticity model is fully symmetric for this case.
In the next section we present further discussion on use of generalized plasticity to
model the behaviour of frictional materials. In general, these involve use of nonassociative models where the return map algorithm cannot be used eectively.

3.7 Some examples of plastic computation
The ®nite element discretization technique in plasticity problems follows precisely the
same procedures as those of corresponding elasticity problems. Any of the elements
already discussed can be used for problems in plane stress; however, for plane strain,
axisymmetry, and three-dimensional problems it is usually necessary to use elements
which perform well in constrained situations such as encountered for near incompressibility. For this latter class of problems use of mixed elements is generally recommended,
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although elements and constitutive forms that permit use of reduced integration may
also be used.
The use of mixed elements is especially important in metal plasticity as the Huber±
von Mises ¯ow rule does not permit any volume changes. As the extent of plasticity
spreads at the collapse load the deformation becomes nearly incompressible, and with
conventional (fully integrated) displacement elements the system locks and a true
collapse load cannot be obtained.69;70
Finally, we should remark that the possibility of solving plastic problems is not
limited to a displacement and mixed formulation alone. Equilibrium ®elds and,
indeed, most of the formulations described in Chapters 11 and 12 of Volume 1
form a suitable vehicle,71ÿ73 but owing to their convenient and easy interpretation
displacement and mixed forms are most commonly used.

3.7.1 Perforated plate ± plane stress solutions
Figure 3.11 shows the con®guration and the division into simple triangular and
quadrilateral elements. In this example plane stress conditions are assumed and
(a)

(b)

(c)

(d)

Fig. 3.11 Perforated plane stress tension strip: mesh used and development of plastic zones at loads of 0.55,
0.66, 0.75, 0.84, 0.92, 0.98, 1.02 times y . (a) T3 triangles; (b) plastic zone spread; (c) Q4 quadrilaterals; (d) Q9
quadrilaterals.
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Fig. 3.12 Perforated plane stress tension strip: load deformation for strain hardening case (H  225 kg/mm2 ).

solution is obtained for both ideal plasticity and strain hardening. This problem was
studied experimentally by Theocaris and Marketos74 and was ®rst analysed using
®nite element methods by Marcal and King75 and Zienkiewicz et al.41 (See reference
5 for discussion on these early solutions.) The von Mises criterion is used and, in the
case of strain hardening, a constant slope of the uniaxial hardening curve, H, is
taken. Data for the problem, from reference 74, are E  7000 kg/mm2 ,
H  225 kg/mm2 and y  24:3 kg/mm2 . Poisson's ratio is not given but is here
taken as in reference 41 as   0:3. To match a con®guration considered in the
experimental study a strip with 200 mm width and 360 mm length containing a
central hole of 200 mm diameter. Using symmetry only one quadrant is discretized
as shown in Fig. 3.11. Displacement boundary restraints are imposed for normal
components on symmetry boundaries and the top boundary. Sliding is permitted,
to impose the necessary zero tangential traction boundary condition. Loading is
applied by a uniform non-zero normal displacement with equal increments. Displacement elements of type T3, Q4, and Q9 are used with the same nodal layout.
Results for the three elements are nearly the same, with the extent of plastic
zones indicated for various loads in Fig. 3.11 obtained using the Q4 element. The
load±deformation characteristics of the problem are shown in Fig. 3.12 and compared to experimental results. The strain "y is the peak value occurring at the
hole boundary. This plane stress problem is relatively insensitive to element type
and load increment size. Indeed, doubling the number of elements resulted in
small changes of all essential quantities.

3.7.2 Perforated plate ± plane strain solutions
The problem described above is now analysed assuming a plane strain situation. Data
are the same as for the plane stress case except the lateral boundaries are also
restrained to create a zero normal displacement boundary condition. This increases
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Fig. 3.13 Limit load behaviour for plane strain perforated strip: (a) displacement (displ.) formulation results;
(b) mixed formulation results.

the con®nement on the mesh and shows more clearly the locking condition cited
previously. In Fig. 3.13 we plot the resultant axial load for each load step in the
solution. Figure 3.13(a) shows results for the displacement model using T3, Q4,
and Q9 elements and it is evident that the T3 and Q4 elements result in an erroneous
increasing resultant load after the fully plastic state has developed. The Q9 element
shows a clear limit state and indicates that higher order elements are less prone to
locking (even though we have shown that for the fully incompressible state the Q9
displacement element will lock!). Figure 3.13(b) presents the same results for the
Q4/1 and Q9/3 mixed elements and both give a clear limit load after the fully plastic
state is reached.

Basic formulation of creep problems

3.7.3 Steel pressure vessel
This ®nal example, for which test results obtained by Dinno and Gill76 are available,
illustrates a practical application, and the objectives are twofold. First, we show that
this problem which can really be described as a thin shell can be adequately
represented by a limit number (53) of isoparametric quadratic elements. Indeed,
this model simulates well both the overall behaviour and the local stress concentration
eects [Fig. 3.14(a)]. Second, this problem is loaded by an internal pressure and a
solution is performed up to the `collapse' point (where, because there is no hardening,
the strains increase without limit) by incrementing the pressure rather than displacement. A comparison of calculated and measured de¯ections in Fig. 3.14(b) shows how
well the objectives are achieved.

3.8 Basic formulation of creep problems
The phenomenon of `creep' is manifested by a time-dependent deformation under a
constant stress. Indeed the viscoelastic behaviour described in Sect. 3.2 is a particular
model for linear creep. Here we shall deal with some non-linear models. Thus, in
addition to an instantaneous strain, the material develops creep strains, ec , which
generally increase with duration of loading. The constitutive law of creep will usually
be of a form in which the rate of creep strain is de®ned as some function of stresses and
the total creep strains ec , that is,
e_ c 

@ec
 b r; ec 
@t

3:155

If we consider the instantaneous strains are elastic ee , the total strain can be written
again in an additive form as
e  ee  ec

3:156

ee  Dÿ1 r

3:157

with

where we neglect any initial (thermal) strains or initial (residual) stresses. A special
case of this form was considered for linear viscoelasticity in Sec. 3.2. Here we
consider a more general non-linear approach commonly used in modelling behaviour
of metals at elevated temperatures and in modelling creep in cementitious materials.
We can again use any of the time integration schemes considered above and
approximate the constitutive equations in a form similar to that used in plasticity as
rn  1  D en  1 ÿ ecn  1 
ecn  1  ecn  tbn  
where bn   is calculated as
bn    1 ÿ bn   bn  1

3:158
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Fig. 3.14 Steel pressure vessel: (a) element subdivision and spread of plastic zones; (b) vertical de¯ection at
point A with increasing pressure.
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On eliminating ec we have simply a non-linear equation
Rn  1  en  1 ÿ Dÿ1 rn  1 ÿ ecn ÿ t bn    0
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The system of equations can be solved iteratively using, say the Newton±Raphson
procedure. Starting from some initial guess, say rn  1  rn and an increment of strain
is given by the ®nite element process, the general iterative/incremental solution can be
written as
Ri  1  0  Ri ÿ Dÿ1  tCn  1 drin  1

3:160

where
Cn  1 

@b
@r

n



@b
@r

n1

3:161

Solving this set of equations until the residual R is zero we obtain a set of stresses rn  1
and tangent matrix

ÿ1
3:162
Dn  1  Dÿ1  tCn  1
which may once again be used to perform any needed iterations on the ®nite element
equilibrium equations. The iterative computation that follows is very similar to that
used in plasticity, but here t is an actual time and the solution becomes rate dependent.
While in plasticity we have generally used implicit (backward dierence) procedures; here many simple alternatives are possible. In particular, two schemes with
a single iterative step are popular.

3.8.1 Fully explicit solutions
`Initial strain' procedure:   0

Here, from Eqs (3.161) and (3.162) we see that
Cn  1  0

and

Dn  1  D

3:163

Thus, from Eq. (3.159) we obtain
rn  1  Den  1 ÿ ecn ÿ t bn 

3:164

which may be used in Eq. (1.19) of Chapter 1 to satisfy a discretized equilibrium
equation. We note that this form will lead to a standard elastic stiness matrix.
This, of course, is equivalent to evaluating the increment of creep strain from the
initial stress values at each time tn and is exceedingly simple to calculate. While the
process has been popular since the earliest days of ®nite elements77ÿ79 it is obviously
less accurate for a ®nite step than other alternatives. Of course accuracy will improve
if small time steps are used in such calculations. Further, if the time step is too large,
unstable results will be obtained. Thus it is necessary for
t4tcrit
where tcrit is determined in a suitable manner (see Chapter 18, Volume 1).

3:165
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A `rule of thumb' that proves quite eective in practice is that the increment of
creep strain should not exceed one half the total elastic strain80

1=2 1  e T e 1=2
t bTn bn
42 e  e
3:166

Fully explicit process with modi®ed stiffness: 12 441

Here the main dierence from the ®rst explicit process is that the matrix C is not equal
to zero but within a single step is taken as a constant, that is,
Cn  1  

@b
@r

3:167

n

This is equivalent to a modi®ed Newton±Raphson scheme in which the tangent is
held constant at its initial value in the step. Now

ÿ1
Dn  1  Dÿ1  tCn  1
This process is more expensive than the simple explicit one previously mentioned,
as the ®nite element tangent matrix has to be formed and solved for every time step.
Further, such matrices can be non-symmetric, adding to computational expense.
Neither of the simpli®ed iteration procedures described above give any attention to
errors introduced in the estimates of the creep strain. However, for accuracy the
iterative process with 5 12 is recommended. Such full iterative procedures were
introduced by Cyr and Teter,81 and later by Zienkiewicz and co-workers.82;83
We shall note that the process has much similarity with iterative solutions of plastic
problems of Sec. 3.3 in the case of viscoplasticity, which we shall discuss in the next
section.

3.9 Viscoplasticity ± a generalization
3.9.1 General remarks
The purely plastic behaviour of solids postulated in Sec. 3.3 is probably a ®ction as the
maximum stress that can be carried is invariably associated with the rate at which this
is applied. A purely elasto-plastic behaviour in a uniaxial loading is described in a
model of Fig. 3.15(a) in which the plastic strain rate is zero for stresses below yield,
that is,
"_ p  0

if j ÿ y j < 0

and

jj > 0

and "_ p is indeterminate when  ÿ y  0.
An elasto-viscoplastic material, on the other hand, can be modelled as shown in
Fig. 3.15(b), where a dashpot is placed in parallel with the plastic element. Now
stresses can exceed y for strain rates other than zero.
The viscoplastic (or creep) strain rate is now given by a general expression
"_ vp 

  ÿ y 
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Viscoplasticity ± a generalization
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Fig. 3.15 (a) Elastoplastic; (b) elasto-viscoplastic; (c) series of elasto-viscoplastic models.

where the arbitrary function  is such that
  ÿ y   0
  ÿ y     ÿ y 

if j ÿ y j4 0
if j ÿ y j > 0
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The model suggested is, in fact, of a creep-type category described in the previous
sections and often is more realistic than that of classical plasticity.
A viscoplastic model for a general stress state is given here and follows precisely the
arguments of the plasticity section. In a three-dimensional context  becomes a function of the yield condition F r; j;  de®ned in Eq. (3.44). If this is less than zero, no
`plastic' ¯ow will occur. To include the viscoplastic behaviour we modify Eq. (3.44) as
h  F i ÿ _  0
3:170
and use Eq. (3.45) to de®ne the plastic strain. Equation (3.175) implies

0
if F 4 0
h  F i 
 F if F > 0

3:171

and is some `viscosity' parameter. Once again associated or non-associated ¯ows can
be invoked, depending on whether F  Q or not. Further, any of the yield surfaces
described in Sec. 3.3.1 and hardening forms described in Sec. 3.3.3 can be used to
de®ne the appropriate ¯ow in detail. For simplicity,  F  F m where m is a positive
power often used to de®ne the viscoplastic rate eects in Eq. (3.170).84
The concept of viscoplasticity in one of its earliest versions was introduced by
Bingham in 192285 and a survey of such modelling is given in references 86 and 88.
The computational procedure of using the viscoplastic model can follow any of the
general methods described in Sec. 3.4. Early applications commonly used the straightforward Euler (explicit) method.89ÿ93 The stability requirements for this approach
have been considered for several types of yield conditions by Cormeau.94 A tangential
process can again be used, but unless the viscoplastic ¯ow is associated (F  Q), nonsymmetric systems of equations have to be solved at each step. Use of an explicit
method will yield solution for the associative and non-associative cases and the system
matrix remains symmetric. This process is thus similar to that of a modi®ed Newton±
Raphson method (initial stress method) and is quite ecient. Indeed within the stability
limit it has been shown that use of an over relaxation method leads to rapid convergence.
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3.9.2 Iterative solution
The complete iterative solution scheme for viscoplasticity is identical to that used in
plasticity except for the use of Eq. (3.170) instead of Eq. (3.44). To underline this
similarity we consider the constitutive model without hardening and use the return
map implicit algorithm. The linearized relations are identical except for the treatment
of relation (3.175). The form becomes
2
3i
(
) (
)
Dÿ1   Q;rr
Q;r
dri
Ri
6
7

3:172
4
1 5
0 F;rT
ÿHi ÿ
di
ri
t n  1
where the discrete residual for Eq. (3.171) is given by
1
n
3:173
rn  ÿ Fn 
t
and
d
0 
dF
Now the equations are almost identical to those of plasticity [see Eq. (3.87)], with
dierences appearing only in the 0 and 1= t terms.
Again, a consistent tangent can be obtained by elimination of the di and a general
iterative scheme is once more available.
Indeed, as expected, t  1 will now correspond to the exact plasticity solution.
This will always be reached by any solution tending to steady state. However, for
transient situations this is not the case and use of ®nite values for t will invariably
lead to some rate eects being present in the solution.
The viscoplastic laws can easily be generalized to include a series of components, as
shown in Fig. 3.15(c). Now we write
e_ v  e_ v1  e_ v2    
3:179
and again the standard formulation suces. If, as shown in the last element of
Fig. 3.15(c), the plastic yield is set to zero, a `pure' creep situation arises in which
¯ow occurs at all stress levels. If a ®nite value is in a term a corresponding
rate equation for the associated _ j must be used. This is similar to the Koiter
treatment for multi-surface plasticity.17;95
The use of the Duvaut and Lions88 approach modi®es the return map algorithm
for a rate-independent plasticity solution. Once this solution is available a
reduction in the value of  is computed to account for rate eects. The interested
reader should consult references 14 and 28 for additional information on this approach.

3.9.3 Creep of metals
If an associated form of viscoplasticity using the von Mises yield criterion of Eq. (3.99)
is considered the viscoplastic strain rate can be written as
e_ vp  _

@jsj
_
 n
@r

3:175
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with the rate expressed again as
_ 

 ÿ y

3:176

If y , the yield stress, is set to zero we can write the above as
e_ vp  m n

3:177

and we obtain the well-known Norton±Soderberg creep law. In this, generally the
parameter is a function of time, temperature, and the total creep strain (e.g. the
analogue to the plastic strain e p ). For a survey of such laws the reader can consult
specialized references.96;97
An example initially solved using a large number of triangular elements83 is presented in Fig. 3.16, where a much smaller number of isoparametric quadrilaterals
are used in a general viscoplastic program.93

Fig. 3.16 Creep in a pressure vessel: (a) mesh end effective stress contours at start of pressurization; (b) effective stress contours 3 h after pressurization.
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3.9.4 Soil mechanics applications
As we have already mentioned, the viscoplastic model provides a simple and eective
tool for the solution of plasticity problems in which transient eects are absent. This
includes many classical problems which have been solved in references 93 and 98, and
the reader is directed there for details. In this section some problems of soil mechanics
are discussed in which the facility of the process for solving non-associated behaviour
is demonstrated.99 The whole subject of the behaviour of soils and similar porous
media is one in which much yet needs to be done to formulate good constitutive
models. For a fuller discussion the reader is referred to texts, conferences, and
papers on the subject.100;101
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Fig. 3.17 Uniaxial, axisymmetric compression between rough plates: (a) mesh and problem; (b) pressure
displacement result; (c) plastic ¯ow velocity patterns.
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One particular controversy centres on the `associated' versus `non-associated' nature
of soil behaviour. In the example of Fig. 3.17, dealing with an axisymmetric sample, the
eect of these dierent assumptions is investigated.86 Here a Mohr±Coulomb law is
used to describe the yield surface, and a similar form, but with a dierent friction
 is used in the plastic potential, thus reducing the plastic potential to the
angle, ,
Tresca form of Fig. 3.8 when   0 and suppressing volumetric strain changes. As
can be seen from the results, only moderate changes in collapse load occur, although
very appreciable dierences in plastic ¯ow patterns exist.
Figure 3.18 shows a similar study carried out for an embankment. Here, despite
quite dierent ¯ow patterns, a prediction of collapse load was almost unaected by
the ¯ow rate law assumed.
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Fig. 3.18 Embankment under action of gravity, relative plastic ¯ow velocities at collapse, and effective shear
strain rate contours at collapse: (a) associative behaviour; (b) non-associative (zero volume change) behaviour.
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The non-associative plasticity, in essence caused by frictional behaviour, may lead
to non-uniqueness of solution. The equivalent viscoplastic form is, however, always
unique and hence viscoplasticity is on occasion used as a regularizing procedure.

3.10 Some special problems of brittle materials
3.10.1 The no-tension material
A hypothetical material capable of sustaining only compressive stresses and straining
without resistance in tension is in many respects similar to an ideal plastic material.
While in practice such an ideal material does not exist, it gives a reasonable approximation of the behaviour of randomly jointed rock and other granular materials. While an
explicit stress±strain relation cannot be generally written, it suces to carry out the
analysis elastically and wherever tensile stresses develop to reduce these to zero. The
initial stress (modi®ed Newton±Raphson) process here is natural and indeed was developed in this context.102 The steps of calculation are obvious but it is important to
remember that the principal tensile stresses have to be eliminated.
The `constitutive' law as stated above can at best approximate to the true situation,
no account being taken of the closure of ®ssures on reapplication of compressive
stresses. However, these results certainly give a clear insight into the behaviour of
real rock structures.

An underground power station

Figure 3.19(a) and (b) shows an application of this model to a practical problem.102 In
Fig. 3.19(a) an elastic solution is shown for stresses in the vicinity of an underground
power station with `rock bolt' pre-stressing applied in the vicinity of the opening. The
zones in which tension exists are indicated. In Fig. 3.19(b) a no-tension solution is
given for the same problem, indicating the rather small general redistribution and
the zones where `cracking' has occurred.

Reinforced concrete

A variant on this type of material may be one in which a ®nite tensile strength exists
but when this is once exceeded the strength drops to zero (on ®ssuring). Such an
analysis was used by Valliappan and Nath103 in the study of the behaviour of
reinforced concrete beams. Good correlation with experimental results for underreinforced beams (in which development of compressive yield is not important)
have been obtained. The beam is one for which test results were obtained by Krahl
et al.104 Figure 3.20 shows some relevant results.
Much development work on the behaviour of reinforced concrete has taken place,
with various plasticity forms being introduced to allow for compressive failure and
procedures that take into account the crack-closing history. References 105 and
106 list some of the basic approaches on this subject.
The subject of analysis of reinforced concrete has proved to be of great importance
in recent years and publications in this ®eld are proliferating. Publications 107 to 110
guide the reader to current practice in this ®eld.

Some special problems of brittle materials

Fig. 3.19 Underground power station: gravity and prestressing loads. (a) Elastic stresses; (b) `no-tension'
stresses.
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Fig. 3.20 Cracking of a reinforced concrete beam (maximum tensile strength 200 lb/in2 ). Distribution of
stresses at various sections.103 (a) Mesh used; (b) section AA; (c) section BB; (d) section CC.

3.10.2 `Laminar' material and joint elements
Another idealized material model is one that is assumed to be built up of a large
number of elastic and inelastic laminae. When under compression, these can transmit
shear stress parallel to their direction ± providing this does not exceed the frictional
resistance. No tensile stresses can, however, be transmitted in the normal direction to
the laminae.
This idealized material has obvious uses in the study of rock masses with parallel
joints but has much wider applicability. Figure 3.21 shows a two-dimensional situation involving such a material. With a local coordinate axis x0 oriented in the direction
of the laminae we can write for a simple Coulomb friction joint
jx0 y0 j <  y0

if y0 40

 0

if "y0 > 0

y0

3:178

for stresses at which purely elastic behaviour occurs. In the above,  is the friction coecient applicable between the laminae.
If elastic stresses exceed the limits imposed the stresses have to be reduced to the
limiting values given above. The application of the initial stress process in this
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Fig. 3.21 `Laminar' material: (a) general laminarity; (b) laminar in narrow joint.

context is again self-evident, and the problem is very similar to that implied in the
no-tension material of the previous section. At each step of elastic calculation, ®rst
the existence of tensile stresses y0 is checked and, if these develop, a corrective initial
stress reducing these and the shearing stresses to zero is applied. If y0 stresses are
compressive, the absolute magnitude of the shearing stresses x0 y0 are checked
again; if these exceed the value given by Eq. (3.178) they are reduced to their
proper limit.
However, such a procedure poses the question of the manner in which the stresses
are reduced, as two components have to be considered. It is, therefore, preferable to
use the statements of relations (3.178) as de®nitions of plastic yield surfaces (F). The
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assumption of additional plastic potentials (Q) will now de®ne the ¯ow, and we note
that associated behaviour, with Eq. (3.178) used as the potential, will imply a simultaneous separation and sliding of the laminae (as the corresponding strain rates _ x0 y0
and "_ y0 are ®nite). Non-associated plasticity (or viscoplasticity) techniques have therefore to be used. Once again, if stress reversal is possible it is necessary to note the
opening of the laminae, that is, the yield surface is made strain dependent.
In some instances the laminar behaviour is con®ned to a narrow joint between
relatively homogeneous elastic masses. This may well be of a nature of a geological
fault or a major crushed rock zone. In such cases it is convenient to use narrow,
generally rectangular elements whose geometry may be speci®ed by mean coordinates
of two ends A and B [Fig. 3.21(b)] and the thickness. The element still has, however,
separate points of continuity (1±4) with the adjacent rock mass.111;112 Such joint
elements can be simple rectangles, as shown here, but equally can take more complex
shapes if represented by using isoparametric coordinates.
Laminations may not be con®ned to one direction only ± and indeed the interlaminar material itself may possess a plastic limit. The use of such multilaminate
models in the context of rock mechanics has proved very eective;113 with a
random distribution of laminations we return, of course, to a typical soil-like
material, and the possibilities of extending such models to obtain new and interesting
constitutive relations have been highlighted by Pande and Sharma.114

3.11 Non-uniqueness and localization in elasto-plastic
deformations
In the preceding sections the general processes of dealing with complex, non-linear
constitutive relations have been examined and some particular applications were
discussed. Clearly, the subject is large and of great practical importance; however,
presentation in a single chapter is not practical or possible. For dierent materials
alternate forms of constitutive relations can be proposed and experimentally veri®ed.
Once such constitutive relations are available the processes of this chapter serve as a
guide for constructing eective numerical solution strategies. Indeed, it is possible to
build standard computing systems applicable to a wide variety of material properties
in which new speci®cations of behaviour may be inserted.
What must be restated once more is that, in non-linear problems:
1. non-uniqueness of solution may arise;
2. convergence can never be, a priori, guaranteed;
3. the cost of solution is invariably much greater than it is in linear solutions.
Here, of course, the item of most serious concern is the ®rst one, that is, that of nonuniqueness, which could lead to a physically irrelevant solution even if numerical
convergence occurred and possibly large computational expense was incurred. Such
non-uniqueness may be due to several reasons in elasto-plastic computations:
1. the existence of corners in the yield (or potential) surfaces at which the gradients
are not uniquely de®ned;

Non-uniqueness and localization in elasto-plastic deformations

2. the use of a non-associated formulation18;115;116 (to which we have already referred
in Sec. 3.9.4);
3. the development of strain softening and localization.117;118
The ®rst problem is the least serious and can readily be avoided by modifying the
yield (or potential) surface forms to avoid corners. A simple modi®cation of the
Mohr±Coulomb (or Tresca) surface expressions [Eq. (3.100)] is easily achieved by
writing53

3:179
F  m sin  ÿ c cos  
g 
where
g  

2K
1  K ÿ 1 ÿ K sin 3

and
K

3 ÿ sin 
3  sin 

Figure 3.22 shows how the angular section of the Mohr±Coulomb surface in the 
plane (constant m ) now becomes rounded. Similar procedures have been suggested
by others.119 An alternative to smoothing is to introduce a multisurface model and
use a solution process which gives unique results for a corner.14;28
σ1

30°
30°
θ

σ3

σ2

Fig. 3.22  plane section of Mohr±Coulomb yield surface in principal stress space, with   258 (solid line);
smooth approximation of Eq. (3.183) (dotted line).
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Much more serious are the second and third possible causes of non-uniqueness
mentioned above. Here, theoretical non-uniqueness can be avoided by considering
the plastic deformation to be a limit state of viscoplastic behaviour in a manner we
have already referred to in Sec. 3.9. Such a process, mathematically known as
regularization, has allowed us to obtain many realistic solutions for both nonassociative and strain softening behaviour in problems which are subjected to
steady-state or quasi-static loading, as already shown. For fully transient cases,
however, the process is quite delicate and much care is needed to obtain a valid
regularization.
However, on occasion (though not invariably), both forms of behaviour can lead to
localization phenomena where strain (and displacement) discontinuities develop.116ÿ128
The non-uniqueness can be particularly evident in strain softening plasticity. We
illustrate this in an example of Fig. 3.23 where a bar of length L, divided into elements
of length h, is subject to a uniformly increasing extension u. The material is initially
elastic with a modulus E and after exceeding a stress of y , the yield stress softens
(plastically) with a negative modulus H.

u
h
L
σ

unloading and
reloading

σy

ε

(a)
σ

h/L

0

h/L = 1
h/L = 0.5

σy

h/L = 0.12

(b)

σy /E

h/L = 0.25

σy /E

h E
–1
L H

ε = u/L

Fig. 3.23 Non-uniqueness: mesh size dependence in extension of a homogeneous bar with a strain softening
material. (Peak value of yield stress, y perturbed in a single element). (a) Stress  versus strain " for material;
(b) stress  versus average strain " ( u=L) assuming yielding in a single element of length h.
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The strain±stress relation is thus [Fig. (3.23(a)]
  E"

if

" < y =E  "y
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and for increasing " only,

ÿ

  y ÿ H " ÿ "y

if

" > "y

3:181

For unloading from any plastic point the material behaves elastically as shown.
One possible solution is, of course, that in which all elements yield identically.
Plotting the applied stress versus the elongation strain "  u=L the material behaviour
curve is simply obtained identically as shown in Fig. 3.23(b) (h=L  1). However, it is
equally possible that after reaching the maximum stress y only one element
(probably one with in®nitesimally smaller yield stress owing to computer roundo ) continues into the plastic range while all the others unload elastically. The
total elongation strain is now given by
" 

u  h  ÿ y 
 ÿ
L E
LH

3:182

and as h tends to 0 then " tends to =E. Clearly, a multitude of solutions is possible for
any arbitrary element subdivision and in this trivial example a unique ®nite element
solution is impossible (with localization to a single element always occurring).
Further, the above simple `thought experiment' points to another unacceptable
paradox implying the inadmissibility of the softening model speci®ed with constant
softening modulus. The diculties are as follows.
1. The behaviour seems to depend on the size (h) of the subdivision chosen (also
called a mesh sensitive result). Clearly this is unacceptable physically.
2. If the element size falls below a value given by h  HL=E only a catastrophic,
brittle, behaviour is possible without involving an unacceptable energy gain.
Similar diculties can arise with non-associated plasticity which exhibits occasionally an eectively strain softening behaviour in some circumstances (see reference
129).
The computational diculties can be overcome to some extent by introducing
visco-plasticity as a start to any computation. Such regularization was introduced
as early as 197493 and was considered seriously by De Borst and co-authors.130
However, most of the diculties remain as steady state is approached.
The problem remains a serious line of research but two possible alternative
treatments have emerged. The ®rst of these is physically dicult to accept but is
very eective in practice. This is the concept of properties which are labelled as
non-local. In such an approach the softening modulus is made dependent on the
element size. Many authors have contributed here, with the earliest being Bazant
and co-workers.124;125 Other relevant references are 130 and 131.
The second approach, that of a concentrated discontinuity, is more elegant but, we
believe, computationally more dicult. It was ®rst suggested by Simo, Oliver and
Armero in 1993132 and extended in later publications.133ÿ136
Both approaches allow strain and indeed displacement discontinuities to develop
following the brittle failure behaviour on which we have already remarked. In the
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Fig. 3.24 Illustration of a non-local approach (work dissipation in failure is assumed to be constant for all
elements): (a) an element in which localization is considered; (b) localization; (c) stress±strain curve showing
work dissipated in failure.

numerical application this limit is approached as element size decreases or alternatively when stress singularities, such as corners, trigger this type of behaviour.
In the second approach, continuous plastic behaviour is not permitted and all
action is concentrated on discontinuity lines which have to be suitably placed.
A particular form of the non-local approach is illustrated in Fig. 3.24. Here we
examine in detail a unit width of an element in which the displacement discontinuity
is approximated. In the examples which we shall consider later this discontinuity is a
slip one with the `failure' being modelled as shown. However an identical approach
has been used to model strain softening behaviour of concrete in cracking.124;125
The most basic form of non-local behaviour assumes that the work (or energy)
expended in achieving the discontinuity must be the same whatever the dimension
h of the element. This work is equal to
1
1
h
1
 " h  2y  y U
2 y y
2 H 2

3:183
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If this work is to be identical in all highly strained elements we will require
that
H
 constant
h

3:184

Such a requirement is easy to apply in an adaptive re®nement process.
At this stage we can comment on the concentrated discontinuity approach of
Bazant and co-workers.124;125 In this we shall simply assume that the displacement
increment of Eq. (3.183), that is, U is permitted to occur only on a discontinuity
line and that its magnitude is strictly related to the energy density previously speci®ed
in Eq. (3.183). In the next section we shall show how a very eective treatment and
capture of discontinuity can be made adaptively.

3.12 Adaptive re®nement and localization (slip-line)
capture
3.12.1 Introduction
The simple discussion of localization phenomena given in the previous section is
sucient we believe to convince the reader that with softening plastic behaviour
localization and indeed rapid failure will occur inevitably. Similar behaviour will
often be observed with ideal plasticity especially if large deformations are present
(see Chap. 10). Here, however, `brittle type' of failure will be replaced by collapse
in which displacement can continue to increase without any increase of load. It is
well known that during such continuing displacement
1. the elastic strains will remain unchanged;
2. all displacement is con®ned to plastic mechanisms. Such mechanisms will
(frequently) involve discontinuous displacements, such as sliding, and will therefore involve localization.
To control and minimize the errors of the analysis it will be necessary to estimate
errors and adaptively remesh in each step of an elasto-plastic computation. This, of
course, implies a dicult and costly process. Nevertheless, many attempts to use
adaptive re®nement were made and references 122, 130, and 137±143 provide a list
of some successful attempts.

3.12.2 Adaptive re®nement based on energy norm error
estimates
In Chapters 14 and 15 of Volume 1 we provide a comprehensive survey of error
estimation and h re®nement in adaptivity. Most of the procedures there described
could be applied with success to elasto-plastic analysis. One in particular, the recovery
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Fig. 3.25 Adaptive re®nement applied to the problem of a perforated strip: (a) the geometry of the strip and
a very ®ne mesh are used to obtain an `exact'solution; (b) various stages of re®nement aiming to achieve a 5%
energy norm, relative, error at each load increment (quadratic elements T6/3B/3D were used); (c) local
displacement results.

procedures for stress and strain, can be used very eciently. Indeed, in references 144
and 145 the SPR and REP methods (see Chapter 14, Volume 1) are used successfully
to estimate the errors. In Fig. 3.25 we show an analysis of a tension strip using
procedures of Volume 1.
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Fig. 3.25 Continued.

It will be observed that as the load increases the re®ned mesh tends to capture a
solution in which displacements are localized. Note that in this solution T6/3B/3D
elements were used as these have an excellent performance in incompressibility and
may be incorporated easily into an adaptive process. As in the problem discussed
in Volume 1, we have attempted here to keep the error to 5% of the energy norm
in each re®nement.

3.12.3 Alternate re®nement using error indicators: discontinuity
capture
In the illustrative example of the previous section we have shown how a re®nement on
the test of a speci®ed energy norm error can indicate and capture discontinuity and
slip lines. Nevertheless the process is not economical and may require the use of a
very large number of elements. More direct processes have been developed for
adaptive re®nement in high-speed ¯uid dynamics where shocks presenting very
similar discontinuity properties form. We shall describe the re®nement procedures
in Volume 3 to which the interested reader may proceed. However, we give a brief
summary below.
The processes developed are based on the recognition that in certain directions the
unknown function which we are attempting to model exhibits higher gradient or
curvatures. High degree of re®nement can be achieved economically in high gradient
areas with elongated elements. In such areas the smaller side of elements (hmin ) is
placed across the discontinuity, and the larger side (hmax ) in the direction parallel to
the discontinuity. We show such a directionality in Fig. 3.26. For determination of
gradients and curvatures, we shall require a scalar function to be considered. The
scalar variable which we frequently use in plasticity problems could be the absolute
displacement value
U  uT u1=2

3:185
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Fig. 3.26 Elongation of elements used to model the nearly one-dimensional behaviour and the discontinuity.

The original re®nement indicator of the type we are describing attempts to achieve
an equal interpolation error ensuring that in the major and minor direction the
equality
h2min

@2U
@x21

 h2max
max

@2U
@x22

 constant

3:186

min

By ®xing the value of the constant in the above equation and evaluating the approximate curvatures and the ratio of stretching hmax =hmin of the function U immediately
we have sucient data to design a new mesh from the existing one. The procedures for
such mesh generation are given in references 146 and 147, although other methods
can be adopted.
As an alternative to the above-mentioned procedure we can aim at limiting the ®rst
derivative of U by making
h

@U
 constant
@x1

3:187

For this procedure it is not easy to evaluate the stretching ratio. However, the ®rstderivative condition is useful for guiding the re®nement.
A plastic localization calculation based on Eq. (3.186) is shown in Fig. 3.27. This is
an early example taken from reference 138. Here, purely plastic ¯ow is shown, ignoring the elastic eects and the re®nement is based on the second derivatives. Such a
¯ow formulation (rigid plastic ¯ow) is frequently used in metal forming calculations,
to which we return in Volume 3.
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(a)

(b)

(c)

Fig. 3.27 Adaptive analysis of plastic ¯ow deformation in a perforated plate: (a) initial mesh, 273 degrees of
freedom; (b) ®nal adapted mesh; (c) displacement of an initially uniform grid embedded in the material.

In the next example we shall use adaptivity based on the ®rst derivatives. Figure
3.28 illustrates a load on a rigid footing over a vertical cut. Here a T6/3C element
(triangular with quadratic displacement and linear pressure) is used. Both coarse
and adaptively re®ned meshes give nearly exact answers for the case of ideal
plasticity.
For strain softening with a plastic modulus H  ÿ5000 answers appear to be mesh
dependent. Here, we show how answers become almost mesh independent if H is
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Fig. 3.28 Failure of a rigid footing on a vertical cut. Ideal von Mises plasticity and quadratic triangles with
linear variation for pressure (T6C/3C) elements are assumed. (a) Geometrical data; (b) coarse mesh; (c) ®nal
adapted mesh; (d) displacements after failure; (e) displacement±load diagrams for adaptive mesh and ideal
plasticity (H  0); (f) softening behaviour. Coarse mesh and adapted mesh results are with a constant H of
ÿ5000 and a variable H starting from ÿ5000 at coarse mesh size.
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Fig. 3.29 A p ÿ  diagram of elasto-plastic slope aiming at 2.5% error in ultimate load (15% incremental
energy error) with use of quadratic triangular elements (T6/3B). Mesh A: u  0:0 (coarse mesh). Mesh B:
u  0:025. Mesh C: u  0:15. Mesh D: u  0:3. Mesh E: u  0:45. Mesh F: u  0:6. Mesh G: u  0:75.
Mesh H: u  0:9. The last mesh (Mesh H, named as the `optimal mesh') is used for the solution of the problem
from the ®rst load step, without further re®nement.

varied with element size in the manner discussed in Sec. 3.11 [see Eq. (3.184)]. Figures
3.29 and 3.30 show, respectively, the behaviour of a rigid footing placed on an
embankment and on a ¯at foundation with eccentric loading. All cases illustrate
the excellent discontinuity capturing properties of the adaptive re®nement.
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Fig. 3.30 Foundation (eccentric loading); ideal von Mises plasticity. (a) Geometry and boundary conditions;
(b) adaptive mesh; (c) deformed mesh using T6C/1D elements (H  0,   0:49).
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3.13 Non-linear quasi-harmonic ®eld problems
Non-linearity may arise in many problems beyond those of solid mechanics, but the
techniques described in this chapter are still universally applicable. Here we shall look
again at one class of problems which is governed by the quasi-harmonic ®eld
equations of Chapter 1.
In some formulations it is assumed that
q  ÿk r

3:188

which gives, then (with use of de®nitions from Sec. 1.2.4),
f
Pq  H f f

3:189

where now H has the familiar form
H

rNT k rN d

3:190

In this form the general non-linear problem may be solved by direct iteration
methods; however, as these often fail to converge it is frequently necessary to use a
scheme for which a tangential matrix to
is required, as presented in Sec. 2.2.4
[see Eq. (2.26)]. The tangent for the form given by Eq. (3.188) is generally unsymmetric; however, special forms can be devised which lead to symmetry.148 In many
physical problems, however, the values of k in Eq. (3.188) depend on the absolute
value of the gradient of r, that is,
q
V
rT r
3:191
dk
k0 
dV
In such cases, we can write
@H f f
f
HA
@f
f

3:192



rNT rT k0 r rN; d

3:193

HT 
where
A

and symmetry is preserved.
Situations of this kind arise in seepage ¯ow where the permeability is dependent on
the absolute value of the ¯ow velocity,149;150 in magnetic ®elds,151ÿ154 where magnetic
response is a function of the absolute ®eld strength, in slightly compressible ¯uid ¯ow,
and indeed in many other physical situations.155 Figure 3.31 from reference 151
illustrates a typical non-linear magnetic ®eld solution.
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Fig. 3.31 Magnetic ®eld in a six-pole magnet with non-linearity owing to saturation.151

While many more interesting problems could be quoted we conclude with one in which
the only non-linearity is that due to the heat generation term Q [see Chapter 1, Eq. (1.54)].
This particular problem of spontaneous ignition, in which Q depends exponentially on
the temperature, serves to illustrate the point about the possibility of multiple solutions
and indeed the non-existence of any solution in certain non-linear cases.156
Taking k  1 and Q  exp , we examine an elliptic domain in Fig. 3.32. For
various values of , a Newton±Raphson iteration is used to obtain a solution, and
we ®nd that no convergence (and indeed no solution) exists when  > crit exists;
above the critical value of  the temperature rises inde®nitely and spontaneous ignition
of the material occurs. For values below this, two solutions are possible and the starting point of the iteration determines which one is in fact obtained.
This last point illustrates that an insight into the problem is, in non-linear solutions,
even more important than elsewhere.
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Fig. 3.32 A non-linear heat-generation problem illustrating the possibility of multiple or no solutions depend spontaneous combustion.156 (a) Solution mesh and variation of
ing on the heat generation parameter ;
temperature at point C; (b) two possible temperature distributions for   0:75.
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Plate bending approximation:
thin (Kirchhoff) plates and C1
continuity requirements
4.1 Introduction
The subject of bending of plates and indeed its extension to shells was one of the ®rst
to which the ®nite element method was applied in the early 1960s. At that time the
various diculties that were to be encountered were not fully appreciated and for
this reason the topic remains one in which research is active to the present day.
Although the subject is of direct interest only to applied mechanicians and structural
engineers there is much that has more general applicability, and many of the
procedures which we shall introduce can be directly translated to other ®elds of
application.
Plates and shells are but a particular form of a three-dimensional solid, the treatment of which presents no theoretical diculties, at least in the case of elasticity.
However, the thickness of such structures (denoted throughout this and later chapters
as t) is very small when compared with other dimensions, and complete threedimensional numerical treatment is not only costly but in addition often leads to
serious numerical ill-conditioning problems. To ease the solution, even long before
numerical approaches became possible, several classical assumptions regarding the
behaviour of such structures were introduced. Clearly, such assumptions result in a
series of approximations. Thus numerical treatment will, in general, concern itself
with the approximation to an already approximate theory (or mathematical
model), the validity of which is restricted. On occasion we shall point out the shortcomings of the original assumptions, and indeed modify these as necessary or
convenient. This can be done simply because now we are granted more freedom
than that which existed in the `pre-computer' era.
The thin plate theory is based on the assumptions formalized by Kirchho in 1850,1
and indeed his name is often associated with this theory, though an early version was
presented by Sophie Germain in 1811.2ÿ4 A relaxation of the assumptions was made
by Reissner in 19455 and in a slightly dierent manner by Mindlin6 in 1951. These
modi®ed theories extend the ®eld of application of the theory to thick plates and
we shall associate this name with the Reissner±Mindlin postulates.
It turns out that the thick plate theory is simpler to implement in the ®nite element
method, though in the early days of analytical treatment it presented more diculties.
As it is more convenient to introduce ®rst the thick plate theory and by imposition of
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additional assumptions to limit it to thin plate theory we shall follow this path in the
present chapter. However, when discussing numerical solutions we shall reverse the
process and follow the historical procedure of dealing with the thin plate situations
®rst in this chapter. The extension to thick plates and to what turns out always to
be a mixed formulation will be the subject of Chapter 5.
In the thin plate theory it is possible to represent the state of deformation by one
quantity w, the lateral displacement of the middle plane of the plate. Clearly, such
a formulation is irreducible. The achievement of this irreducible form introduces
second derivatives of w in the strain de®nition and continuity conditions between
elements have now to be imposed not only on this quantity but also on its derivatives
(C1 continuity). This is to ensure that the plate remains continuous and does not
`kink'. Thus at nodes on element interfaces it will always be necessary to use both
the value of w and its slopes (®rst derivatives of w) to impose continuity.
Determination of suitable shape functions is now much more complex than those
needed for C0 continuity. Indeed, as complete slope continuity is required on the
interfaces between various elements, the mathematical and computational diculties
often rise disproportionately fast. It is, however, relatively simple to obtain shape functions which, while preserving continuity of w, may violate its slope continuity between
elements, though normally not at the node where such continuity is imposed.y If such
chosen functions satisfy the `patch test' (see Chapter 10, Volume 1) then convergence
will still be found. The ®rst part of this chapter will be concerned with such `nonconforming' or `incompatible' shape functions. In later parts new functions will be
introduced by which continuity can be restored. The solution with such `conforming'
shape functions will now give bounds to the energy of the correct solution, but, on
many occasions, will yield inferior accuracy to that achieved with non-conforming
elements. Thus, for practical usage the methods of the ®rst part of the chapter are
often recommended.
The shape functions for rectangular elements are the simplest to form for thin
plates and will be introduced ®rst. Shape functions for triangular and quadrilateral
elements are more complex and will be introduced later for solutions of plates of
arbitrary shape or, for that matter, for dealing with shell problems where such
elements are essential.
The problem of thin plates is associated with fourth-order dierential equations
leading to a potential energy function which contains second derivatives of the
unknown function. It is characteristic of a large class of physical problems and,
although the chapter concentrates on the structural problem, the reader will ®nd
that the procedures developed also will be equally applicable to any problem which
is of fourth order.
The diculty of imposing C1 continuity on the shape functions has resulted in
many alternative approaches to the problems in which this diculty is side-stepped.
Several possibilities exist. Two of the most important are:
1. independent interpolation of rotations h and displacement w, imposing continuity
as a special constraint, often applied at discrete points only;


If `kinking' occurs the second derivative or curvature becomes in®nite and squares of in®nite terms occur
in the energy expression.
y
Later we show that even slope discontinuity at the node may be used.
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2. the introduction of lagrangian variables or indeed other variables to avoid the
necessity of C1 continuity.
Both approaches fall into the class of mixed formulations and we shall discuss these
brie¯y at the end of the chapter. However, a fuller statement of mixed approaches will
be made in the next chapter where both thick and thin approximations will be dealt
with simultaneously.

4.2 The plate problem: thick and thin formulations
4.2.1 Governing equations
The mechanics of plate action is perhaps best illustrated in one dimension, as shown
in Fig. 4.1. Here we consider the problem of cylindrical bending of plates.2 In this
problem the plate is assumed to have in®nite extent in one direction (here assumed
the y direction) and to be loaded and supported by conditions independent of y. In
this case we may analyse a strip of unit width subjected to some stress resultants
Mx , Px , and Sx , which denote x-direction bending moment, axial force and transverse
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Fig. 4.1 Displacements and stress resultants for a typical beam.
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shear force, respectively. For cross-sections that are originally normal to the middle
plane of the plate we can use the approximation that at some distance from points of
support or concentrated loads plane sections will remain plane during the deformation process. The postulate that sections normal to the middle plane remain plane
during deformation is thus the ®rst and most important assumption of the theory
of plates (and indeed shells). To this is added the second assumption. This simply
observes that the direct stresses in the normal direction, z, are small, that is, of the
order of applied lateral load intensities, q, and hence direct strains in that direction
can be neglected. This `inconsistency' in approximation is compensated for by assuming plane stress conditions in each lamina.
With these two assumptions it is easy to see that the total state of deformation can
be described by displacements u0 and w0 of the middle surface (z  0) and a rotation
x of the normal. Thus the local displacements in the directions of the x and z axes are
taken as
u x; z  u0 x ÿ zx x

and

w x; z  w0 x

4:1

Immediately the strains in the x and z directions are available as
"x 

@u @u0
@

ÿz x
@x
@x
@x

"z  0
xz



4:2

@u @w
@w

 ÿ x  0
@z @x
@x

For the cylindrical bending problem a state of linear elastic, plane stress for each
lamina yields the stress±strain relations
x 

E
"x
1 ÿ 2

and

xz  G

xz

The stress resultants are obtained as
t=2

@u0
@x


t=2
@w0
ÿ x
xz dz  Gt
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@x
ÿt=2

Px 
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x dz  B
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ÿt=2

x z dz  D
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where B is the in-plane plate stiness and D the bending stiness computed from
B

Et
1 ÿ 2

and

D

Et3
12 1 ÿ  2 

4:4

with  Poisson's ratio, E and G direct and shear elastic moduli, respectively.


A constant  has been added here to account for the fact that the shear stresses are not constant across the
section. A value of   5=6 is exact for a rectangular, homogeneous section and corresponds to a parabolic
shear stress distribution.
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Three equations of equilibrium complete the basic formulation. These equilibrium
equations may be computed directly from a dierential element of the plate or by
integration of the local equilibrium equations. Using the latter approach and assuming zero body and inertial forces we have for the axial resultant


t=2
@x @xz

dz  0
@z
ÿt=2 @x
@
@x

t=2
ÿt=2

x dz  xz jt=2 ÿxz jÿt=2  0

4:5

@Px
0
@x
where the shear stress on the top and bottom of the plate are assumed to be zero.
Similarly, the shear resultant follows from


t=2
@xz @z

dz  0
@z
ÿt=2 @x
@
@x

t=2
ÿt=2

xz dz  z jt=2 ÿz jÿt=2  0
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@Sx
 qz  0
@x
where the transverse loading qz arises from the resultant of the normal traction on the
top and/or bottom surfaces. Finally, the moment equilibrium is deduced from
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@Mx
 Sx  0
@x
In the elastic case of a plate it is easy to see that the in-plane displacements and forces,
u0 and Px , decouple from the other terms and the problem of lateral deformations can
be dealt with separately. We shall thus only consider bending in the present chapter,
returning to the combined problem, characteristic of shell behaviour, in later chapters.
Equations (4.1)±(4.7) are typical for thick plates, and the thin plate theory adds an
additional assumption. This simply neglects the shear deformation and puts G  1.
Equation (4.3) thus becomes
@w0
ÿ x  0
@x

4:8

This thin plate assumption is equivalent to stating that the normals to the middle
plane remain normal to it during deformation and is the same as the well-known
Bernoulli±Euler assumption for thin beams. The thin, constrained theory is very
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Singularity
disregarded

(b) Free edge with M = 0,
S = 0 (P = 0)
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(clamped) with
u = v = w = 0,
θ=0

Singularity
disregarded

Rigid

M=0
w=0
Conventional illustration

x
(s)

Real approximation

y

Mn = My = 0

Plate

Mxy = Mns = 0 SS1 (soft support)

Mns
w=0

(n)
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θx = θ s = 0

SS2 (hard support)

(c) Simply supported condition

Fig. 4.2 Support (end) conditions for a plate or a beam. Note: the conventionally illustrated simple support
leads to in®nite displacement ± reality is different.

widely used in practice and proves adequate for a large number of structural
problems, though, of course, should not be taken literally as the true behaviour
near supports or where local load action is important and is three dimensional.
In Fig. 4.2 we illustrate some of the boundary conditions imposed on plates (and
beams) and immediately note that the diagrammatic representations of simple
support as a knife edge would lead to in®nite displacements and stresses. Of
course, if a rigid bracket is added in the manner shown this will alter the behaviour
to that which we shall generally assume.
The one-dimensional problem of plates and the introduction of thick and thin
assumptions translate directly to the general theory of plates. In Fig. 4.3 we illustrate
the extensions necessary and write, in place of Eq. (4.1) (assuming u0 and v0 to be
zero)
u  ÿ zx x; y v  ÿ z y x; y w  w0 x; y
where we note that displacement parameters are now functions of x and y.

4:9
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Fig. 4.3 De®nitions of variables for plate approximations: (a) displacements and rotation; (b) stress resultants.

The strains may now be separated into bending (in-plane components) and transverse shear groups and we have, in place of Eq. (4.2),
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We note that now in addition to normal bending moments Mx and My , now
de®ned by expression (4.3) for the x and y directions, respectively, a twisting
moment arises de®ned by
Mxy  ÿ

t=2
ÿt=2

xy dz

4:12

Introducing appropriate constitutive relations, all moment components can be
related to displacement derivatives. For isotropic elasticity we can thus write, in
place of Eq. (4.3),
9
8
>
=
< Mx >
My
 D Lh
4:13
M
>
>
;
:
Mxy
where, assuming plane stress behaviour in each layer,
2
3
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where  is Poisson's ratio and D is de®ned by the second of Eqs (4.4). Further, the
shear force resultants are
( )
Sx
S
 a rw ÿ h
4:15
Sy
For isotropic elasticity (though here we deliberately have not related G to E and  to
allow for possibly dierent shear rigidities)
a   G tI

4:16

where I is a 2  2 identity matrix.
Of course, the constitutive relations can be simply generalized to anisotropic or
inhomogeneous behaviour such as can be manifested if several layers of materials
are assembled to form a composite. The only apparent dierence is the structure of
the D and a matrices, which can always be found by simple integration.
The governing equations of thick and thin plate behaviour are completed by writing the equilibrium relations. Again omitting the `in-plane' behaviour we have, in
place of Eq. (4.6),
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2
3
@
@ 8M 9 ( )
>
0
=
< x>
6 @x
Sx
@y 7
6
7 My

 LT M  S  0
4
>
@
@ 5>
Sy
;
:
0
Mxy
@y @x

4:18

The plate problem: thick and thin formulations

Equations (4.13)±(4.18) are the basis from which the solution of both thick and
thin plates can start. For thick plates any (or all) of the independent variables can
be approximated independently, leading to a mixed formulation which we shall
discuss in Chapter 5 and also brie¯y in Sec. 4.16 of this chapter.
For thin plates in which the shear deformations are suppressed Eq. (4.15) is
rewritten as
rw ÿ h  0

4:19

and the strain-displacement relations (4.10) become
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where j is the matrix of changes in curvature of the plate. Using the above form for
the thin plate, both irreducible and mixed forms can now be written. In particular, it is
an easy matter to eliminate M, S and h and leave only w as the variable.
Applying the operator rT to expression (4.17), inserting Eqs (4.13) and (4.17) and
®nally replacing h by the use of Eq. (4.19) gives a scalar equation
LrT D Lr w ÿ q  0
where, using Eq. (4.20),


Lr 
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2
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T

In the case of isotropy with constant bending stiness D this becomes the wellknown biharmonic equation of plate ¯exure
!
@4w
@4w
@4w
D
2 2 2 4 ÿq0
4:22
@x4
@x @y
@y

4.2.2 The boundary conditions
The boundary conditions which have to be imposed on the problem (see Figs 4.2 and
4.4) include the following classical conditions.
1. Fixed boundary, where displacements on restrained parts of the boundary are given
speci®ed values. These conditions are expressed as
 n  n and s  s
w  w;

Note that in thin plates the speci®cation of w along s automatically speci®es s by Eq. (4.19), but this is not
the case in thick plates where the quantities are independently prescribed.
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s

(a)

n

Boundary tractions
Mn , Mns , Sn
and corresponding
displacements
θn , θs , w

(b)

P

Fig. 4.4 Boundary traction and conjugate displacement. Note: the simply supported condition requiring
Mn  0, s  0 and w  0 is identical at a corner node to specifying n  s  0, that is, a clamped support.
This leads to a paradox if a curved boundary (a) is modelled as a polygon (b).

Here n and s are directions normal and tangential to the boundary curve of the
middle surface. A clamped edge is a special case with zero values assigned.
2. Traction boundary, where stress resultants Mn , Mns and Sn (conjugate to the
displacements n , s and w) are given prescribed values. A free edge is a special
case with zero values assigned.
3. `Mixed' boundary conditions, where both traction and displacements can be
speci®ed. Typical here is the simply supported edge (see Fig. 4.2). For this, clearly,
Mn  0 and w  0, but it is less clear whether Mns or s needs to be given.
Speci®cation of Mns  0 is physically a more acceptable condition and does not
lead to diculties. This should always be adopted for thick plates.
In thin plates s is automatically speci®ed from w and we shall ®nd certain diculties,
and indeed anomalies, associated with this assumption.7;8 For instance, in Fig. 4.4 we
see how a speci®cation of s  0 at corner nodes implicit in thin plates formally leads
to the prescription of all boundary parameters, which is identical to boundary conditions of a clamped plate for this point.

4.2.3 The irreducible, thin plate approximation
The thin plate approximation when cast in terms of a single variable w is clearly
irreducible and is in fact typical of a displacement formulation. The equations
(4.17) and (4.18) can be written together as
LrT M ÿ q  0

4:23

and the constitutive relation (4.13) can be recast by using Eq. (4.19) as
M  D Lr w

4:24
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The derivation of the ®nite element equations can be obtained either from a weak form
of Eq. (4.23) obtained by weighting with an arbitrary function (say v  N~v and integration by parts (done twice) or, more directly, by application of the virtual work equivalence. Using the latter approach we may write the internal virtual work for the plate as
int 

eT D e d

w LrT D Lrw d
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where denotes the area of the plate reference (middle) surface and D is the plate
stiness, which for isotropy is given by Eq. (4.14).
Similarly the external work is given by2
ext 

w q d 

ÿn

 n dÿ 
n M

ÿt

 ns dÿ 
s M

ÿs

w Sn dÿ

4:26

 n, M
 ns , Sn are speci®ed values and ÿn , ÿt and ÿs are parts of the boundary
where M
where each component is speci®ed. For thin plates with straight edges Eq. (4.19)
gives immediately s  @w=@s and thus the last two terms above may be combined as


X
 ns
@M
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w Sn ÿ
wi Ri
4:27
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i
where Ri are concentrated forces arising at locations where corners exist (see Fig 4.2).2
Substituting into Eqs (4.25) and (4.26) the discretization
w  Na

4:28

where a are appropriate parameters, we can obtain for a linear case standard displacement approximation equations
Ka  f
with
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and
f

N T q d  fb
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where fb is the boundary contribution to be discussed later and
M  DBa

4:32

B  LrN

4:33

with
It is of interest, and indeed important to note, that when tractions are prescribed to
non-zero values the force term fb includes all prescribed values of Mn , Mns and Sn
irrespective of whether the thick or thin formulation is used. The reader can verify
that this term is
fb 

ÿ

 n  NTs M
 ns  NT Sn  dÿ
NTn M

4:34a
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 n, M
 ns and Sn are prescribed values and for thin plates [though, of course,
where M
relation (4.34a) is valid for thick plates also]:
Nn 

@N
@n

and

Ns 

@N
@s

4:34b

The reader will recognize in the above the well-known ingredients of a displacement
formulation (see Chapter 2 of Volume 1, and Chapter 1 of this volume) and the
procedures are almost automatic once N is chosen.

4.2.4 Continuity requirement for shape functions (C1 continuity)
In Sections 4.3±4.13 we will be concerned with the above formulation [starting from
Eqs (4.24) and (4.26)], and the presence of the second derivatives indicates quite
clearly that we shall need C1 continuity of the shape functions for the irreducible,
thin plate, formulation. This continuity is dicult to achieve and reasons for this
are given below.
To ensure the continuity of both w and its normal slope across an interface we must
have both w and @w=@n uniquely de®ned by values of nodal parameters along such an
interface. Consider Fig. 4.5 depicting the side 1±2 of a rectangular element. The
normal direction n is in fact that of y and we desire w and @w=@y to be uniquely determined by values of w, @w=@x, @w=@y at the nodes lying along this line.
Following the principles expounded in Chapter 8 of Volume 1, we would write
along side 1±2,
w  A1  A2 x  A3 y    

4:35

@w
 B1  B2 x  B3 y    
@y

4:36

and

with a number of constants in each expression just sucient to determine a unique
solution for the nodal parameters associated with the line.
Thus, for instance, if only two nodes are present a cubic variation of w should be
permissible noting that @w=@x and w are speci®ed at each node. Similarly, only a
linear, or two-term, variation of @w=@y would be permissible.

y
1

3

Fig. 4.5 Continuity requirement for normal slopes.

x

2
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Note, however, that a similar exercise could be performed along the side placed in
the y direction preserving continuity of @w=@x along this. Along side 1±2 we thus
have @w=@y, depending on nodal parameters of line 1±2 only, and along side 1±3
we have @w=@x, depending on nodal parameters of line 1±3 only. Dierentiating
the ®rst with respect to x, on line 1±2 we have @ 2 w=@x@y, depending on nodal
parameters of line 1±2 only, and similarly, on line 1±3 we have, @ 2 w=@y@x, depending
on nodal parameters of line 1±3 only.
At the common point, 1, an inconsistency arises immediately as we cannot automatically have there the necessary identity for continuous functions
@2w
@2w

@x@y @y@x

4:37

for arbitrary values of the parameters at nodes 2 and 3. It is thus impossible to specify
simple polynomial expressions for shape functions ensuring full compatibility when only
w and its slopes are prescribed at corner nodes.9
Thus if any functions satisfying the compatibility are found with the three nodal
variables, they must be such that at corner nodes these functions are not continuously
dierentiable and the cross-derivative is not unique. Some such functions are
discussed in the second part of this chapter.10ÿ16
The above proof has been given for a rectangular element. Clearly, the arguments
can be extended for any two arbitrary directions of interface at the corner node 1.
A way out of this diculty appears to be obvious. We could specify the crossderivative as one of the nodal parameters. This, for an assembly of rectangular
elements, is convenient and indeed permissible. Simple functions of that type have
been suggested by Bogner et al.17 and used with some success. Unfortunately, the
extension to nodes at which a number of element interfaces meet with dierent
angles (Fig. 4.6) is not, in general, permissible. Here, the continuity of crossderivatives in several sets of orthogonal directions implies, in fact, a speci®cation of
all second derivatives at a node.
This, however, violates physical requirements if the plate stiness varies abruptly
from element to element, for then equality of moments normal to the interfaces
cannot be maintained. However, this process has been used with some success in
homogeneous plate situations18ÿ25 although Smith and Duncan18 comment adversely
on the eect of imposing such excessive continuities on several orders of higher
derivatives.

y

x

Fig. 4.6 Nodes where elements meet in arbitrary directions.
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The diculties of ®nding compatible displacement functions have led to many
attempts at ignoring the complete slope continuity while still continuing with the
other necessary criteria. Proceeding perhaps from a naive but intuitive idea that
the imposition of slope continuity at nodes only must, in the limit, lead to a
complete slope continuity, several successful, `non-conforming', elements have been
developed.11;26ÿ40
The convergence of such elements is not obvious but can be proved either by
application of the patch test or by comparison with ®nite dierence algorithms. We
have discussed the importance of the patch test extensively in Chapter 11 of
Volume 1 and additional details are available in references 41±43.
In plate problems the importance of the patch test in both design and testing of
elements is paramount and this test should never be omitted. In the ®rst part of
this chapter, dealing with non-conforming elements, we shall repeatedly make use
of it. Indeed, we shall show how some of the most successful elements currently
used have developed via this analytical interpretation.44ÿ49

Non-conforming shape functions
4.3 Rectangular element with corner nodes (12 degrees
of freedom)
4.3.1 Shape functions
Consider a rectangular element of a plate ijkl coinciding with the xy plane as shown in
Fig. 4.7. At each node, n, displacements an are introduced. These have three components: the ®rst a displacement in the z direction, wn , the second a rotation about the x
axis, ^x n and the third a rotation about the y axis ^y n .
The nodal displacement vectors are de®ned below as ai . The element displacement
will, as usual, be given by a listing of the nodal displacements, now totalling twelve:
8 9
8 9
ai >
>
>
>
>
>
=
=
<a >
< wi >
j
e
ai  ^xi
4:38
a 
>
>
ak >
>
;
>
:^ >
>
>
yi
: ;
al
A polynomial expression is conveniently used to de®ne the shape functions in terms
of the 12 parameters. Certain terms must be omitted from a complete fourth-order

Note that we have changed here the convention from that of Fig. 4.3 in this chapter. This allows transformations needed for shells to be carried out in an easier manner. However, when manipulating the equations
of Chapter 5 we shall return to the orginal de®nitions of Fig. 4.3. Similar diculties are discussed by
Hughes,50 and a simple transformation is as follows:
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^h  Th where T 
ÿ1 0

Rectangular element with corner nodes (12 degrees of freedom)
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Fig. 4.7 A rectangular plate element.
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has certain advantages. In particular, along any x constant or y constant line, the
displacement w will vary as a cubic. The element boundaries or interfaces are
composed of such lines. As a cubic is uniquely de®ned by four constants, the two
end values of slopes and the two displacements at the ends will therefore de®ne the
displacements along the boundaries uniquely. As such end values are common to
adjacent elements continuity of w will be imposed along any interface.
It will be observed that the gradient of w normal to any of the boundaries also
varies along it in a cubic way. (Consider, for instance, values of the normal @w=@y
along a line on which x is constant.) As on such lines only two values of the
normal slope are de®ned, the cubic is not speci®ed uniquely and, in general, a discontinuity of normal slope will occur. The function is thus `non-conforming'.
The constants 1 to 12 can be evaluated by writing down the 12 simultaneous
equations linking the values of w and its slopes at the nodes when the coordinates
take their appropriate values. For instance,
wi  1  2 xi  3 yi    
 
@w
 ^xi  3  5 xi    
@y i
 
@w
 ^yi  ÿ 2 ÿ 5 yi ÿ   
ÿ
@x i
Listing all 12 equations, we can write, in matrix form,
ae  C a

4:40
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where C is a 12  12 matrix depending on nodal coordinates, and a is a vector of the
12 unknown constants. Inverting we have
a  Cÿ1 ae

4:41

This inversion can be carried out by the computer or, if an explicit expression for the
stiness, etc., is desired, it can be performed algebraically. This was in fact done by
Zienkiewicz and Cheung.26
It is now possible to write the expression for the displacement within the element in
a standard form as
u  w  N ae  P Cÿ1 ae

4:42

where
P  1; x; y; x2 ; xy; y2 ; x3 ; x2 y; xy2 ; y3 ; x3 y; xy3 
The form of the B is obtained directly from Eqs (4.28) and (4.33). We thus have
9
8
2 8 y  6 11 xy
>
>
=
< 2 4 6 7 x
L rw  2 6 2 9 x
6 10 y  6 12 xy
>
>
;
:
2 5 4 8 x 4 9 y  6 11 x2  6 12 y2
We can write the above as
L rw  Qa  QCÿ1 ae  B ae
in which

2

0 0

6
Q  40 0
0 0

B  Q Cÿ1

and thus

0

2

0

0 6x

2y

0

0

6xy

0
0

0
0

0
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2
0

0
4x
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4y
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0

0
6x2

0
0

0
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7
6xy 5
6y2
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It is of interest to remark now that the displacement function chosen does in fact
permit a state of constant strain (curvature) to exist and therefore satis®es one of
the criteria of convergence stated in Volume 1.
An explicit form of the shape function N was derived by Melosh36 and can be
written simply in terms of normalized coordinates. Thus, we can write for any node
9
8
2
2
>
=
< 2  0  0 ÿ  ÿ  >
4:45
NTi  18 1  0  1  0 
b i 1 ÿ  2 
>
>
;
:
2
ÿa i 1 ÿ  
with normalized coordinates de®ned as:
x ÿ xc

where 0   i
a
y ÿ yc
where 0   i

b

If 7 to 12 are zero, then the `strain' de®ned by second derivatives is constant. By Eq. (4.40), the corresponding ae can be found. As there is a unique correspondence between ae and a such a state is therefore
unique. All this presumes that Cÿ1 does in fact exist. The algebraic inversion shows that the matrix C is
never singular.

Rectangular element with corner nodes (12 degrees of freedom)

This form avoids the explicit inversion of C; however, for simplicity we pursue the
direct use of polynomials to deduce the stiness and load matrices.

4.3.2 Stiffness and load matrices
Standard procedures can now be followed, and it is almost super¯uous to recount the
details. The stiness matrix relating the nodal forces (given by lateral force and two
moments at each node) to the corresponding nodal displacement is
Ke 

e

BT D B dx dy

or, substituting Eq. (4.43) into this expression,
 b a

Ke  CÿT
QT D Q dx dy Cÿ1
ÿb ÿa

4:46

4:47

The terms not containing x and y have now been moved from the operation of
integrating. The term within the integration sign can be multiplied out and integrated
explicitly without diculty if D is constant.
The external forces at nodes arising from distributed loading can be assigned `by
inspection', allocating speci®c areas as contributing to any node. However, it is
more logical and accurate to use once again the standard expression (4.31) for such
an allocation.
The contribution of these forces to each of the nodes is
9
8
>
=
< f wi >
b
a
fi  fxi 
NT q dx dy
4:48
>
>
ÿb
ÿa
:f ;
yi
or, by Eq. (4.42),
fi  ÿ CÿT

b

a

ÿb ÿa

PT q dx dy
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The integral is again evaluated simply. It will now be noted that, in general, all three
components of external force at any node will have non-zero values. This is a result
that the simple allocation of external loads would have missed. The nodal load vector
for uniform loading q is given by
9
9
9
8
8
8 9
8
3>
3>
3>
3>
>
>
>
>
>
>
>
>
>
>
>
=
=
=
=
<
<
< >
<
1
1
1
1
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qab
b ; f2  12
qab ÿ b ; f3  12
qab b ; f4  12
qab ÿ b
f1  12
>
>
>
>
>
>
>
>
>
>
>
>
>
>
>
;
;
;
;
:
:
: >
:
ÿa
ÿa
a
a
The vector of nodal plate forces due to initial strains and initial stresses can be found
in a similar way. It is necessary to remark in this connection that initial strains, such as
may be due to a temperature rise, is seldom con®ned in its eects on curvatures.
Usually, direct (in-plane) strains in the plate are introduced additionally, and the
complete problem can be solved only by consideration of the plane stress problem
as well as that of bending.
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4.4 Quadrilateral and parallelogram elements
The rectangular element developed in the preceding section passes the patch test41 and
is always convergent. However, it cannot be easily generalized into a quadrilateral
shape. Transformation of coordinates of the type described in Chapter 9 of
Volume 1 can be performed but unfortunately now it will be found that the constant
curvature criterion is violated. As expected, such elements behave badly but by
arguments given in Chapter 9 of Volume 1 convergence may still occur providing
the patch test is passed in the curvilinear coordinates. Henshell et al.40 studied the
performance of such an element (and also some of a higher order) and concluded
that reasonable accuracy is attainable. Their paper gives all the details of transformations required for an isoparametric mapping and the resulting need for numerical
integration.
Only for the case of a parallelogram is it possible to achieve states of constant
curvature exclusively using functions of  and  and the patch test is satis®ed. For
a parallelogram the local coordinates can be related to the global ones by the explicit
expression (Fig. 4.8)
x ÿ y cot
a
y csc

b


4:51

and all expressions for the stiness and loads can therefore also be derived directly.
Such an element is suggested in the discussion in reference 26, and the stiness
matrices have been worked out by Dawe.28 A somewhat dierent set of shape
functions was suggested by Argyris.29
y
ξ

2b

x, η
α
2a

Fig. 4.8 Parallelogram element and skew coordinates.

4.5 Triangular element with corner nodes (9 degrees of
freedom)
At ®rst sight, it would seem that once again a simple polynomial expansion could be
used in a manner identical to that of the previous section. As only nine independent

Triangular element with corner nodes (9 degrees of freedom)
P (L1 , L2 , L3 )

3

L1 =

area P23
. etc.
area I23

∫Area L1a L2b L3c dA = (a +a!b +b!cc!+ 2)! 2∆
P

∆ = area 1 2 3

1

2

Fig. 4.9 Area coordinates.

movements are imposed, only nine terms of the expansion are permissible. Here an
immediate diculty arises as the full cubic expansion contains 10 terms [Eq. (4.39)
with 11  12  0] and any omission has to be made arbitrarily. To retain a certain
symmetry of appearance all 10 terms could be retained and two coecients made
equal (for example 8  9 ) to limit the number of unknowns to nine. Several such
possibilities have been investigated but a further, much more serious, problem
arises. The matrix corresponding to C of Eq. (4.40) becomes singular for certain
orientations of the triangle sides. This happens, for instance, when two sides of the
triangle are parallel to the x and y axes respectively.
An `obvious' alternative is to add a central node to the formulation and eliminate
this by static condensation. This would allow a complete cubic to be used, but again it
was found that an element derived on this basis does not converge to correct answers.
Diculties of asymmetry can be avoided by the use of area coordinates described in
Sec. 8.8 of Volume 1. These are indeed nearly always a natural choice for triangles, see
(Fig. 4.9).

4.5.1 Shape functions
As before we shall use polynomial expansion terms, and it is worth remarking that
these are given in area coordinates in an unusual form. For instance,
1 L1



2 L2



3 L3
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gives the three terms of a complete linear polynomial and
2
1 L1



2
2 L2



2
3 L3



4 L1 L2



5 L2 L3



6 L3 L1
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gives all six terms of a quadratic (containing within it the linear terms). The 10 terms
of a cubic expression are similarly formed by the products of all possible cubic


However, it is also possible to write a complete quadratic as
1 L1



2 L2



3 L3



4 L1 L2



5 L2 L3



6 L3 L1

and so on, for higher orders. This has the advantage of explicitly stating all retained terms of polynomials of
lower order.

129

130 Plate bending approximation
3

w = L2
w

(a)

2

1
3

w = L22 L3 +1/2L1 L2 L3
w

(b)

2

1
3

w = L1 L2 L3
w

(c)

1

2
3

w = L22 L32

w

(d)

1

2

Fig. 4.10 Some basic functions in area coordinate polynomials.

combinations, that is,
L31 ; L32 ; L33 ; L21 L2 ; L21 L3 ; L22 L3 ; L22 L1 ; L23 L1 ; L23 L2 ; L1 L2 L3

4:54

For a 9 degree-of-freedom element any of the above terms can be used in a suitable
combination, remembering, however, that only nine independent functions are
needed and that constant curvature states have to be obtained. Figure 4.10 shows
some functions that are of importance. The ®rst [Fig. 4.10(a)] gives one of three
functions representing a simple, unstrained rotation of the plate. Obviously, these
must be available to produce the rigid body modes. Further, functions of the type
L21 L2 , of which there are six in the cubic expression, will be found to take up a
form similar (though not identical) to Fig. 4.10(b).
The cubic function L1 L2 L3 is shown in Fig 4.10(c), illustrating that this is a purely
internal (bubble) mode with zero values and slopes at all three corner nodes (though
slopes are not zero along edges). This function could thus be useful for a nodeless or
internal variable but will not, in isolation, be used as it cannot be prescribed in terms
of corner variables. It can, however, be added to any other basic shape in any proportion, as indicated in Fig. 4.10(b).

Triangular element with corner nodes (9 degrees of freedom)

The functions of the second kind are of special interest. They have zero values of w
at all corners and indeed always have zero slope in the direction of one side. A linear
combination of two of these (for example L22 L1 and L22 L3 ) are capable of providing
any desired slopes in the x and y directions at one node while maintaining all other
nodal slopes at zero.
For an element envisaged with 9 degrees of freedom we must ensure that all six
quadratic terms are present. In addition we select three of the cubic terms. The quadratic terms ensure that a constant curvature, necessary for patch test satisfaction, is
possible. Thus, the polynomials we consider are


P  L1 ; L2 ; L3 ; L1 L2 ; L2 L3 ; L3 L1 ; L21 L2 ; L22 L3 ; L23 L1
and we write the interpolation as
w  Pa

4:55

where a are parameters to be expressed in terms of nodal values. The nine nodal
values are denoted as
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^
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>
>
>
;
;
:
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@L3
@L3
where
2   b1 c 2 ÿ b2 c 1
bi  yj ÿ yk
c i  x k ÿ xj
with i; j; k a cyclic permutation of indices (see Chapter 9 of Volume 1), we now determine the shape function by a suitable inversion [see Sec. 4.3.1, Eq. (4.42)], and write
for node i
9
8
3 L2i ÿ 2L3i
>
>
=
<
4:57
NTi  L2i bj Lk ÿ bk Lj   12 bj ÿ bk  L1 L2 L3
>
>
;
: 2
Li cj Lk ÿ ck Lj   12 cj ÿ ck  L1 L2 L3
Here the term L1 L2 L3 is added to permit constant curvature states.
The computation of stiness and load matrices can again follow the standard
patterns, and integration of expressions (4.30) and (4.31) can be done exactly using
the general integrals given in Fig. 4.9. However, numerical quadrature is generally
used and proves equally ecient (see Chapter 9 of Volume 1). The stiness matrix
requires computation of second derivatives of shape functions and these may be
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in which Ni denotes any of the shape functions given in Eq. (4.57).
The element just derived is one ®rst developed in reference 11. Although it satis®es
the constant strain criterion (being able to produce constant curvature states) it
unfortunately does not pass the patch test for arbitrary mesh con®gurations.
Indeed, this was pointed out in the original reference (which also was the one in
which the patch test was mentioned for the ®rst time). However, the patch test is
fully satis®ed with this element for meshes of triangles created by three sets of equally
spaced straight lines. In general, the performance of the element, despite this shortcoming, made the element quite popular in practical applications.38
It is possible to amend the element shape functions so that the resulting element
passes the patch test in all con®gurations. An early approach was presented by
Kikuchi and Ando51 by replacing boundary integral terms in the virtual work
statement of Eq. (4.26) by


X  @w @ w

ÿ
ext 
wq d 

Mn w dÿ
@n
ÿe @n
e


 
@w 
@w
Mns dÿ 
Mn dÿ

w Sn 
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@s
ÿs
ÿn @n
in which, ÿe is the boundary of each element e, Mn w is the normal moment
computed from second derivatives of the w interpolation, and s is the tangent direction along the element boundaries. The interpolations given by Eq. (4.57) are C0 conforming and have slopes which match those of adjacent elements at nodes. To correct
the slope incompatibility between nodes, a simple interpolation is introduced along
each element boundary segment as





@w
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m 
n s
m 
n
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@n
@x j i @y j i
@x k i @y k i
where s0 is 0 at node j and 1 at node k, and mi and ni are direction cosines with respect
to the x and y axes, respectively. The above modi®cation requires boundary integrals
in addition to the usual area integrals; however, the ®nal result is one which passes the
patch test.
Bergen44;46;47 and Samuelsson48 also show a way of producing elements which pass
the patch test, but a successful modi®cation useful for general application with elastic
and inelastic material behaviour is one derived by Specht.49 This modi®cation uses
three fourth-order terms in place of the three cubic terms of the equation preceding

Triangular element of the simplest form (6 degrees of freedom)

Eq. (4.55). The particular form of these is so designed that the patch test criterion
which we shall discuss in detail later in Sec. 4.7 is identically satis®ed. We consider
now the nine polynomial functions given by
P  L1 ; L2 ; L3 ; L1 L2 ; L2 L3 ; L3 L1 ;
L21 L2  12 L1 L2 L3 f3 1 ÿ 3 L1 ÿ 1  33 L2  1  33 L3 g;
L22 L3  12 L1 L2 L3 f3 1 ÿ 1 L2 ÿ 1  31 L3  1  31 L1 g;
L23 L1  12 L1 L2 L3 f3 1 ÿ 2 L3 ÿ 1  32 L1  1  32 L2 g
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where
i 

lk2 ÿ lj2
li2
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and li is the length of the triangle side opposite node i.
The modi®ed interpolation for w is taken as
w  Pa

4:63

and, on identi®cation of nodal values and inversion, the shape functions can be
written explicitly in terms of the components of the vector P de®ned by Eq. (4.61) as
9
8
>
=
< Pi ÿ Pi  3  Pk  3  2 Pi  6 ÿ Pk  6  >
ÿ bj Pk  6 ÿ Pk  3  ÿ bk Pi  6
4:64
NTi 
>
>
;
:
ÿ cj Pk  6 ÿ Pk  3  ÿ ck Pi  6
where i; j; k are the cyclic permutations of 1, 2, 3.
Once again, stiness and load matrices can be determined either explicitly or using
numerical quadrature. The element derived above passes all the patch tests and
performs excellently.41 Indeed, if the quadrature is carried out in a `reduced'
manner using three quadrature points (see Volume 1, Table 9.2 of Sec. 9.11) then
the element is one of the best triangles with 9 degrees of freedom that is currently
available, as we shall show in the section dealing with numerical comparisons.

4.6 Triangular element of the simplest form (6 degrees of
freedom)
If conformity at nodes (C1 continuity) is to be abandoned, it is possible to introduce
even simpler elements than those already described by reducing the element interconnections. A very simple element of this type was ®rst proposed by Morley.30 In
this element, illustrated in Fig. 4.11, the interconnections require continuity of the
displacement w at the triangle vertices and of normal slopes at the element mid-sides.


The constants i are geometric parameters occurring in the expression for normal derivatives. Thus on
side li the normal derivative is given by
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Fig. 4.11 The simplest non-conforming triangle, from Morley,30 with 6 degrees of freedom.

With 6 degrees of freedom the expansion can be limited to quadratic terms alone,
which one can write as
w   L1 ; L2 ; L3 ; L1 L2 ; L2 L3 ; L3 L1 a

4:65

Identi®cation of nodal variables and inversion leads to the following shape functions:
for corner nodes
Ni  Li ÿ Li 1 ÿ Li  ÿ

bi bj ÿ c i c j
bi bk ÿ c i c k
Lj 1 ÿ Lj  ÿ 2
Lk 1 ÿ L3 
2
2
bj  c j
bk  c2k
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and for `normal gradient' nodes
2
Ni  3  p Li 1 ÿ Li 
b2i  c2i

4:67

where the symbols are identical to those used in Eq. (4.56) and i; j; k are a cyclic
permutation of 1; 2; 3.
Establishment of stiness and load matrices follows the standard pattern and we
®nd that once again the element passes fully all the patch tests required. This
simple element performs reasonably, as we shall show later, though its accuracy is,
of course, less than that of the preceding ones.
It is of interest to remark that the moment ®eld described by the element satis®es
exactly interelement equilibrium conditions on the normal moment Mn , as the
reader can verify. Indeed, originally this element was derived as an equilibrating
one using the complementary energy principle,52 and for this reason it always gives
an upper bound on the strain energy of ¯exure. This is the simplest possible element
as it simply represents the minimum requirements of a constant moment ®eld. An
explicit form of stiness routines for this element is given by Wood.31

4.7 The patch test ± an analytical requirement
The patch test in its dierent forms (discussed fully in Chapters 10 and 11 of Volume 1)
is generally applied numerically to test the ®nal form of an element. However, the basic
requirements for its satisfaction by shape functions that violate compatibility can be
forecast accurately if certain conditions are satis®ed in the choice of such functions.
These conditions follow from the requirement that for constant strain states the virtual
work done by internal forces acting at the discontinuity must be zero. Thus if the
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tractions acting on an element interface of a plate are (see Fig. 4.4)
Mn ;
Mns
and
Sn
and if the corresponding mismatch of virtual displacements are
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then ideally we would like the integral given below to be zero, as indicated, at least for
the constant stress states:
ÿe

Mn n dÿ 

ÿe

Mns s dÿ 

ÿe

Sn w dÿ  0
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The last term will always be zero identically for constant Mx , My , Mxy ®elds as then
Sx  Sy  0 [in the absence of applied couples, see Eq. (4.18)] and we can ensure the
satisfaction of the remaining conditions if
ÿe

n dÿ  0

and

ÿe

s dÿ  0

4:71

is satis®ed for each straight side ÿe of the element.
For elements joining at vertices where @w=@n is prescribed, these integrals will be
identically zero only if anti-symmetric cubic terms arise in the departure from
linearity and a quadratic variation of normal gradients is absent, as shown in
Fig. 4.12(a). This is the motivation for the rather special form of shape function
basis chosen to describe the incompatible triangle in Eq. (4.61), and here the ®rst
condition of Eq. (4.71) is automatically satis®ed. The satisfaction of the second
condition of Eq. (4.71) is always ensured if the function w and its ®rst derivatives
are prescribed at the corner nodes.
For the purely quadratic triangle of Sec. 4.6 the situation is even simpler. Here the
gradients can only be linear, and if their value is prescribed at the element mid-side as
shown in Fig. 4.11(b) the integral is identically zero.
The same arguments apparently fail when the rectangular element with the function basis given in Eq. (4.42) is examined. However, the reader can verify by direct
Compatible
base

Not permissible
Quadratic
Linear
Cubic
(a)

(b)


Fig. 4.12 Continuity condition for satisfaction of patch test [ @w=@n ds  0]; variation of @w=@n along
side. (a) De®nition by corner nodes (linear component compatible); (b) de®nition by one central node
(constant component compatible).
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C
L
0
5
10

(wD/qL4 ) x 103

15

Deflections w

–5
–4
C
L

–3
–2

L /2

–1
0
1
2

(Mx /qL2 ) × 102

3

Bending moments
16 x 16 mesh finite difference solution (Southwell, 1946)45
6 x 6 division into finite elements
4 x 4 division into finite elements
2 x 2 divisions into finite elements

Fig. 4.13 A square plate with clamped edges; uniform load q; square elements.
Table 4.1 Computed central de¯ection of a square plate for several meshes (rectangular elements)39
Mesh

22
44
88
16  16
Series (Timoshenko)

Total
number
of nodes

Simply supported plate

9
25
81
169

0.003446
0.003939
0.004033
0.004050
0.004062



Clamped plate

y



0.013784
0.012327
0.011829
0.011715
0.01160

y

0.001480
0.001403
0.001304
0.001283
0.00126

0.005919
0.006134
0.005803
0.005710
0.00560


wmax  qL4 =D for uniformly distributed load q. y wmax  PL2 =D for central concentrated load P. Note: Subdivision of
whole plate given for mesh.

Table 4.2 Corner supported square plate
Method

Finite element
Marcus53
Ballesteros and Lee54
Multiplier

Mesh

22
44
66

Point 1

Point 2

w

Mx

w

Mx

0.0126
0.0165
0.0173
0.0180
0.0170

0.139
0.149
0.150
0.154
0.140

0.0176
0.0232
0.0244
0.0281
0.0265

0.095
0.108
0.109
0.110
0.109

qL4 =D

qL2

qL4 =D

qL2

Note: point 1, centre of side; point 2, centre of plate.

Fig. 4.14 A skew, curved, bridge with beams and non-uniform thickness; plot of principal moments under dead load.

The patch test ± an analytical requirement
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algebra that the integrals of Eqs (4.71) are identically satis®ed. Thus, for instance,
a
ÿa

@w
dx  0
@y

when

y  b

and @w=@y is taken as zero at the two nodes (i.e. departure from prescribed linear
variations only is considered).
The remarks of this section are veri®ed in numerical tests and lead to an intelligent,
a priori, determination of conditions which make shape functions convergent for
incompatible elements.

4.8 Numerical examples
The various plate bending elements already derived ± and those to be derived in
subsequent sections ± have been used to solve some classical plate bending problems.
We ®rst give two speci®c illustrations and then follow these with a general convergence study of elements discussed.

Fig. 4.15 Castleton railway bridge: general geometry and details of ®nite element subdivision. (a) Typical
actual section; (b) idealization and meshing.

Numerical examples

Figure 4.13 shows the de¯ections and moments in a square plate clamped along its
edges and solved by the use of the rectangular element derived in Sec. 4.3 and a
uniform mesh.26 Table 4.1 gives numerical results for a set of similar examples solved
with the same element,39 and Table 4.2 presents another square plate with more complex
boundary conditions. Exact results are available here and comparisons are made.53;54
Figures 4.14 and 4.15 show practical engineering applications to more complex
shapes of slab bridges. In both examples the requirements of geometry necessitate
the use of a triangular element ± with that of reference 11 being used here. Further,
in both examples, beams reinforce the slab edges and these are simply incorporated in
the analysis on the assumption of concentric behaviour.
Finally in Fig. 4.16(a)±(d) we show the results of a convergence study of the square
plate with simply supported and clamped edge conditions for various triangular and

Fig. 4.15 (Continued) Castleton railway bridge: general geometry and details of ®nite element subdivision.
(c) moment components (ton ft ftÿ1 ) under uniform load of 150 lb ftÿ2 with computer plot of contours.
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Fig. 4.16 (a) Simply supported uniformly loaded square plate; (b) simply supported square plate with concentrated central load.

Numerical examples
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Fig. 4.16 (Continued) (c) clamped uniformly loaded square plate; (d) clamped square plate with concentrated central load. Percentage error in central displacement (see
Table 4.3 for key).

Numerical examples
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Table 4.3 List of elements for comparison of performance in Fig. 4.16: (a) 9 degree-of-freedom triangles;
(b) 12 degree-of-freedom rectangles; (c) 16 degree-of-freedom rectangle
Code

Reference

Symbol

Description and comment

(a)
BCIZ 1
PAT
BCIZ 2
(HCT)
DKT

Bazeley et al.11
Specht49
Bazeley et al.11
Clough and Tocher10
Stricklin et al.59 and Dhatt60

~
&

[

Displacement, non-conforming (fails patch test)
Displacement, non-conforming
Displacement, conforming



Discrete Kirchho

(b)
ACM
Q19
DKQ

Zienkiewicz and Cheung26
Clough and Felippa15
Batoz and Ben Tohar61

~

&

Displacement, non-conforming
Displacement, conforming
Displacement, conforming

(c)
BF

Bogner et al.17

[

Displacement conforming

rectangular elements and two load types. This type of diagram is conventionally used
for assessing the behaviour of various elements, and we show on it the performance of
the elements already described as well as others to which we shall refer to later.
Table 4.3 gives the key to the various element `codes' which include elements yet to
be described.55ÿ58

Relative error in energy norm (%)

100
80

40
C
20
B
10
8

4
A
2

1
20

40
80 100
200
400
Number of degrees of freedom

800 1000

A Fifth-order conforming triangle19-23
B Low-order conforming element
( p = 2)10 ,11
C Hybrid82

Fig. 4.17 Rate of convergence in energy norm versus degree of freedom for three elements: the problem of a
slightly skewed, simply supported plate (808) with uniform mesh subdivision.7
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The comparison singles out only one displacement and each plot uses the number
of mesh divisions in a quarter of the plate as abscissa. It is therefore dicult to deduce
the convergence rate and the performance of elements with multiple nodes. A more
convenient plot gives the energy norm jjujj, versus the number of degrees of freedom
N on a logarithmic scale. We show such a comparison for some elements in Fig. 4.17
for a problem of a slightly skewed, simply supported plate.7 It is of interest to observe
that, owing to the singularity, both high- and low-order elements converge at almost
identical rates (though, of course, the former give better overall accuracy). Dierent
rates of convergence would, of course, be obtained if no singularity existed (see
Chapter 14 of Volume 1).

Conforming shape functions with nodal singularities
4.9 General remarks
It has already been demonstrated in Sec. 4.3 that it is impossible to devise a simple
polynomial function with only three nodal degrees of freedom that will be able to
satisfy slope continuity requirements at all locations along element boundaries. The
alternative of imposing curvature parameters at nodes has the disadvantage, however,
of imposing excessive conditions of continuity (although we will investigate some of
the elements that have been proposed from this class). Furthermore, it is desirable
from many points of view to limit the nodal variables to three quantities only.
These, with simple physical interpretation, allow the generalization of plate elements
to shells to be easily interpreted also.
It is, however, possible to achieve C1 continuity by provision of additional shape
functions for which, in general, second-order derivatives have non-unique values at
nodes. Providing the patch test conditions are satis®ed, convergence is again assured.
Such shape functions will be discussed now in the context of triangular and
quadrilateral elements. The simple rectangular shape will be omitted as it is a special
case of the quadrilateral.

4.10 Singular shape functions for the simple triangular
element
Consider for instance either of the following sets of functions:
"jk 

Li L2j L2k Lk ÿ Lj 
Li  Lj  Lj  Lk 

4:72

"jk 

Li L2j L2k 1  Li 
Li  Lj  Lj  Lk 

4:73

or

in which once again i; j; k are a cyclic permutation of 1; 2; 3. Both have the property
that along two sides (iÿj and iÿk) of a triangle (Fig. 4.18) their values and the values
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3

w=
(a)

w

L1L22L23 (l + L1 )
(L1 + L2 ) (L1 + L3 )
= ε2

1

2
3

w=
(b)

w
1

L1L22L23 (L3 – L2 )
(L1 + L2 ) (L1 + L3 )
= ε2
2

Fig. 4.18 Some singular area coordinate functions.

of their normal slope are zero. On the third side ( jÿk) the function is zero but a
normal slope exists. In both, its variation is parabolic. Now, all the functions
used to de®ne the non-conforming triangle [see Eq. (4.55)] were cubic and hence
permit also a parabolic variation of the normal slope which is not uniquely de®ned
by the two end nodal values (and hence resulted in non-conformity). However, if
we specify as an additional variable the normal slope of w at a mid-point of each
side then, by combining the new functions "jk with the other functions previously
given, a unique parabolic variation of normal slope along interelement faces is achieved
and a compatible element results.
Apparently, this can be achieved by adding three such additional degrees of
freedom to expression (4.55) and proceeding as described above. This will result in
an element shown in Fig. 4.19(a), which has six nodes, three corner ones as before
and three additional ones at which only normal slope is speci®ed. Such an element
requires the de®nition of a node (or an alternative) to de®ne the normal slope and
also involves assembly of nodes with diering numbers of degrees of freedom. It is
necessary to de®ne a unique normal slope for the parameter associated with the
mid-point of adjacent elements. One simple solution is to use the direction of increasing node number of the adjacent vertices to de®ne a unique normal.
Another alternative, which avoids the above diculties, is to constrain the mid-side
node degree of freedom. For instance, we can assume that the normal slope at the
centre-point of a line is given as the average of the two slopes at the ends. This,
after suitable transformation, results in a compatible element with exactly the same
degrees of freedom as that described in previous sections [see Fig. 4.19(b)].
The algebra involved in the generation of suitable shape functions along the lines
described here is quite extensive and will not be given fully.
First, the normal slopes at the mid-sides are calculated from the basic element
shape functions [Eq. (4.57)] as
       T
@w
@w
@w
 Z ae
4:74
@n 4
@n 5
@n 6
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Fig. 4.19 Various conforming triangular elements.

Similarly, the average values of the nodal slopes in directions normal to the sides are
calculated from these functions:
  a  a  a T
@w
@w
@w
 ae
Z
4:75
@n 4
@n 5
@n 6
The contribution of the " functions to these slopes is added in proportions of "jk ÿ
and is simply (as these give unit normal slope)
c

1

2

3

T

On combining Eq. (4.57) and the last three relations we have
 ae  Z ae  c
Z

i

4:76
4:77
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from which it immediately follows on ®nding c that
 ÿ Z ae
w  N0 ae   "23 ; "31 ; "12  Z

4:78

in which N0 are the non-conforming shape functions de®ned in Eq. (4.57). Thus, new
shape functions are now available from Eq. (4.78).
An alternative way of generating compatible triangles was developed by Clough
and Tocher.10 As shown in Fig. 4.19(a) each element triangle is ®rst divided into
three parts based on an internal point p. For each ijp triangle a complete cubic
expansion is written involving 10 terms which may be expressed in terms of the
displacement and slopes at each vertex and the mid-side slope along the ij edge.
Matching the values at the vertices for the three sub-triangles produces an element
with 15 degrees of freedom: 12 conventional degrees of freedom at nodes 1, 2, 3 and p;
and three normal slopes at nodes 4, 5, 6. Full C1 continuity in the interior of the
element is achieved by constraining the three parameters at the p node to satisfy
continuous normal slope at each internal mid-side. Thus, we achieve an element
with 12 degrees of freedom similar to the one previously outlined using the singular
shape functions. Constraining the normal slopes on the exterior mid-sides leads to
an element with 9 degrees of freedom [see Fig. 4.19(b)].
These elements are achieved at the expense of providing non-unique values of
second derivatives at the corners. We note, however, that strains are in general also
non-unique in elements surrounding a node (e.g. constant strain triangles in elasticity
have dierent strains in each element surrounding each node). In the previously
developed shape functions "jk an in®nite number of values to the second derivatives
are obtained at each node depending on the direction the corner is approached.
Indeed, the derivation of the Clough and Tocher triangle can be obtained by de®ning
an alternative set of " functions, as has been shown in reference 11.
As both types of elements lead to almost identical numerical results the preferable
one is that leading to simpli®ed computation. If numerical integration is used (as
indeed is always strongly recommended for such elements) the form of functions
continuously de®ned over the whole triangle as given by Eqs (4.57) and (4.78) is
advantageous, although a fairly high order of numerical integration is necessary
because of the singular nature of the functions.

4.11 An 18 degree-of-freedom triangular element with
conforming shape functions
An element that presents a considerable improvement over the type illustrated in
Fig. 4.19(a) is shown in Fig. 4.19(c). Here, the 12 degrees of freedom are increased
to 18 by considering both the values of w and its cross derivative @ 2 w=@s@n, in
addition to the normal slope @w=@n, at element mid-sides.
Thus an equal number of degrees of freedom is presented at each node. Imposition
of the continuity of cross derivatives at mid-sides does not involve any additional
constraint as this indeed must be continuous in physical situations.


This is, in fact, identical to specifying both @w=@n and @w=@s at the mid-side.

Compatible quadrilateral elements

The derivation of this element is given by Irons14 and it will suce here to say that
in addition to the modes already discussed, fourth-order terms of the type illustrated
in Fig. 4.10(d) and `twist' functions of Fig. 4.18(b) are used. Indeed, it can be simply
veri®ed that the element contains all 15 terms of the quartic expansion in addition to
the `singularity' functions.

4.12 Compatible quadrilateral elements
Any of the previous triangles can be combined to produce `composite' compatible
quadrilateral elements with or without internal degrees of freedom. Three such
quadrilaterals are illustrated in Fig. 4.20 and, in all, no mid-side nodes exist on the
external boundaries. This avoids the diculties of de®ning a unique parameter and
of assembly already mentioned.
In the ®rst, no internal degrees of freedom are present and indeed no improvement
on the comparable triangles is expected. In the following two, 3 and 7 internal degrees
of freedom exist, respectively. Here, normal slope continuity imposed in the last one
does not interfere with the assembly, as internal degrees of freedom are in all cases
eliminated by static condensation.62 Much improved accuracy with these elements
has been demonstrated by Clough and Felippa.15
An alternative direct derivation of a quadrilateral element was proposed by
Sander12 and Fraeijs de Veubeke.13;16 This is along the following lines. Within a
quadrilateral of Fig. 4.21(a) a complete cubic with 10 constants is taken, giving the
®rst component of the displacement which is de®ned by three functions. Thus,
w  wa  wb  wc
wa 

1



2x

  

10 y

3

4:79

The second function wb is de®ned in a piecewise manner. In the lower triangle of
Fig. 4.21(b) it is taken as zero; in the upper triangle a cubic expression with three
constants merges with slope discontinuity into the ®eld of the lower triangle. Thus,
in jkm,
wb 

11 y

02



12 y

03

0 02
13 x y



0

4:80

0

in terms of the locally speci®ed coordinates x and y . Similarly, for the third function,
Fig. 4.21(c), wc  0 in the lower triangle, and in imj we de®ne
wc 

14 y

002



15 y

003



00 002
16 x y

3

(a)

(b) Three internal degrees
(b) of freedom

Fig. 4.20 Some composite quadrilateral elements.

(c) Seven internal degrees
(c) of freedom

4:81
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Fig. 4.21 The compatible functions of Fraeijs de Veubeke.13;16

The 16 external degrees of freedom are provided by 12 usual corner variables and four
normal mid-side slopes and allow the 16 constants 1 to 16 to be found by inversion.
Compatibility is assured and once again non-unique second derivatives arise at
corners.
Again it is possible to constrain the mid-side nodes if desired and thus obtain a 12
degree-of-freedom element. The expansion can be found explicitly, as shown by
Fraeijs de Veubeke, and a useful element generated.16
The element described above cannot be formulated if a corner of the quadrilateral
is re-entrant. This is not a serious limitation but needs to be considered on occasion if
such an element degenerates to a near triangular shape.

4.13 Quasi-conforming elements
The performance of some of the conforming elements discussed in Secs 4.10±4.12 is
shown in the comparison graphs of Fig. 4.16. It should be noted that although
monotonic convergence in energy norm is now guaranteed, by subdividing each
mesh to obtain the next one, the conforming triangular elements of references 10
and 11 perform almost identically but are considerably stier and hence less accurate
than many of the non-conforming elements previously cited.
To overcome this inaccuracy a quasi-conforming or smoothed element was derived
by Razzaque and Irons.33;34 For the derivation of this element substitute shape
functions are used.
The substitute functions are cubic functions (in area coordinates) so designed as to
approximate in a least-square sense the singular functions " and their derivatives used
to enforce continuity [see Eqs (4.72)±(4.78)], as shown in Fig. 4.22.
The algebra involved is complex but a full subprogram for stiness computations is
available in reference 33. It is noted that this element performs very similarly to the
simper, non-conforming element previously derived for the triangle. It is interesting

Hermitian rectangle shape function
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Fig. 4.22 Least-square substitute cubic shape function " in place of rational function " for plate bending
triangles.

to observe that here the non-conforming element is developed by choice and not to
avoid diculties. Its validity, however, is established by patch tests.

Conforming shape functions with additional
degrees of freedom
4.14 Hermitian rectangle shape function
With the rectangular element of Fig 4.7 the speci®cation of @ 2 w=@x@y as a nodal
parameter is always permissible as it does not involve `excessive continuity'. It is
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easy to show that for such an element polynomial shape functions giving compatibility can be easily determined.
A polynomial expansion involving 16 constants [equal to the number of nodal
parameters wi , @w=@xi , @w=@yi and @ 2 w=@x@yi ] could, for instance, be written
retaining terms that do not produce a higher-order variation of w or its normal
slope along the sides. Many alternatives will be present here and some may not
produce invertible C matrices [see Eq. (4.41)].
An alternative derivation uses Hermitian polynomials which permit the writing
down of suitable functions directly. An Hermitian polynomial
n
Hmi
x

4:82

is a polynomial of order 2 n  1 which gives, for m  0 to n,

n
1; when k  m and x  xi
dk Hmi

k
0; when k 6 m or when x  xj
dx
A set of ®rst-order Hermitian polynomials is thus a set of cubic terms giving shape
functions for a line element ij at the ends of which slopes and values of the function
are used as variables. Figure 4.23 shows such a set of cubics, and it is easy to verify
that the shape functions are given by
1
H01
x  1 ÿ 3

x2
x3
2 3
2
L
L

1
H11
x  x ÿ 2

x2 x3

L L2

1
H02
x  3

x2
x3
ÿ
2
L2
L3

1
H12
x  ÿ

x2 x3

L L2

H (x )
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1
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1
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0.6
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0
–0.2

Fig. 4.23 First-order Hermitian functions.
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where L is the length of the side. These are precisely the `beam' functions used in
Chapter 2 of Volume 1.
It is easy to verify that the following shape functions


Ni  H0i1 xH0i1 y; H1i1 xH0i1 y; H0i1 xH1i1 y; H1i1 xH1i1 y
4:83
correspond to the values of
@w
@w
@2w
;
;
;
@x
@y
@x@y
speci®ed at the corner nodes, taking successively unit values at node i and zero at
other nodes.
An element based on these shape functions has been developed by Bogner et al.17
and used with success. Indeed it is the most accurate rectangular element available
as indicated by results in Fig. 4.16. A development of this type of element to
include continuity of higher derivatives is simple and outlined in reference 18. In
their undistorted form the above elements are, as for all rectangles, of very limited
applicability.
w;

4.15 The 21 and 18 degree-of-freedom triangle
If continuity of higher derivatives than ®rst is accepted at nodes (thus imposing a
certain constraint on non-homogeneous material and discontinuous thickness situations as explained in Sec. 4.2.4), the generation of slope and de¯ection compatible
elements presents less diculty.
Considering as nodal degrees of freedom
w;

@w
;
@x

@w
;
@y

@2w
;
@x2

@2w
;
@x@y

@2w
;
@y2

a triangular element will involve at least 18 degrees of freedom. However, a complete
®fth-order polynomial contains 21 terms. If, therefore, we add three normal slopes at
the mid-side as additional degrees of freedom a sucient number of equations appear
to exist for which the shape functions can be found with a complete quintic
polynomial.
Along any edge we have six quantities determining the variation of w (displacement, slopes, and curvature at corner nodes), that is, specifying a ®fth-order
variation. Thus, this is uniquely de®ned and therefore w is continuous between
elements. Similarly, @w=@n is prescribed by ®ve quantities and varies as a fourthorder polynomial. Again this is as required by the slope continuity between
elements.
If we write the complete quintic polynomial as
w

1



2x

  

21 y

5

4:84


For this derivation use of simple cartesian coordinates is recommended in preference to area coordinates.
Symmetry is assured as the polynomial is complete.
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using the ordering in the Pascal triangle [see Fig. 8.12 of Volume 1] we can proceed
along the lines of the argument used to develop the rectangle in Sec. 4.3 and write
wi
 
@w
@x i
 
@w
@y i
!
@2w
@x2 i



1





2

  



3

   5

2

4

2 xi

  

5
21 yi

4
20 yi

   2

4
21 yi

3
19 yi

and so on, and ®nally obtain an expression
ae  C a

4:85

in which C is a 21  21 matrix.
The only apparent diculty in the process that the reader may experience in
forming this is that of the de®nition of the normal slopes at the mid-side nodes. However, if one notes that
@w
@w
@w
 cos 
 sin 
@n
@x
@y

4:86

in which  is the angle of a particular side to the x axis, the manner of formulation
becomes simple. It is not easy to determine an explicit inverse of C, and the stiness
expressions, etc., are evaluated as in Eqs (4.30)±(4.33) by a numerical inversion.
The existence of the mid-side nodes with their single degree of freedom is an
inconvenience. It is possible, however, to constrain these by allowing only a cubic
variation of the normal slope along each triangle side. Now, explicitly, the matrix
C and the degrees of freedom can be reduced to 18, giving an element illustrated in
Fig. 4.19(e) with three corner nodes and 6 degrees of freedom at each node.
Both of these elements were described in several independently derived publications
appearing during 1968 and 1969. The 21 degree-of-freedom element was described
independently by Argyris et al.,23 Bell,19 Bosshard,22 and Visser,24 listing the authors
alphabetically. The reduced 18 degree-of-freedom version was developed by Argyris
et al.,23 Bell,19 Cowper et al.,21 and Irons.14 An essentially similar, but more
complicated, formulation has been developed by Butlin and Ford,20 and mention
of the element shape functions was made earlier by Withum63 and Felippa.64
It is clear that many more elements of this type could be developed and indeed some
are suggested in the above references. A very inclusive study is found in the work of
Zenisek,65 Peano,66 and others.67ÿ69 However, it should always be borne in mind that
all the elements discussed in this section involve an inconsistency when discontinuous
variation of material properties occurs. Further, the existence of higher-order derivatives makes it more dicult to impose boundary conditions and indeed the simple
interpretation of energy conjugates as `nodal forces' is more complex. Thus, the
engineer may still feel a justi®ed preference for the more intuitive formulation
involving displacements and slopes only, despite the fact that very good accuracy is
demonstrated in the references cited for the quartic and quintic elements.

Mixed formulations ± general remarks

Avoidance of continuity dif®culties ± mixed and
constrained elements
4.16 Mixed formulations ± general remarks
Equations (4.13)±(4.18) of this chapter provide for many possibilities to approximate
both thick and thin plates by using mixed (i.e. reducible) forms. In these, more than
one set of variables is approximated directly, and generally continuity requirements
for such approximations can be of either C1 or C0 type. The procedures used in
mixed formulations generally have been described in Chapters 11±13 of Volume 1,
and the reader is referred to these for the general principles involved. The options
open are large and indeed so is the number of publications proposing various
alternatives. We shall therefore limit the discussion to those that appear most
useful.
To avoid constant reference to the beginning of this chapter, the four governing
equations (4.13)±(4.18) are rewritten below in their abbreviated form with dependent
variable sets M, h, S, and w:
1

M ÿ DLh  0

4:87

S  h ÿ rw  0

4:88

LT M  S  0

4:89

T

r Sq0

4:90

in which   Gt. To these, of course, the appropriate boundary conditions can be
added. For details of the operators, etc., the fuller forms previously quoted need to be
consulted.
Mixed forms that utilize direct approximations to all the four variables are not
common. The most obvious set arises from elimination of the moments M, that is
1

LT D L h  S  0

4:91

S  h ÿ rw  0

4:92

rT S  q  0

4:93

and is the basis of a formulation directly related to the three-dimensional elasticity
consideration. This is so important that we shall devote Chapter 5 entirely to it,
and, of course, there it can be used for both thick and thin plates. We shall, however,
return to one of its derivations in Sec. 4.18.
One of the earliest mixed approaches leaves the variables M and w to be approximated and eliminates S and h. The form given is restricted to thin plates and thus
 1 is taken.
We now can write for Eqs (4.87) and (4.88),
Dÿ1 M ÿ L r w  0

4:94
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and for Eqs (4.89) and (4.90),
rT LT M ÿ q  0

4:95

The approximation can now be made directly putting
~
M  NM M

~
w  Nw w

and

4:96

~ and w
~ list the nodal (or other) parameters of the expansions, and NM and Nw
where M
are appropriate shape functions.
The approximation equations can, as is well known (see Chapter 3 of Volume 1), be
made either via a suitable variational principle or directly in a weighted residual,
Galerkin form, both leading to identical results. We choose here the latter, although
the ®rst presentations of this approximation by Herrmann70 and others71ÿ78 all use
the Hellinger±Reissner principle.
A weak form from which the plate approximation may be deduced is given by
ÿ

ÿ

  M ÿDÿ1 M  L r w d  w rT LT M ÿ q d  bt  0
4:97
where bt describes appropriate boundary condition terms. Using the Galerkin
weighting approximations
~
M  NM M

~
w  Nw w

and

4:98

gives on integration by parts the following equation set

( ~ )  
A C
f1
M

f2
CT 0
~
w
where
Aÿ

NTM Dÿ1 NM d

f1 

Cÿ

LNM T rNw d

f2 

ÿt

rNw T
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Mn
dÿ
 ns
M

NTw q d 

ÿt

NTw Sn dÿ

4:100

 n and M
 ns are the prescribed boundary moments, and Sn is the prescribed
where M
boundary shear force.
Immediately, it is evident that only C0 continuity is required for both M and w
interpolation, and many forms of elements are therefore applicable. Of course,
appropriate patch tests for the mixed formulation must be enforced43 and this
requires a necessary condition that
nm 5 nw

4:101

where nm stands for the number of parameters describing the moment ®eld and nw the
number in the displacement ®eld.
Many excellent elements have been developed by using this type of approximation,
though their application is limited because of the diculty of interconnection with

It should be observed that, if C0 continuity to the whole M ®eld is taken, excessive continuity will arise and
it is usual to ensure the continuity of Mn and Mns at interfaces only.

Hybrid plate elements

other structures as well as the fact that the coecient matrix in Eq. (4.99) is inde®nite
with many zero diagonal terms.
Indeed, a similar fate is encountered in numerous `equilibrium element' forms in
which the moment (stress) ®eld is chosen a priori in a manner satisfying Eq. (4.95).
Here the research of Fraeijs de Veubeke77 and others12;30 has to be noted. It must,
however, be observed that the second of these elements30 is in fact identical to the
mixed element developed by Herrmann71 and Hellan79 (see also reference 52).

4.17 Hybrid plate elements
Hybrid elements are essentially mixed elements in which the ®eld inside the element is
de®ned by one set of parameters and the one on the element frame by another, as
shown in Fig. 4.24. The latter are generally chosen to be of a type identical to
other displacement models and thus can be readily incorporated in a general program
and indeed used in conjunction with the standard displacement types we have already
discussed. The internal parameters can be readily eliminated (being con®ned to a
single element) and thus the dierence from displacement forms are con®ned to the
element subprogram. The original concept is attributable to Pian80;81 who pioneered
this approach, and today many variants of the procedures exist in the context of thin
plate theory.82ÿ91
In the majority of approximations, an equilibrating stress ®eld is assumed to be
given by a number of suitable shape functions and unknown parameters. In others,
a mixed stress ®eld is taken in the interior. A more re®ned procedure, introduced
by Jirousek,57;91 assumes in the interior a series solution exactly satisfying all the
dierential equations involved for a homogeneous ®eld.
All procedures use a suitable linking of the interior parameters with those de®ned
on the boundary by the `frame parameters'. The procedures for doing this are fully
w and ∂w /∂n defined on frame
by usual connection

Interior field
defined by
independent
parameters

Fig. 4.24 Hybrid elements.

Singularity
(crack)
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described in Chapter 13 of Volume 1 in the context of elasticity equations, and only a
small change of variables is needed to adapt these to the present case. We leave this
extension to the reader who can also consult appropriate references for details.
Some remarks need to be made in the context of hybrid elements.
Remark 1. The ®rst is that the number of internal parameters, nI , must be at least as
large as the number of frame parameters, nF , which describe the displacements,
less the number of rigid-body modes if singularity of the ®nal (stiness) matrix
is to be avoided. Thus, we require that
n I 5 nF ÿ 3

4:102

for plates.
Remark 2. The second remark is a simple statement that it is possible, but counterproductive, to introduce an excessive number of internal parameters that
simply give a more exact solution to a `wrong' problem in which the frame is
constraining the interior of an element. Thus additional accuracy is not achieved
overall.
Remark 3. Most of the formulations are available for non-homogeneous plates (and
hence non-linear problems). However, this is not true for the Tretz-hybrid
elements57;91 where an exact solution to the dierential equation needs to be
available for the element interior. Such solutions are not known for arbitrary
non-homogeneous interiors and hence the procedure fails. However, for homogeneous problems the elements can be made much more accurate than any of
the others and indeed allow a general polygonal element with singularities and/
or internal boundaries to be developed by the use of special functions (see
Fig. 4.24). Obviously, this advantage needs to be borne in mind.
A number of elements matching (or duplicating) the displacement method have
been developed and the performance of some of the simpler ones is shown in
Fig. 4.16. Indeed, it can be shown that many hybrid-type elements duplicate precisely
the various incompatible elements that pass the convergence requirement. Thus, it is
interesting to note that the triangle of Allman90 gives precisely the same results as the
`smoothed' Razzaque element of references 33 and 34 or, indeed, the element of
Sec. 4.5.

4.18 Discrete Kirchhoff constraints
Another procedure for achieving excellent element performance is achieved as a
constrained (mixed) element. Here it is convenient (though by no means essential)
to use a variational principle to describe Eqs (4.91) and (4.93). This can be written
simply as the minimization of the functional


1
2

LhT D Lh d 

1
2

ST

1

Sd ÿ

w q d  bt  minimum
4:103

Discrete Kirchhoff constraints

subject to the constraint that Eq. (4.92) be satis®ed, that is, that
1

S  h ÿ rw  0

4:104

We shall use this form for general thick plates in Chapter 5, but in the case of thin
plates with which this chapter is concerned, we can specialize by putting  1
and rewrite the above as


1
2

LhT D Lh d ÿ

w q d  bt  minimum

4:105

subject to
h ÿ rw  0

4:106

and we note that the explicit mention of shear forces S is no longer necessary.
To solve the problem posed by Eqs (4.105) and (4.106) we can
1. approximate w and h by independent interpolations of C0 continuity as
~
w  Nw w

and

h  N ~h

4:107

2. impose a discrete approximation to the constraint of Eq. (4.106) and solve the
minimization problem resulting from substitution of Eq. (4.107) into Eq. (4.105)
by either discrete elimination, use of suitable lagrangian multipliers, or penalty
procedures.
In the application of the so-called discrete Kirchho constraints, Eq. (4.106) is
approximated by point (or subdomain) collocation and direct elimination is used to
reduce the number of nodal parameters. Of course, the other means of imposing the
constraints could be used with identical eect and we shall return to these in the
next chapter. However, direct elimination is advantageous in reducing the ®nal
total number of variables and can be used eectively.

4.18.1 One-dimensional beam example
We illustrate the process to impose discrete constraints on a simple, one-dimensional,
example of a beam (or cylindrical bending of a plate) shown in Fig. 4.25. In this,
initially the displacements and rotations are taken as determined by a quadratic
interpolation of an identical kind and we write in place of Eq. (4.107),
  X
 
3
~i
w
w

Ni ~
4:108


i
i1
where i are the three element nodes.
The constraint is now applied by point collocation at coordinates x and x of the
beam; that is, we require that at these points
ÿ

@w
0
@x

4:109
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Constraint here

1

3

w
a1 =
θ

2

1

2

i

3

w = Σ2 N a
i i
i=1
θ

w = Σ Na
i i
i=1
θ

Fig. 4.25 A beam element with independent, Lagrangian, interpolation of w and  with constraint
@w=@x ÿ   0 applied at points .

This can be written by using the interpolation of Eq. (4.108) as two simultaneous
equations
3
X

Ni x ~i ÿ

i1
3
X
i1

Ni x ~i ÿ

3
X
i1
3
X
i1

~i  0
Ni0 x w
4:110
~i  0
Ni0 x w

where
Ni x   Ni xjx  x

and

Ni0 x  



dNi
dx x  x

~3 and ~3 . Writing Eqs (4.110) explicitly
Equations (4.110) can be used to eliminate w
we have
 
 
 
~3
~1
~2
w
w
w
A3 ~
 A1 ~
 A2 ~
4:111
3
1
2
where

"
Ai 

Ni x  ÿ Ni0 x 
Ni x  ÿ Ni0 x 

#

Substitution of the above into Eq. (4.108) results directly in shape functions from
which the centre node has been eliminated, that is,
 
  X
2
~i
w
w

Ni ~
4:112


i
i1
with
 i  Ni I  Aÿ1
N
3 Ai
where I is a 2  2 identity matrix.
If these functions are used for a beam, we arrive at an element that is convergent.
Indeed, in the particular case where x and x are chosen to coincide with the two
Gauss quadrature points the element stiness coincides with that given by a

Discrete Kirchhoff constraints

displacement formulation involving a cubic w interpolation. In fact, the agreement is
exact for a uniform beam.
For two-dimensional plate elements the situation is a little more complex, but if we
imagine x to coincide with the direction tangent to an element side, precisely identical
elimination enforces complete compatibility along an element side when both gradients
of w are speci®ed at the ends. However, with discrete imposition of the constraints it is
Virgin
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Fig. 4.26 A series of discrete Kirchhoff theory (DKT)-type elements of quadrilateral type.
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not clear a priori that convergence will always occur ± though, of course, one can argue
heuristically that collocation applied in numerous directions should result in an acceptable element. Indeed, patch tests turn out to be satis®ed by most elements in which the
w interpolation (and hence the @w=@s interpolation) have C0 continuity.
The constraints frequently applied in practice involve the use of line or subdomain
collocation to increase their number (which must, of course, always be less than the
number of remaining variables) and such additional constraint equations as


@w
Iÿ 
ÿ s ds  0
ÿe @s


@w
ÿ x d  0
4:113
I x
@x
e


@w
ÿ y d  0
I y
@y
e
are frequently used. The algebra involved in the elimination is not always easy and the
reader is referred to original references for details pertaining to each particular element.
The concept of discrete Kirchho constraints was ®rst introduced by Wempner
et al.,92 Stricklin et al.,59 and Dhatt60 in 1968±69, but it has been applied extensively
since.93ÿ103 In particular, the 9 degree-of-freedom triangle93;94 and the complex semiloof element of Irons96 are elements which have been successfully used.
Figure 4.26 illustrates some of the possible types of quadrilateral elements achieved
in these references.

4.19 Rotation-free elements
It is possible to construct elements for thin plates in terms of transverse displacement
parameters alone. Nay and Utku used quadratic displacement approximation and minimum potential energy to construct a least-square ®t for an element con®guration shown
in Fig. 4.27(a).104 The element is non-conforming but passes the patch test and therefore
is an admissible form. An alternative, mixed ®eld, construction is given by OnÄate and
ZaÂrate for a composite element constructed from linear interpolation on each
triangle.105 In this work a mixed variational principle is used together with a special
approximation for the curvature. We summarize here the steps in the better approach.
A three-®eld mixed variational form for a thin plate problem based on the Hu±
Washizu functional may be written as


1
2

A

jT D j dA ÿ

A

MT  Lrw ÿ j dA ÿ

A

w q dA  bt

4:114

where now j and M are mixed variables to be approximated, Lrw are again second
derivatives of displacement w given in Eq. (4.20) and integration is over the area of
the plate middle surface. Variation of Eq. (4.114) with respect to j gives the discrete
constitutive equation
Ae

jT D j ÿ M dA  0

4:115

Rotation-free elements
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Fig. 4.27 Elements for rotation-free thin plates: (a) patch for Nay and Utku procedure104 BPT triangle; and (b)
patch for BPN triangle.105

where Ae is the domain of the patch for the element. Two alternatives for Ae are
considered in reference 105 and named BPT and BPN as shown in Figs 4.27(a) and
4.27(b), respectively. For the BPT form the integration is taken over the area of the
element `ijk' with area Ap and boundary ÿp . For the type BPN integration is over
the more complex area Ai with boundary ÿi . Each, however, are simple to construct.
Similarly, variation of Eq. (4.114) with respect to moment gives the discrete curvature
relation
Ae

MT  Lrw ÿ j dA  0

4:116

Finally, the equilibrium equations are obtained from the variation with respect to the
displacement, and are expressed as
Ae

 LrwT M dA ÿ

Ae

w q dif dA  bt  0

4:117

A ®nite element approximation may be constructed in the standard manner by
writing
~ i ; j  Ni j
~i and w  Niw w
~i
M  Nim M
4:118
The simplest approximations are for Nim  Ni  1 and linear interpolation over each
triangle for Niw . Equation (4.115) is easily evaluated; however, the other two integrals
have apparent diculty since a linear interpolation yields zero derivatives within each
triangle. Indeed the curvature is now concentrated in the `kinks' which occur between
contiguous triangles. To obtain discrete approximations to the curvature changes an
integration by parts is used (see Green's theorem, Appendix G of Volume 1) to rewrite
Eq. (4.116) as
Ae

MT j dA 

ÿe

MT grw dÿ  0

4:119
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where

2

nx

6
g4 0
ny

0

3

ny 7
5
nx
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is a matrix of the direction cosines for an outward pointing normal vector n to the
boundary ÿe and
(
)
w;x
rw 
4:121
w;y
In these expressions ÿe is the part of the boundary within the area of integration Ae .
Thus, for the element type BPT it is just the contour ÿp as shown in Fig. 4.27(a). For
the element type BPN no slope discontinuity occurs on the boundary ÿi shown in
Fig. 4.27(b); however, it is necessary to integrate along the half sides of each triangle
within the patch bounded by ÿi . The remainder of the derivation is now straightforward and the reader is referred to reference 105 for additional details and results.
In this paper results are also presented for thin shells.
We note that the type of element discussed in this section is quite dierent from
those presented previously in that nodes exist outside the boundary of the element.
Thus, the de®nition of an element and the assembly process are somewhat dierent.
In addition, boundary conditions need some special treatments to include in a general
manner.105 Because of these dierences we do not consider additional members in this
family. We do note, however, that for explicit dynamic programs some advantages
occur since no rotation parameters need be integrated. Results for thin shells
subjected to impulsive loading are particularly noteworthy.105

4.20 Inelastic material behaviour
The preceding discussion has assumed the plate to be a linear elastic material. In
many situations it is necessary to consider a more general constitutive behaviour in
order to represent the physical problem correctly. For thin plates, only the bending
and twisting moment are associated with deformations and are related to the local
stresses through
9
9
8
8
x >
>
>
=
=
< Mx >
<
t=2
My
y z dz
ÿ
4:122
M
>
>
>
ÿt=2 >
;
;
:
:
Mxy
xy
Any of the material models discussed in Chapter 3 which have symmetric stress
behaviour with respect to strains may be used in plate analysis provided an appropriate
plane stress form is available. The symmetry is necessary to avoid the generation of inplane force resultants ± which are assumed to decouple from the bending behaviour.
If such conditions do not exist it is necessary to use a shell formulation as described in
Chapters 6±9.

Inelastic material behaviour

In practice two approaches are considered ± one dealing with the individual lamina
using local stress components x , y and xy and the other using plate resultant forces
Mx , My and Mxy directly.

4.20.1 Numerical integration through thickness
The most direct approach is to use a plane stress form of the stress±strain relation and
perform the through-thickness integration numerically. In order to capture the
maximum stresses at the top and bottom of the plate it is best to use Gauss±
Lobatto-type quadrature formulae106 where integrals are approximated by
1
ÿ1

f  d  f ÿ1W1 

N
ÿ1
X
n2

f n  Wn  f 1WN

4:123

These formula dier from the typical gaussian quadrature considered previously
and use the end points on the interval directly. This allows computation of ®rst
yield to be more accurate. The values of the parameters n and Wn are given in
Table 4.4 up to the six-point formula. Parameters for higher-order formulae may
be found in reference 106.
Noting that the strain components in plates [see Eq. (4.10)] are asymmetric with
respect to the middle surface of the plate and that the z coordinate is also asymmetric
we can compute the plate resultants by evaluating only half the integral. Accordingly,
we may use
9
9
8
8
>
> >
=
< Mx >
t=2 < x =
My
y z dz
 ÿ2
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and here a six-point formula or less will generally be sucient to compute integrals.
Equation (4.29) is replaced by the non-linear equation given as
~  f ÿ
w

BT M d

0

4:125

Table 4.4 Gauss±Lobbato quadrature points and weights
N

n

Wn

3

1.0
0.0
p1.0

0:2
p1.0

3=7
0.0
1.0
p

pt1
t2p
t0  7

1/3
4/3
1/6
5/6
0.1
49/90
64/90
1/15
0:6=t1 1 ÿ t0 2 
0:6=t2 1 ÿ t0 2 
t1  7  2t0 =21
t2  7 ÿ 2t0 =21

4
5
6
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The solution process (for a static case) may now proceed by using, for instance, a
Newton±Raphson scheme in which the tangent moduli for the plate are obtained
by using the tangent moduli for the stress components as
9
8
>

=  t=2
< d Mx >
ps
d My
 2
dM 
DT z2 dz Lr dw  DT Lr dw
4:126
>
>
0
;
:
d Mxy
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where DT z is the tangent modulus matrix of a plane stress material model at
each lamina level z, and DT is the resulting bending tangent stiness matrix of the
plate.
The Newton±Raphson iteration for the displacement increment is computed as
k

~ k 
KT d w

k

4:127

with iterative updates
~ k  d w
~ k
~ k1  w
w

4:128

until a suitable convergence criterion is satis®ed. This follows precisely methods
previously de®ned for solids.

4.20.2 Resultant constitutive models
A resultant yield function for plates with Huber±von Mises-type material is given by107
ÿ

2
F M  Mx2  My2 ÿ Mx My  3Mxy
4:129
ÿ Mu2  4 0
where  is an `isotropic' hardening parameter and Mu denotes a uniaxial yield
moment and which for homogeneous plates is generally given by
Mu  14 t2 y 

4:130

in which y is the material uniaxial yield stress in tension (and compression). We
observe that, in the absence of hardening, Mu is the moment that exists when the
entire cross section is at a yield stress.

4.21 Concluding remarks ± which elements?
The extensive bibliography of this chapter outlining the numerous approaches
capable of solving the problems of thin, Kirchho, plate ¯exure shows both the
importance of the subject in structural engineering ± particularly as a preliminary
to shell analysis ± and the wide variety of possible approaches. Indeed, only part
of the story is outlined here, as the next chapter, dealing with thick plate formulation,
presents many practical alternatives of dealing with the same problem.
We hope that the presentation, in addition to providing a guide to a particular
problem area, is useful in its direct extension to other ®elds where governing
equations lead to C1 continuity requirements.

References

Users of practical computer programs will be faced with a problem of `which
element' is to be used to satisfy their needs. We have listed in Table 4.3 some of the
more widely known simple elements and compared their performance in Fig. 4.16.
The choice is not always unique, and much more will depend on preferences and
indeed extensions desired. As will be seen in Chapter 6 for general shell problems,
triangular elements are an optimal choice for many applications and con®gurations.
Further, such elements are most easily incorporated if adaptive mesh generation is to
be used for achieving errors of predetermined magnitude.
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5
`Thick' Reissner±Mindlin plates ±
irreducible and mixed formulations
5.1 Introduction
We have already introduced in Chapter 4 the full theory of thick plates from which
the thin plate, Kirchho, theory arises as the limiting case. In this chapter we shall
show how the numerical solution of thick plates can easily be achieved and how, in
the limit, an alternative procedure for solving all problems of Chapter 4 appears.
To ensure continuity we repeat below the governing equations [Eqs (4.13)±(4.18),
or Eqs (4.87)±(4.90)]. Referring to Fig. 4.3 of Chapter 4 and the text for de®nitions,
we remark that all the equations could equally well be derived from full threedimensional analysis of a ¯at and relatively thin portion of an elastic continuum
illustrated in Fig. 5.1. All that it is now necessary to do is to assume that whatever
form of the approximating shape functions in the xy plane those in the z direction
are only linear. Further, it is assumed that z stress is zero, thus eliminating the
eect of vertical strain. The ®rst approximations of this type were introduced
quite early1;2 and the elements then derived are exactly of the Reissner±Mindlin
type discussed in Chapter 4.
The equations from which we shall start and on which we shall base all subsequent
discussion are thus
M ÿ DLh  0

5:1

LT M  S  0

5:2

S  h ÿ rw  0

5:3

[see Eqs (4.13) and (4.87)],

[see Eqs (4.18) and (4.89)],
1
where

  G t is the shear rigidity [see Eqs (4.15) and (4.88)] and
rT S  q  0



Reissner includes the eect of z in bending but, for simplicity, this is disregarded here.

5:4
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Fig. 5.1 An isoparametric three-dimensional element with linear interpolation in the transverse (thickness)
direction and the `thick' plate element.

[see Eqs (4.17) and (4.90)]. In the above the moments M, the transverse shear forces S,
and the elastic matrices D are as de®ned in Chapter 4, and
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de®nes the strain-displacement operator on rotations h, and its transpose the equilibrium operator on moments, M. Boundary conditions are of course imposed on w
and h or the corresponding plate forces Sn , Mn , Mns in the manner discussed in
Sec. 4.2.2.
It is convenient to eliminate M from Eqs (5.1)±(5.4) and write the system of three
equations [Eqs (4.91)±(4.93)] as
1

LT D L h  S  0

5:6

S  h ÿ rw  0

5:7

rT S  q  0

5:8

This equation system can serve as the basis on which a mixed discretization is built ±
or alternatively can be reduced further to yield an irreducible form. In Chapter 4 we

Introduction

have dealt with the irreducible form which is given by a fourth-order equation in
terms of w alone and which could only serve for solution of thin plate problems,
that is, when  1 [Eq. (4.21)]. On the other hand, it is easy to derive an alternative
irreducible form which is valid only if 6 1. Now the shear forces can be eliminated
yielding two equations;
LT D L h 
rT 

r w ÿ h  0

5:9

r w ÿ h   q  0

5:10

This is an irreducible system corresponding to minimization of the total potential
energy


1
2

L h T D L h d 

1
2

ÿ

w q d  bt  minimum

r w ÿ h T

r w ÿ h d
5:11

as can easily be veri®ed. In the above the ®rst term is simply the bending energy and
the second the shear distortion energy [see Eq. (4.103)].
Clearly, this irreducible system is only possible when 6 1, but it can, obviously,
be interpreted as a solution of the potential energy given by Eq. (4.103) for `thin'
plates with the constraint of Eq. (4.104) being imposed in a penalty manner with
being now a penalty parameter. Thus, as indeed is physically evident, the thin plate
formulation is simply a limiting case of such analysis.
We shall see that the penalty form can yield a satisfactory solution only when
discretization of the corresponding mixed formulation satis®es the necessary convergence criteria.
The thick plate form now permits independent speci®cation of three conditions at
each point of the boundary. The options which exist are:
w

or

Sn

n
s

or
or

Mn
Mns

in which the subscript n refers to a normal direction to the boundary and s a
tangential direction. Clearly, now there are many combinations of possible boundary
conditions.
A `®xed' or `clamped' situation exists when all three conditions are given by
displacement components, which are generally zero, as
w  n  s  0
and a free boundary when all conditions are the `resultant' components
Sn  Mn  Mns  0
When we discuss the so-called simply supported conditions (see Sec. 4.2.2), we shall
usually refer to the speci®cation
w0

and

Mn  Mns  0
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as a `soft' support (and indeed the most realistic support) and to
w0

Mn  0

and

s  0

as a `hard' support. The latter in fact replicates the thin plate assumptions and,
incidentally, leads to some of the diculties associated with it.
Finally, there is an important dierence between thin and thick plates when
`point' loads are involved. In the thin plate case the displacement w remains ®nite
at locations where a point load is applied; however, for thick plates the presence
of shearing deformation leads to an in®nite displacement (as indeed threedimensional elasticity theory also predicts). In ®nite element approximations one
always predicts a ®nite displacement at point locations with the magnitude increasing without limit as a mesh is re®ned near the loads. Thus, it is meaningless to compare the de¯ections at point load locations for dierent element formulations and
we will not do so in this chapter. It is, however, possible to compare the total
strain energy for such situations and here we immediately observe that for cases
in which a single point load is involved the displacement provides a direct measure
for this quantity.

5.2 The irreducible formulation ± reduced integration
The procedures for discretizing Eqs (5.9) and (5.10) are straightforward. First, the
two displacement variables are approximated by appropriate shape functions and
parameters as
h  N ~
h

and

~
w  Nw w

5:12

We recall that the rotation parameters h may be transformed into physical rotations
about the coordinate axes, ^
h, [see Fig. 4.7], using


0 1
^
h  T h where T 
5:13
ÿ1 0
These are often more convenient for calculations and are essential in shell developments. The approximation equations now are obtained directly by the use of the
total potential energy principle [Eq. (5.11)], the Galerkin process on the weak form,
or by the use of virtual work expressions. Here we note that the appropriate generalized strain components, corresponding to the moments M and shear forces S, are
em  L h  LN  ~h

5:14

~ ÿ N ~h
es  r w ÿ h  rNw w

5:15

and

We thus obtain the discretized problem
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The irreducible formulation ± reduced integration

and


ÿ

or simply
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where the arrays are de®ned by
Ksww 

rNw T rNw d

Ksw  ÿ
Ks
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NT rNw d
NT

 Ksw T
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N d

LN T D LN d

and forces are given by
fw 

NTw q d 

f 

 dÿ
NT M

ÿm

ÿs

NTw Sn dÿ
5:20

 is the prescribed moment on
where Sn is the prescribed shear on boundary ÿs , and M
boundary ÿm .
The formulation is straightforward and there is little to be said about it a priori.
Since the form contains only ®rst derivatives apparently any C0 shape functions of
a two-dimensional kind can be used to interpolate the two rotations and the lateral
displacement. Figure 5.2 shows some rectangular (or with isoparametric distortion,
quadrilateral) elements used in the early work.1ÿ3 All should, in principle, be convergent as C0 continuity exists and constant strain states are available. In Fig. 5.3 we
show what in fact happens with a fairly ®ne subdivision of quadratic serendipity
and lagrangian rectangles as the ratio of thickness to span, t=L, varies.
We note that the magnitude of the coecient is best measured by the ratio of the
bending to shear rigidities and we could assess its value in a non-dimensional form.
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L

Node with two rotation
parameters θ
Node with one lateral
displacement parameter w

QS

QL

QH

Fig. 5.2 Some early thick plate elements.
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2 x 2 Gaussian integration of all terms
3 x 3 Gaussian integration of all terms

Simply supported
0.0044
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Clamped edge

0.0016
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Exact thin plate
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Clamped edge

Exact thin plate
solution 0.00127
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2 x 2 Gaussian integration of all terms
3 x 3 Gaussian integration of all terms

Fig. 5.3 Performance of (a) quadratic serendipity (QS) and (b) Lagrangian (QL) elements with varying span-tothickness L=t, ratios, uniform load on a square plate with 4  4 normal subdivisions in a quarter. R is reduced
2  2 quadrature and N is normal 3  3 quadrature.
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wc D/qL4

Simply supported
0.0044
0.0043
0.0042
0.0041
0.0040
0.0039
0.0038
0.0037
101
L-R
L-N

0.0016
0.0015
0.0014
Exact thin plate
solution 0.00406 0.0013
0.0012
0.0011
0.0010
0.0009
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L/t

Clamped edge

Exact thin plate
solution 0.00127
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L/t

103

104

2 x 2 flexure integration – 1 x 1 shear integration
2 x 2 integration of all terms – this gives poor results,
and diverges rapidly as L/t increases

Fig. 5.4 Performance of bilinear elements with varying span-to-thickness, L=t, values.

Thus, for an isotropic material with

 Gt this ratio becomes
 2
12 1 ÿ  2  GtL2
L
/
t
Et3

5:21

Obviously, `thick' and `thin' behaviour therefore depends on the L=t ratio.
It is immediately evident from Fig. 5.3 that, while the answers are quite good for
smaller L=t ratios, the serendipity quadratic fully integrated elements (QS) rapidly
depart from the thin plate solution, and in fact tend to zero results (locking) when
this ratio becomes large. For lagrangian quadratics (QL) the answers are better,
but again as the plate tends to be thin they are on the small side.
The reason for this `locking' performance is similar to the one we considered for the
nearly incompressible problem in Chapters 11 and 12 of Volume 1. In the case of plates
the shear constraint implied by Eq. (5.7), and used to eliminate the shear resultant, is too
strong if the terms in which this is involved are fully integrated. Indeed, we see that the
eect is more pronounced in the serendipity element than in the lagrangian one. In early
work the problem was thus mitigated by using a reduced quadrature, either on all terms,
which we label R in the ®gure,4;5 or only on the oending shear terms selectively6;7
(labelled S). The dramatic improvement in results is immediately noted.
The same improvement in results is observed for linear quadrilaterals in which the
full (exact) integration gives results that are totally unacceptable (as shown in
Fig. 5.4), but where a reduced integration on the shear terms (single point) gives
excellent performance,8 although a carefull assessment of the element stiness
shows it to be rank de®cient in an `hourglass' mode in transverse displacements.
(Reduced integration on all terms gives additional matrix singularity.)
A remedy thus has been suggested; however, it is not universal. We note in Fig. 5.3
that even without reduction of integration order, lagrangian elements perform better
in the quadratic expansion. In cubic elements (Fig. 5.5), however, we note that (a)
almost no change occurs when integration is `reduced' and (b), again, lagrangiantype elements perform very much better.
Many heuristic arguments have been advanced for devising better elements,9ÿ12 all
making use of reduced integration concepts. Some of these perform quite well, for
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0.0044
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0.0040
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solution 0.00127
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Simply supported
0.0044
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0.0042
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3 x 3 Gaussian integration of all terms
4 x 4 Gaussian integration of all terms

Fig. 5.5 Performance of cubic quadrilaterals: (a) serendipity (QS) and (b) lagrangian (QL) with varying span-tothickness, L=t, values.

example the so-called `heterosis' element of Hughes and Cohen9 illustrated in Fig. 5.3 (in
which the serendipity type interpolation is used on w and a lagrangian one on h), but all of
the elements suggested in that era fail on some occasions, either locking or exhibiting singular behaviour. Thus such elements are not `robust' and should not be used universally.
A better explanation of their failure is needed and hence an understanding of how
such elements could be designed. In the next section we shall address this problem by
considering a mixed formulation. The reader will recognize here arguments used in
Volume 1 which led to a better understanding of the failure of some straightforward
elasticity elements as incompressible behaviour was approached. The situation is
completely parallel here.

5.3 Mixed formulation for thick plates
5.3.1 The approximation
The problem of thick plates can, of course, be solved as a mixed one starting
from Eqs (5.6)±(5.8) and approximating directly each of the variables h, S and w

Mixed formulation for thick plates

independently. Using Eqs (5.6)±(5.8), we construct a weak form as


w rT S  q d  0


hT LT D L h  S d
T



S

1


S  h ÿ rw d

0

5:22

0

We now write the independent approximations, using the standard Galerkin procedure,
as
~
~
w  Nw w
and
S  Ns S
h  N ~h
5:23
~
~
h  N ~h
and
S  Ns S
w  Nw w
though, of course, other interpolation forms can be used, as we shall note later.
After appropriate integrations by parts of Eq. (5.22), we obtain the discrete
symmetric equation system (changing some signs to obtain symmetry)
2
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Hÿ
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1
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Ns d

and where fw and f are as de®ned in Eq. (5.20).
The above represents a typical three-®eld mixed problem of the type discussed in
Sec. 11.5.1 of Volume 1, which has to satisfy certain criteria for stability of approximation as the thin plate limit (which can now be solved exactly) is approached.
For this limit we have
1
and
H0
5:26
In this limiting case it can readily be shown that necessary criteria of solution stability
for any element assembly and boundary conditions are that
n  nw
n  nw 5 ns
or
51
5:27
P 
ns
and
ns
ns 5 n w
or
51
5:28
P 
nw
~ and w
~ parameters in Eqs (5.23).
h, S
where n , ns and nw are the number of ~
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When the necessary count condition is not satis®ed then the equation system will be
singular. Equations (5.27) and (5.28) must be satis®ed for the whole system but, in
addition, they need to be satis®ed for element patches if local instabilities and oscillations are to be avoided.13ÿ15
The above criteria will, as we shall see later, help us to design suitable thick plate
elements which show convergence to correct thin plate solutions.

5.3.2 Continuity requirements
The approximation of the form given in Eqs (5.24) and (5.25) implies certain continuities. It is immediately evident that C0 continuity is needed for rotation shape
functions N (as products of ®rst derivatives are present in the approximation), but
that either Nw or Ns can be discontinuous. In the form given in Eq. (5.25) a C0
approximation for w is implied; however, after integration by parts a form for C0
approximation of S results. Of course, physically only the component of S normal
to boundaries should be continuous, as we noted also previously for moments in
the mixed form discussed in Sec. 4.16.
In all the early approximations discussed in the previous section, C0 continuity was
assumed for both h and w variables, this being very easy to impose. We note that such
continuity cannot be described as excessive (as no physical conditions are violated),
but we shall show later that very successful elements also can be generated with
discontinuous w interpolation (which is indeed not motivated by physical considerations).
For S it is obviously more convenient to use a completely discontinuous interpolation as then the shear can be eliminated at the element level and the ®nal stiness
~ terms for element boundary nodes. We
matrices written simply in standard ~h, w
shall show later that some formulations permit a limit case where ÿ1 is identically
zero while others require it to be non-zero.
The continuous interpolation of the normal component of S is, as stated above,
physically correct in the absence of line or point loads. However, with such interpola~ is not possible and the retention of such additional system
tion, elimination of S
variables is usually too costly to be used in practice and has so far not been adopted.
However, we should note that an iterative solution process applicable to mixed forms
described in Sec. 11.6 of Volume 1 can reduce substantially the cost of such additional
variables.16

5.3.3 Equivalence of mixed forms with discontinuous S
interpolation and reduced (selective) integration
The equivalence of penalized mixed forms with discontinuous interpolation of the
constraint variable and of the corresponding irreducible forms with the same penalty
variable was demonstrated in Sec. 12.5 of Volume 1 following work of Malkus and
Hughes for incompressible problems.17 Indeed, an exactly analogous proof can be
used for the present case, and we leave the details of this to the reader; however,
below we summarize some equivalencies that result.

The patch test for plate bending elements
(
Irreducible – with
shear integration
at 2 x 2 Gauss points

= two S variables)

=

Mixed – discontinuous
shear interpolation
with shear nodes
at 2 x 2 Gauss points

Fig. 5.6 Equivalence of mixed form and reduced shear integration in quadratic serendipity rectangle.

Thus, for instance, we consider a serendipity quadrilateral, shown in Fig. 5.6(a), in
which integration of shear terms (involving ) is made at four Gauss points (i.e. 2  2
reduced quadrature) in an irreducible formulation [see Eqs (5.16)±(5.20)], we ®nd that
the answers are identical to a mixed form in which the S variables are given by a
bilinear interpolation from nodes placed at the same Gauss points.
This result can also be argued from the limitation principle ®rst given by Fraeijs de
Veubeke.18 This states that if the mixed form in which the stress is independently
interpolated is precisely capable of reproducing the stress variation which is given
in a corresponding irreducible form then the analysis results will be identical. It is
clear that the four Gauss points at which the shear stress is sampled can only
de®ne a bilinear variation and thus the identity applies here.
The equivalence of reduced integration with the mixed discontinuous interpolation
of S will be useful in our discussion to point out reasons why many elements
mentioned in the previous section failed. However, in practice, it will be found equally
convenient (and often more eective) to use the mixed interpolation explicitly and
eliminate the S variables by element-level condensation rather than to use special
integration rules. Moreover, in more general cases where the material properties
lead to coupling between bending and shear response (e.g. elastic±plastic behaviour)
use of selective reduced integration is not convenient. It must also be pointed out
that the equivalence fails if varies within an element or indeed if the isoparametric
mapping implies dierent interpolations. In such cases the mixed procedures are
generally more accurate.

5.4 The patch test for plate bending elements
5.4.1 Why elements fail
The nature and application of the patch test have changed considerably since its early
introduction. As shown in references 13±15 and 19±23 (and indeed as discussed in
Chapters 10±12 of Volume 1 in detail), this test can prove, in addition to consistency
requirements (which were initially the only item tested), the stability of the approximation by requiring that for a patch consisting of an assembly of one or more elements the
stiness matrices are non-singular whatever the boundary conditions imposed.
To be absolutely sure of such non-singularity the test must, at the ®nal stage, be
performed numerically. However, we ®nd that the `count' conditions given in
Eqs (5.27) and (5.28) are necessary for avoiding such non-singularity. Frequently,
they also prove sucient and make the numerical test only a ®nal con®rmation.14;15
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Relaxed

Constrained

αR = (24–3)/8 = 21/8
βR = 8/(8–1) = 8/7

αC = 0/8 (F)
βC = 8/0

Boundaries constrained
F Failure

(a)

Only 3 DOF
constrained
on this boundary

Boundaries constrained

αC = 15/32 (F)
βC = 32/5

αR = (63–3)/32 = 60/32
βR = 32/20

(b)

Fig. 5.7 `Constrained' and `relaxed' patch test/count for serendipity (quadrilateral). (In the C test all boundary
displacements are ®xed. In the R test only three boundary displacements are ®xed, eliminating rigid body
modes.) (a) Single-element test; (b) four-element test.

We shall demonstrate how the simple application of such counts immediately indicates which elements fail and which have a chance of success. Indeed, it is easy to
show why the original quadratic serendipity element with reduced integration (QSR) is not robust.
In Fig. 5.7 we consider this element in a single-element and four-element patch
subjected to so-called constrained boundary conditions, in which all displacements
on the external boundary of the patch are prescribed and a relaxed boundary condition in which only three displacements (conveniently two 's and one w) eliminate the
rigid body modes. To ease the presentation of this ®gure, as well as in subsequent
tests, we shall simply quote the values of P and P parameters as de®ned in
Eqs (5.27) and (5.28) with subscript replaced by C or R to denote the constrained
or relaxed tests, respectively. The symbol F will be given to any failure to satisfy
the necessary condition. In the tests of Fig. 5.7 we note that both patch tests fail
with the parameter C being less than 1, and hence the elements will lock under
certain circumstances (or show a singularity in the evaluation of S). A failure in the
relaxed tests generally predicts a singularity in the ®nal stiness matrix of the assembly, and this is also where frequently computational failures have been observed.
As the mixed and reduced integration elements are identical in this case we see
immediately why the element fails in the problem of Fig. 5.3 (more severely under
clamped conditions). Indeed, it is clear why in general the performance of lagrangian-type elements is better as it adds further degrees of freedom to increase n
(and also nw unless heterosis-type interpolation is used).9
In Table 5.1 we show a list of the P and P values for single and four element
patches of various rectangles, and again we note that none of these satis®es
completely the necessary requirements, and therefore none can be considered

The patch test for plate bending elements
Table 5.1 Quadrilateral mixed elements: patch count
Element

Reference

Single element patch
C

C

Four element patch

R

R

C

C

R

R

I
Q8S44

0
8

8
0

21
8

8
7

15
32

32
5

60
32

32
20

3
8

8
1

16
8

8
8

27
32

32
9

72
32

32
20

2
8

8
0

15
8

8
7

23
32

32
5

68
32

32
20

0
18

18
0

23
18

18
11

27
72

72
9

96
72

72
32

12
18

18
4

45
18

18
15

75
72

72
25

150
72

72
50

0
2

2
0

9
2

2
3

3
8

8
1

24
8

8
8

Q4S1B126
Q4S1B1L26;27

2
2

2
0

11
2

2
3

11
8

8
1

32
8

8
8

Q4S2B2L28

4
4

4
0

13
4

4
4

19
16

16
1

40
16

16
8

(F)
Q9S46;7

(F)
Q9HS49

(F)
Q12S94

(F)

Q16S925

(F)
Q4S14;7;8

(F)

(F)

(F)

(F)

(F)

(F)

(F)

II

F

(F)

Failure to satisfy necessary conditions.

robust. However, it is interesting to note that the elements closest to satisfaction of
the count perform best, and this explains why the heterosis elements24 are quite
successful and indeed why the lagrangian cubic is nearly robust and often is used
with success.25
Of course, similar approximation and counts can be made for various triangular
elements. We list some typical and obvious ones, together with patch test counts,
in the ®rst part of Table 5.2. Again, none perform adequately and all will result in
locking and spurious modes in ®nite element applications.
We should note again that the failure of the patch test (with regard to stability)
means that under some circumstances the element will fail. However, in many problems a reasonable performance can still be obtained and non-singularity observed in
its performance, providing consistency is, of course, also satis®ed.
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Table 5.2 Triangular mixed elements: patch count
Element

Reference

Single element patch
C

C

Six element patch

R

R

C

C

R

R

I
0
2

2
0

6
2

2
2

3
12

12
1

18
12

12
6

0
6

6
0

15
6

6
5

21
36

36
7

54
36

36
18

3
6

6
6

27
6

6
9

57
36

36
19

108
36

36
36

2
2

2
0

17
2

2
5

33
12

12
7

66
12

12
18

T6S3B315

6
6

6
0

21
6

6
5

75
36

36
7

108
36

36
18

T3S1B1L29

2
2

2
0

8
2

2
2

20
12

12
6

35
12

12
11

T3S1B1A30

2
2

2
0

8
2

2
2

15
12

12
1

30
12

12
6

T3S1

(F)
T6S3

(F)
T10S3

(F)

(F)

(F)

(F)

II
T6S1B1

F

(F)

(F)

Failure to satisfy necessary conditions.

Numerical patch test

While the `count' condition of Eqs (5.27) and (5.28) is a necessary one for stability of
patches, on occasion singularity (and hence instability) can still arise even with its
satisfaction. For this reason numerical tests should always be conducted ascertaining
the rank suciency of the stiness matrices and also testing the consistency condition.
In Chapter 10 of Volume 1 we discussed in detail the consistency test for irreducible
forms in which a single variable set u occurred. It was found that with a second-order
operator the discrete equations should satisfy at least the solution corresponding to a
linear ®eld u exactly, thus giving constant strains (or ®rst derivatives) and stresses. For
the mixed equation set [Eqs (5.6)±(5.8)] again the lowest-order exact solution that has
to be satis®ed corresponds to:
1. constant values of moments or Lh and hence a linear h ®eld;
2. linear w ®eld;
3. constant S ®eld.
The exact solutions for which plate elements commonly are tested and where full
satisfaction of nodal equations is required consist of:

Elements with discrete collocation constraints

1. arbitrary constant M ®elds and arbitrary linear h ®elds with zero shear forces (S  0);
here a quadratic w form is assumed still yielding an exact ®nite element solution;
2. constant S and linear w ®elds yielding a constant h ®eld. The solution requires a
distributed couple on the right-hand side of Eq. (5.6) and this was not included
in the original formulation. A simple procedure is to disregard the satisfaction
of the moment equilibrium in this test. This may be done simply by inserting a
very large value of the bending rigidity D.

5.4.2 Design of some useful elements
The simple patch count test indicates how elements could be designed to pass it, and
thus avoid the singularity (instability). Equation (5.28) is always trivial to satisfy for
elements in which S is interpolated independently in each element. In a single-element
~ degree-of-freedom to prevent rigid
test it will be necessary to restrain at least one w
body translations. Thus, the minimum number of terms which can be included in S
~ parameters in each element.
for each element is always one less than the number of w
As patches with more than one element are constructed the number of w parameters
will increase proportionally with the number of nodes and the number of shear
constraints increase by the number of elements. For both quadrilateral and triangular
elements the requirement that ns 5 nw ÿ 1 for no boundary restraints ensures that
Eq. (5.28) is satis®ed on all patches for both constrained and relaxed boundary
conditions. Failure to satisfy this simple requirement explains clearly why certain
of the elements in Tables 5.1 and 5.2 failed the single-element patch test for the
relaxed boundary condition case.
Thus, a successful satisfaction of the count condition requires now only the consideration of Eq. (5.27). In the remainder of this chapter we will discuss two approaches
which can successfully satisfy Eq. (5.27). The ®rst is the use of discrete collocation constraints in which Eq. (5.7) is enforced at preselected points on the boundary and occasionally in the interior of elements. Boundary constraints are often `shared' between
two elements and thus reduce the rate at which ns increases. The other approach is
to introduce bubble or enhanced modes for the rotation parameters in the interior of
elements. Here, for convenience, we refer to both as a `bubble mode' approach. The
inclusion of at least as many bubble modes as shear modes will automatically satisfy
Eq. (5.27). This latter approach is similar to that used in Sec. 12.7 of Volume 1 to
stabilize elements for solving the (nearly) incompressible problem and is a clear violation of `intuition' since for the thin plate problem the rotations appear as derivatives of
w. Its use in this case is justi®ed by patch counts and performance.

5.5 Elements with discrete collocation constraints
5.5.1 General possibilities of discrete collocation constraints ±
quadrilaterals
The possibility of using conventional interpolation to achieve satisfactory performance of mixed-type elements is limited, as is apparent from the preceding discussion.
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Fig. 5.8 Collocation constraints on a bilinear element: independent interpolation of Sx and Sy .

One feasible alternative is that of increasing the element order, and we have already
observed that the cubic lagrangian interpolation nearly satis®es the stability requirement and often performs well.2;7;25 However, the complexity of the formulation is
formidable and this direction is not often used.
A dierent approach uses collocation constraints for the shear approximation [see
Eq. (5.7)] on the element boundaries, thus limiting the number of S parameters and
making the patch count more easily satis®ed. This direction is indicated in the
work of Hughes and Tezduyar,31 Bathe and co-workers,32;33 and Hinton and
Huang,34;35 as well as in generalizations by Zienkiewicz et al.,36 and others.37ÿ44
The procedure bears a close relationship to the so-called DKT (discrete Kirchho
theory) developed in Chapter 4 (see Sec. 4.18) and indeed explains why these, essentially thin plate, approximations are successful.
The key to the discrete formulation is evident if we consider Fig. 5.8, where a simple
bilinear element is illustrated. We observe that with a C0 interpolation of h and w, the
shear strain
x



@w
ÿ x
@x

5:29

is uniquely determined at any point of the side 1±2 (such as point I, for instance) and
that hence [by Eq. (5.3)]
Sx 

x

5:30

is also uniquely determined there.
Thus, if a node specifying the shear resultant distribution were placed at that point
and if the constraints [or satisfaction of Eq. (5.3)] were only imposed there, then
1. the nodal value of Sx would be shared by adjacent elements (assuming continuity
of );

Elements with discrete collocation constraints

~ values were constrained
2. the nodal values of Sx would be prescribed if the ~h and w
as they are in the constrained patch test.
Indeed if , the shear rigidity, were to vary between adjacent elements the values of Sx
would only dier by a multiplying constant and arguments remain essentially the
same.
The prescription of the shear ®eld in terms of such boundary values is simple. In the
case illustrated in Fig. 5.8 we interpolate independently
~x
Sx  Nsx S

and

~y
Sy  Nsy S

5:31

using the shape functions
Nsx 

1
 y ÿ yIII ;
yI ÿ yIII

Nsy 

1
 x ÿ xIV ; xII ÿ x 
xII ÿ xIV

yI ÿ y 
5:32

as illustrated. Such an interpolation, of course, de®nes Ns of Eq. (5.23).
The introduction of the discrete constraint into the analysis is a little more involved.
We can proceed by using dierent (Petrov±Galerkin) weighting functions, and in
particular applying a Dirac delta weighting or point collocation to Eq. (5.3) in the
approximate form. However, it is advantageous here to return to the constrained
variational principle [see Eq. (4.103)] and seek stationarity of


1
2

L h T D L h d 

1
2

ST

1

Sd ÿ

w q d  bt  stationary

5:33

where the ®rst term on the right-hand side denotes the bending and the second the
transverse shear energy. In the above we again use the approximations
h  N ~
h
~
S  Ns S

~
w  Nw w
Ns  Nsx ; Nsy 

5:34

subject to the constraint Eq. (5.3):
S

r w ÿ h

5:35

being applied directly in a discrete manner, that is, by collocation at such points as I
to IV in Fig. 5.8 and appropriate direction selection. We shall eliminate S from the
computation but before proceeding with any details of the algebra it is interesting
to observe the relation of the element of Fig. 5.8 to the patch test, noting that we
still have a mixed problem requiring the count conditions to be satis®ed. (This
indeed is the element of references 32 and 33.) We show the counts on Fig. 5.9 and
observe that although they fail in the four-element assembly the margin is small
here (and for larger patches, counts are satisfactory). The results given by this element are quite good, as will be shown in Sec. 5.9.
The discrete constraints and the boundary-type interpolation can of course be used
in other forms. In Fig. 5.10 we illustrate the quadratic element of Huang and
Hinton.34;35 Here two points on each side of the quadrilateral de®ne the shears Sx


Reference 33 reports a mathematical study of stability for this element.
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αC = 0/0
βC = 0/0

αR = 9/4
βR = 4/3

(a)

αC = 3/4(F)
βC = 4

αR = 24/12
βR = 12/8

(b)

Fig. 5.9 Patch test on (a) one and (b) four elements of the type given in Fig 5.8. (Observe that in a constrained
test boundary values of S are prescribed.)

and Sy but in addition four internal parameters are introduced as shown. Now both
the boundary and internal `nodes' are again used as collocation points for imposing
the constraints.
The count for single-element and four-element patches is given in Table 5.3. This
element only fails in a single-element patch under constrained conditions, and
again numerical veri®cation shows generally good performance. Details of numerical
examples will be given later.
It is clear that with discrete constraints many more alternatives for design of
satisfactory elements that pass the patch test are present. In Table 5.3 several
I

θ and w interpolation

Sx interpolation
and
collocation nodes

Sy interpolation
and
collocation nodes

NSIx
1

Typical shape function

Fig. 5.10 The quadratic lagrangian element with collocation constraints on boundaries and in the internal
domain.34;35

Elements with discrete collocation constraints
Table 5.3 Elements with collocation constraints: patch count. Degrees of freedom: h, w ÿ 1; k,  ÿ 2; S,
S ÿ 1; \, n ÿ 1
Element

Reference

Single element patch
C

Q9D1234;35

C

Four element patch

R

R

C

R

R

3
4

4
1

24
12

12
8

27
24

24
9

72
40

40
24

Q9D10

3
2

2
1

24
10

10
8

27
16

16
9

72
32

32
24

Q8D8

0
0

0
0

21
8

8
7

15
8

8
5

60
24

24
21

Q5D6

3
2

2
1

12
6

6
4

15
12

12
5

36
20

20
12

Q4D432;33

0
0

0
0

8
4

4
3

3
4

4
1

24
12

12
8

(F)

(F)

Single element patch
C

F

C

C

Six element patch

R

R

C

C

R

R

T6D636

0
0

0
0

15
6

6
5

21
12

12
7

43
24

24
23

T3D336;44

0
0

0
0

9
3

3
2

9
6

6
1

45
12

12
6

Failure to satisfy necessary conditions.

quadrilaterals and triangles that satisfy the count conditions are illustrated. In the
®rst a modi®cation of the Hinton±Huang element with reduced internal shear constraints is shown (second element). Here biquadratic `bubble functions' are used in
the interior shear component interpolation, as shown in Fig. 5.11. Similar improvements in the count can be achieved by using a serendipity-type interpolation, but
now, of course, the distorted performance of the element may be impaired (for
reasons we discussed in Volume 1, Sec. 9.7). Addition of bubble functions on all
the w and h parameters can, as shown, make the Bathe±Dvorkin fully satisfy the
count condition. We shall pursue this further in Sec. 5.6.
All quadrilateral elements can, of course, be mapped isoparametrically, remembering of course that components of Shear S and S parallel to the ,  coordinates have
to be used to ensure the preservation of the desirable constrained properties
previously discussed. Such `directional' shear interpolation is also essential when
considering triangular elements, to which the next section is devoted. Before, doing
this, however, we shall complete the algebraic derivation of element properties.
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NSx
1

NSx‘bubble’

Fig. 5.11 A biquadratic hierarchical bubble for Sx.

5.5.2 Element matrices for discrete collocation constraints
The starting point here will be to use the variational principle given by Eq. (5.33) with
the shear variables eliminated directly.
The application of the discrete constraints of Eq. (5.35) allows the `nodal' param~ de®ning the shear force distribution to be determined explicitly in terms of the
eters S
~ and ~
w
h parameters. This gives in general terms
h
i
~  Qw w
~  Q ~h
5:36
S
in each element. For instance, for the rectangular element of Fig. 5.8 we can write
"
#
~1
~2 ÿ w
w
~x1  ~x2
I
Sx 
ÿ
a
2
"
#
~y2  ~y3
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be rearranged into the form of Eq. (5.36)
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where


~  SxI
S

SxII

SxIII

~  w
~1
w

~
h ~
h1

~2
w

~3
w

~
h2

~h3

~
hi   ~xi

~yi 

SyIV

T

~ 4 T
w

~h4 T

Including the above discrete constraint conditions in the variational principle of
Eq. (5.33) we obtain
T
1 
1
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This is a constrained potential energy principle from which on minimization we
obtain the system of equations

   
~
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w
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The element contributions are
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NTs Ns d

with the force terms identical to those de®ned in Eq. (5.20).
These general expressions derived above can be used for any form of discrete constraint elements described and present no computational diculties.
In the preceding we have imposed the constraints by point collocation of nodes
placed on external boundaries or indeed the interior of the element. Other integrals
could be used without introducing any diculties in the ®nal construction of the stiness matrix. One could, for instance, require integrals such as



@w
ÿ

W Ss ÿ
dÿ  0
s
@s
ÿ
on segments of the boundary, or



@w
ÿ s
W Ss ÿ
d 0
@s
in the interior of an element. All would achieve the same objective, providing elimination of the Ss parameters is still possible.
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The use of discrete constraints can easily be shown to be equivalent to use of
substitute shear strain matrices in the irreducible formulation of Eq. (5.18). This
makes introduction of such forms easy in standard computer programs. Details of
such an approach are given by OnÄate et al.42;43

5.5.3 Relation to the discrete Kirchhoff formulation
In Chapter 4, Sec. 4.18, we have discussed the so-called discrete Kirchho theory
(DKT) formulation in which the Kirchho constraints [i.e. Eq. (5.35) with  1]
were applied in a discrete manner. The reason for the success of such discrete constraints was not obvious previously, but we believe that the formulation presented
here in terms of the mixed form fully explains its basis. It is well known that the
study of mixed forms frequently reveals the robustness or otherwise of irreducible
approaches.
In Chapter 12 of Volume 1 we explained why certain elements of irreducible form
perform well as the limit of incompressibility is approached and why others fail. Here
an analogous situation is illustrated.
It is clear that every one of the elements so far discussed has its analogue in the
DKT form. Indeed, the thick plate approach we have adopted here with 6 1 is
simply a penalty approach to the DKT constraints in which direct elimination of
variables was used. Many opportunities for development of interesting and perhaps
eective plate elements are thus available for both the thick and thin range.
We shall show in the next section some triangular elements and their DKT counterparts. Perhaps the whole range of the present elements should be termed `QnDc' and
`TnDc' (discrete Reissner±Mindlin) elements in order to ease the classi®cation. Here
`n' is number of displacement nodes and `c' number of shear constraints.

5.5.4 Collocation constraints for triangular elements
Figure 5.12 illustrates a triangle in which a straightforward quadratic interpolation of
h and w is used. In this we shall take the shear forces to be given as a complete linear
®eld de®ned by six shear force values on the element boundaries in directions parallel
to these. The shear `nodes' are located at Gauss points along each edge and the
constraint collocation is made at the same position.
Writing the interpolation in standard area coordinates [see Chapter 8 of Volume 1]
we have
3
X
S
Li ai
5:41
i1

where ai are six parameters which can be determined by writing the tangential shear at
the six constraint nodes. Introducing the tangent vector to each edge of the element as
( )
ejx
ej 
5:42
ejy

Elements with discrete collocation constraints

h (1 +

1
3

3

)/2

S21

θ, w nodes

S12

S22

S nodes

S11
2

1

S31

S32

3

(a) The parameters (θ = 12 DOF,
(a) w = 6 DOF and S = 6 DOF)

e2

L2

L1

e1

L3
2

1

e2 =

e31 tangent
e32 vectors

(b) Area coordinates and notation

Fig. 5.12 The T6D6 triangular plate element.

a tangential component of shear on the j-edge (for which Lj  0) is obtained from
S j  S  ej
Evaluation of Eq. (5.43) at the two Gauss points (de®ned on interval 0 to 1)
1 p
1 p
g1  p 3 ÿ 1 and g2  p 3  1
2 3
2 3

5:43

5:44

yields a set of six equations which can be used to determine the six parameters a in
terms of the tangential edge shears S~j1 and S~j2 . The ®nal solution for the shear interpolation then becomes
)

(
3
X
eky ; ÿejy
g1 S~j1  g2 S~j2
Li
S
5:45
i ÿekx ; ejx
g1 S~k1  g2 S~k2
i1
in which i; j; k is a cyclic permutation of 1; 2; 3. This de®nes uniquely the shape
functions of Eq. (5.23) and, on application of constraints, expresses ®nally the
~ and rotations ~h in the manner of Eq. (5.36).
shear ®eld of nodal displacements w
The full derivation of the above expression is given in reference 36, and the ®nal
derivation of element matrices follows the procedures of Eqs (5.38)±(5.40).
The element derived satis®es fully the patch test count conditions as shown in
Table 5.3 as the T6D6 element. This element yields results which are generally `too
¯exible'. An alternative triangular element which shows considerable improvement
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θ=

θx
θy

w

θj

Sj

j

Fig. 5.13 The T3D3 (discrete Reissner±Mindlin) triangle of reference 44 with w linear, h constrained
quadratic, and Sj constant and parallel to sides.

in performance is indicated in Fig. 5.13. Here the w displacement is interpolated
linearly and h is initially a quadratic but is constrained to have linear behaviour
along the tangent to each element edge.44 Only a single shear constraint is introduced
on each element side with the shear interpolation obtained from Eq. (5.45) by setting
S~j1  S~j2  S~j

5:46

The `count' conditions are again fully satis®ed for single and multiple element
patches as shown in Table 5.3.
This element is of particular interest as it turns out to be the exact equivalent of the
DKT triangle with 9 degrees of freedom which gave a satisfactory solution for thin
plates.45ÿ47 Indeed, in the limit the two elements have an identical performance,
though of course the T3D3 element is applicable also to plates with shear deformation. We note that the original DKT element can be modi®ed in a dierent manner
to achieve shear deformability48 and obtain similar results. However, this element
as introduced in reference 48 is not fully convergent.

5.6 Elements with rotational bubble or enhanced modes
As a starting point for this class of elements we may consider a standard functional of
Reissner type given by


1
2

L h T D L h d ÿ

 stationary

1
2

ST

ÿ1

Sd 

ST rw ÿ h d ÿ

w q d  bt
5:47

in which approximations for w, h and S are required.
Three triangular elements designed by introducing `bubble modes' for rotation
parameters are found to be robust, and at the same time excellent performers.
None of these elements is `obvious', and they all use an interpolation of rotations
that is of higher or equal order than that of w. Figure 5.14 shows the degree-of-freedom assignments for these triangular elements and the second part of Table 5.2 shows
again their performance in patches.
The quadratic element (T6S3B3) was devised by Zienkiewicz and Lefebvre15
starting from a quadratic interpolation for w and h. The shear S is interpolated by

Elements with rotational bubble or enhanced modes 197

(a) Zienkiewicz and Lefebvre15

(b) Xu29

(c) Arnold and Falk30
∼

2 rotation DOF (θ)
∼
1 displacement DOF (w )
∼
2 shear force DOF (S)

Fig. 5.14 Three robust triangular elements: (a) the T6S3B3 element of Zienkiewicz and Lefebvre;15 (b) the
T6S1B1 element of Xu;29 (c) the T3S1B1A element of Arnold and Falk.30

~ Three
a complete linear polynomial in each element, giving here six parameters, S.
hierarchical quartic bubbles are added to the rotations giving the interpolation
h

6
X
i1

Ni L k  ~
hi 

3
X
j1

Nj Lk ~hj

where Ni Lk  are conventional quadratic interpolations on the triangle (see Sec. 8.8.2
of Volume 1), and shape functions for the quartic bubble modes are given as
Nj Lk   Lj L1 L2 L3 
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Thus, we have introduced six additional rotation parameters but have left the number
of w parameters unaltered from those given by a quadratic interpolation. This
element has very desirable properties and excellent performance when the integral
for Kb in Eq. (5.25) is computed by using seven points (see Table 9.2 in Chapter 9
of Volume 1) and the other integrals are computed by using four points. Slightly
improved answers can be obtained by using a mixed formulation for the bending
terms. In the mixed form the bending moments are approximated as discontinuous
quadratic interpolations for each component and a u ÿ r form as described in
Sec. 11.4.2 of Volume 1 employed. Using this approach we replace the ®rst integral
in Eq. (5.47) as follows
1
2

L h T D L h d !

L hT M d ÿ

1
2

MT Dÿ1 M d

5:48

All other terms in Eq. (5.47) remain the same. The mixed element computed in this
way is denoted as T6S3B3M in subsequent results.
Since the T6S3B3 type elements use a complete quadratic to describe the displacement and rotation ®eld, an isoparametric mapping may be used to produce curvedsided elements and, indeed, curved-shell elements. Furthermore, by design this type
passes the count test and by numerical testing is proved to be fully robust when
used to analyse both thick and thin plate problems.15;49 Since the w displacement
interpolation is a standard quadratic interpolation the element may be joined compatibly to tetrahedral or prism solid elements which have six-noded faces.
A linear triangular element [T3S1B1 ± Fig. 5.14(b)] with a total of 9 nodal degrees
of freedom adds a single cubic bubble to the linear rotational interpolation and uses
linear interpolation for w with constant discontinuous shear. This element satis®es all
count conditions for solution (see Table 5.2); however, without further enhancements
it locks as the thin plate limit is approached.29 As we have stated previously the count
condition is necessary but not sucient to de®ne successful elements and numerical
testing is always needed. In a later section we discuss a `linked interpolation' modi®cation which makes this element robust.
A third element employing bubble modes [T3S1B1A ± Fig. 5.14(c)] was devised by
Arnold and Falk.30 It is of interest to note that this element uses a discontinuous
(non-conforming) w interpolation with parameters located at the mid-side of each
triangle. The rotation interpolation is a standard linear interpolation with an added
cubic bubble. The shear interpolation is constant on each element. This element is
a direct opposite of the triangular element of Morley discussed in Chapter 4 in that
location of the displacement and rotation parameters is reversed. The location of
the displacement parameters, however, precludes its use in combination with
standard solid elements. Thus, this element is of little general interest.
The introduction of successful bubble modes in quadrilaterals is more dicult. The
®rst condition examined was the linear quadrilateral with a single bubble mode
(Q4S1B1). For this element the patch count test fails when only a single element is
considered but for assemblies above four elements it is passed and much hope was
placed on this condition.27 Unfortunately, a singular mode with a single zero eigenvalue persists in all assemblies when the completely relaxed support conditions are
considered. Despite this singularity the element does not lock and usually gives an
excellent performance.27
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To avoid, however, any singularity it is necessary to have at least three shear stress
components and a similar number of rotation components of bubble form. No simple
way of achieving a three-term interpolation exist but a successful four-component
form was obtained by Auricchio and Taylor.28 This four-term interpolation for
shear is given by
8 9
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The Jacobian transformation Jij0 is identical to that introduced when describing the
Pian±Sumihara element in Sec. 11.4.4 of Volume 1 and is computed as
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To satisfy Eq. (5.27) it is necessary to construct a set of four bubble modes. An
appropriate form is found to be
"
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in which j is the determinant of the Jacobian transformation J (i.e. not the
determinant of J0 ) and Nb  1 ÿ 2  1 ÿ 2  is a bubble mode. Thus, the rotation
parameters are interpolated by using
h  Nb ~hb
h  Ni ~

5:52

where Ni are the standard bilinear interpolations for the four-noded quadrilateral.
The element so achieved (Q4S2B2) is fully stable.

5.7 Linked interpolation ± an improvement of accuracy
In the previous section we outlined various procedures which are eective in ensuring
the necessary count conditions and which are, therefore, essential to make the elements
`work' without locking or singularity. In this section we shall try to improve the interpolation used to increase the accuracy without involving additional parameters.
The reader will here observe that in the primary interpolation we have used equalorder polynomials to interpolate both the displacement (w) and the rotations (h).
Clearly, if we consider the limit of thin plate theory
( )
x
h
 rw
5:53
y
and hence one order lower interpolation for h appears necessary. To achieve this we
introduce here the concept of linked interpolation in which the primary expression is
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written as
h  N ~h

5:54

~  Nw ~h
w  Nw w

5:55

and
Such an expression ensures now that one order higher polynomials can be introduced
for the representation of w without adding additional element parameters. This procedure can, of course, be applied to any of the elements we have listed in Tables 5.1
and 5.2 to improve the accuracy attainable. We shall here develop such linking for
two types of elements in which the essential interpolations are linear on each edge.
We thus improve the triangular T3S1B1 and by linking L to its formulation we
arrive at T3S1B1L. The same procedure can, of course, be applied to the quadrilaterals Q4S1B1 and Q4S2B2 of which only the second is unconditionally stable and
add the letter L.
Similar interpolations have also been used by Tessler and Hughes50;51 and termed
`anisoparametric'. The earliest appearance of linked interpolation appears in the
context of beams by Fraeijs de Veubeke.18 Additional studies in the context of
beams have been performed leading to general families of elements.52;58 In the context
of thick plates linked interpolation on a three-noded triangle was introduced by Lynn
and co-workers54;55 and ®rst extended to permit also thin plate analysis by Xu.29;56
Additional presentations dealing with the simple triangular element with nine degrees
of freedom in its reduced form [see Eq. (5.72)] have been given by Taylor and coworkers.44;57;58
Quadrilateral elements employing linked interpolation have been developed by
Cris®eld,59 Zienkiewicz and co-workers,26;27 and Auricchio and Taylor.28

5.7.1 Derivation of the linking function
The derivation of the linking function Nw is somewhat more complex than that of the
basic shape function. For the linear triangle T3 and the linear quadrilaterals Q4 we
require that these functions be:
1. uniquely de®ned by the two nodal rotations hi at the ends of each side to ensure C0
continuity;
2. must introduce quadratic terms in the w interpolation.
We shall write the interpolation as
w  Ni w~i 

nel
1 X
N  l  ÿ sj 
8 k  1 w k ij si

5:56

where nel is the number of vertex nodes on the element (i.e. 3 or 4), lij is the length of
the i±j side, si is the rotation at node i in the tangent direction of the kth side, and
Nw k are shape functions de®ning the quadratic w along the side but still maintaining zero w at corner nodes. For the triangular element these are the shape functions
are identical to those arising in the plane six-noded element at mid-side nodes and are
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given by (see Chapter 8 of Volume 1)
Nw  4  L1 L2

L2 L3

L3 L1 

5:57

and for the quadrilateral element these are the shape functions for the eight-noded
serendipity functions given by


Nw  12 1 ÿ 2  1 ÿ  1   1 ÿ 2  1 ÿ 2  1   1 ÿ  1 ÿ 2 
5:58
The development of one shape function for the three-noded triangular element with
a total of 9 degrees of freedom is here fully developed using the linked interpolation
concept. The process to develop a linked interpolation for the transverse displacement, w, starts with a full quadratic expansion written in hierarchical form. Thus,
for a triangle we have the interpolation in area coordinates
w  L1 w1  L2 w2  L3 w3  4 L1 L2

1

 4 L2 L3

2

 4 L3 L1

3

5:59

where wi are the nodal displacements and i are hierarchical parameters. The hierarchical parameters are then expressed in terms of rotational parameters. Along
any edge, say the 1±2 edge (where L3  0), the displacement is given by
w  L1 w1  L2 w2  4L1 L2

1

5:60

The expression used to eliminate 1 is deduced by constraining the transverse edge
shear to be a constant. Along the edge the transverse shear is given by
12



@w
ÿ s
@s

5:61

where s is the coordinate tangential to the edge and s is the component of the rotation
along the edge. The derivative of Eq. (5.60) along the edge is given by
@w w2 ÿ w1
L ÿ L2

4 1
@s
l12
l12

1

5:62

where l12 is the length of the 1±2 side. Assuming a linear interpolation for s along the
edge we have
s  L1 s1  L2 s2

5:63

s  12 s1  s2   12 s1 ÿ s2  L1 ÿ L2 

5:64

which may also be expressed as

after noting that L1  L2  1 along the edge. The transverse shear may now be given
as


w2 ÿ w1 1
4
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Constraining the strain to be constant gives
1



l12
 ÿ s2 
8 s1

5:66

202 `Thick' Reissner±Mindlin plates

yielding the `linked' edge interpolation
w  L1 w1  L2 w2  12 l12 L1 L2 s1 ÿ s2 

5:67

The normal rotations may now be expressed in terms of the nodal cartesian components by using
s  cos 12 x  sin 12 y

5:68

where 12 is the angle that the normal to the edge makes with the x-axis. Repeating this
process for the other two edges gives the ®nal interpolation for the transverse
displacement.
A similar process can be followed to develop the linked interpolations for the
quadrilateral element. The reader can verify that the use of the constant 1=8 ensures
that constant shear strain on the element side occurs. Further, a rigid body rotation
with ki  kj in the element causes no straining. Finally, with rotation ki being the
same for adjacent elements C0 continuity is ensured.
We have not considered here elements with quadratic or higher basic interpolation.
The linking obviously proceeds on similar lines and some elements with excellent
performance can thus be achieved.

5.8 Discrete `exact' thin plate limit
Discretization of Eq. (5.47) using interpolations of the form
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leads to the algebraic system of
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where, for simplicity, only the forces fw and f due to transverse load q and boundary
conditions are included [see Eq. (5.20)]. The arrays appearing in Eq. (5.70) are given
by
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d ;

The term Nw will be exploited in the next part of this section and thus is included for completeness.
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Adopting a static condensation process at the element level60 in which the internal
rotational parameters are eliminated ®rst, followed by the shear parameters, yields
~ and ~h parameters given by
the element stiness matrix in terms of the element w
"
#   
~
w
fw
KTsw Aÿ1
ÿKTsw Aÿ1
ss Ksw
ss As
5:72

T ÿ1
T ÿ1
h~
f
ÿAs Ass Ksw ÿA  As Ass As
in which
T
Ass  Ksb Kÿ1
bb Ksb ÿ Kss ;

A 

KTb Kÿ1
bb Kb

As  Ksb Kÿ1
bb Kb ÿ Ks

ÿ K

5:73

This solution strategy requires the inverse of Kbb and Ass only. In particular, we note
that the inverse of Ass can be performed even if Kss is zero (provided the other term is
non-singular). The vanishing of Kss de®nes the thin plate limit. Thus, the above
strategy leads to a solution process in which the thin plate limit is de®ned without
recourse to a penalty method. Indeed, all terms in the process generally are not subject
to ill-conditioning due to dierences in large and small numbers. In the context of
thick and thin plate analysis this solution strategy has been exploited with success
in references 28 and 58.

5.9 Performance of various `thick' plate elements ±
limitations of thin plate theory
The performance of both `thick' and `thin' elements is frequently compared for the
examples of clamped and simply supported square plates, though, of course, more
stringent tests can and should be devised. Figure 5.15(a)±5.15(d) illustrates the
behaviour of various elements we have discussed in the case of a span-to-thickness
ratio (L=t) of 100, which generally is considered within the scope of thin plate
theory. The results are indeed directly comparable to those of Fig. 4.16 of Chapter
4, and it is evident that here the thick plate elements perform as well as the best of
the thin plate forms.
It is of interest to note that in Fig. 5.15 we have included some elements that do not
fully pass the patch test and hence are not robust. Many such elements are still used as
their failure occurs only occasionally ± although new developments should always
strive to use an element which is robust.
All `robust' elements of the thick plate kind can be easily mapped isoparametrically
and their performance remains excellent and convergent. Figure 5.16 shows isoparametric mapping used on a curved-sided mesh in the solution of a circular plate for two
elements previously discussed. Obviously, such a lack of sensitivity to distortion will
be of considerable advantage when shells are considered, as we shall show in
Chapter 8.
Of course, when the span-to-thickness ratio decreases and thus shear deformation
importance increases, the thick plate elements are capable of yielding results not
obtainable with thin plate theory. In Table 5.4 we show some results for a simply
supported, uniformly loaded plate for two L=t ratios and in Table 5.5 we show results
for the clamped uniformly loaded plate for the same ratios. In this example we show
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Fig. 5.15 Convergence study for relatively thin plate (L=t  100): (a) centre displacement (simply supported,
uniform load, square plate); (b) moment at Gauss point nearest centre (simply supported, uniform load, square
plate). Tables 5.1 and 5.2 give keys to elements used.
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Fig. 5.15 Convergence study for relatively thin plate (L=t  100): (c) centre displacement (clamped, uniform
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Fig. 5.16 Mapped curvilinear elements in solution of a circular clamped plate under uniform load: (a) meshes
used; (b) percentage error in centre displacement and moment.

also the eect of the hard and soft simple support conditions. In the hard support we
assume just as in thin plates that the rotation along the support (s ) is zero. In the soft
support case we take, more rationally, a zero twisting moment along the support (see
Chapter 4, Sec. 4.2.2).
Table 5.4 Centre displacement of a simply supported plate under uniform load for
two L=t ratios; E  10:92,   0:3, L  10, q  1
L=t  10; w  10ÿ1

L=t  1000; w  10ÿ7

hard support

soft support

hard support

soft support

2
4
8
16
32

4.2626
4.2720
4.2727
4.2728
4.2728

4.6085
4.5629
4.5883
4.6077
4.6144

4.0389
4.0607
4.0637
4.0643
4.0644

4.2397
4.1297
4.0928
4.0773
4.0700

Series

4.2728

Mesh, M

4.0624

Table 5.5 Centre displacement of a clamped plate under uniform load
for two L=t ratios; E  10:92,   0:3, L  10, q  1
Mesh, M

L=t  10; w  10ÿ1

L=t  1000; w  10ÿ7

2
4
8
16
32

1.4211
1.4858
1.4997
1.5034
1.5043

1.1469
1.2362
1.2583
1.2637
1.2646

Series

1.49926

1.2653

Performance of various `thick' plate elements ± limitations of thin plate theory

It is immediately evident that:
1. the thick plate (L=t  10) shows de¯ections converging to very dierent values
depending on the support conditions, both being considerably larger than those
given by thin plate theory;
2. for the thin plate (L=t  1000) the de¯ections converge uniformly to the thin
(Kirchho) plate results for hard support conditions, but for soft support conditions give answers about 0.2 per cent higher in center de¯ection.
It is perhaps an insigni®cant dierence that occurs in this example between the
support conditions but this can be more pronounced in dierent plate con®gurations.
In Fig. 5.17 we show the results of a study of a simply supported rhombic plate with
L=t  100 and 1000. For this problem an accurate Kirchho plate theory solution is
available,61 but as will be noticed the thick plate results converge uniformly to a
displacement nearly 4 per cent in excess of the thin plate solution for all the
L=t  100 cases.
100

0.43

300

Number of degrees of freedom –N
700 1000
3000

7000 10000

L/t = 100, three-dimensional solution62

0.42
Benchmark
Kirchhoff plate theory61

L/t = 100
L/t = 1000

WA x 10–3 qL4/D

0.41

0.40

L/t = 100

On uniformly subdivided
mesh
On adaptively refined
mesh of Fig. 5.19

0.39

E = 103
ν = 0.3

0.38

L

A

•
0.37

L
0.36
2.0

2.5

3.0
Log N

3.5

4.0

Fig. 5.17 Skew 308 simply supported plate (soft support); maximum de¯ection at A, the centre for various
degrees of freedom N. The triangular element of reference 15 is used.
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This problem is illustrative of the substantial dierence that can on occasion arise
in situations that fall well within the limits assumed by conventional thin plate theory
(L=t  100), and for this reason the problem has been thoroughly investigated by
BabusÏ ka and Scapolla,62 who solve it as a fully three-dimensional elasticity problem
using support conditions of the `soft' type which appear to be the closest to physical
reality. Their three-dimensional result is very close to the thick plate solution, and
con®rms its validity and, indeed, superiority over the thin plate forms. However,
we note that for very thin plates, even with soft support, convergence to the thin
plate results occurs.

5.10 Forms without rotation parameters
It is possible to formulate the thick plate theory without direct use of rotation
parameters. Such an approach has advantages for problems with large rotations
where use of rotation parameters leads to introduction of trigonometric functions
(e.g. see Chapter 11). Here we again consider the case of a cylindrical bending of a
plate (or a straight beam) where each element is de®ned by coordinates at the two
ends. Starting from a four-noded rectangular element in which the origin of a local
cartesian coordinate system passes through the mid-surface (centroid) of the element
we may write interpolations as (Fig. 5.18)
x  Ni ;  x~i  Nj ;  x~j  Nk ;  x~k  Nl ;  x~l
y  Ni ;  y~i  Nj ;  y~j  Nk ;  y~k  Nl ;  y~l

5:74

in which Ni , etc. are the usual 4-noded bilinear shape functions. Noting the rectangular form of the element, these interpolations may be rewritten in terms of alternative
parameters [Fig. 5.18(b)] as
x  N1  x~1  N2  x~2

y  N1  t~1  N2  t~2 
2

5:75

where shape functions are
N1   12 1 ÿ ;

N2   12 1  

5:76

and new nodal parameters are related to the original ones through
x~1  12 x~i  x~l 
x~2  12 x~j  x~k 

and
and

t~1  y~l ÿ y~k
t~2  y~k ÿ y~j

5:77

Since the element is rectangular t~1  t~2  t~ [Fig. 5.18(b)]; however, the above interpolations can be generalized easily to elements which are tapered. We can now use
isoparametric concepts to write the displacement ®eld for the element as




 t~
 t~
u1  N2  u~2  ~
u2
u  N1  u~1  ~
2 t
2 t
5:78




 t~
 t~
v  N2  v~2  ~
v
v  N1  v~1  ~
2 t 1
2 t 2

Forms without rotation parameters
y

(uk , wk )

l

k

x
i

j

(a)
(∆u2 , ∆v2 )

y

1

2

T0
1

T

2

(u2 , w2 )
x

(b)
(∆un , ∆vn )
n

n

y
x

(un , vn )
(c)

Fig. 5.18 One-dimensional bending of plates (or beams): (a) geometry, Q4 element; (b) geometry, no rotation
parameters; (c) joining elements with different thickness.

in which t is a `thickness' parameter chosen to permit elements of dierent thickness
to be joined at a common node n [Fig. 5.18(c)].
It is evident that the above interpolations are identical to those originally written
for the rectangular quadrilateral element in Chapter 8 of Volume 1. Only the parameters are dierent. Based on results obtained in Volume 1 we also know the element
will not perform well in bending situations because of `shear locking', especially when
the aspect ratio of the element thickness to length becomes very small. In order to
improve the behaviour we introduce a three-®eld approximation by using the
enhanced strain concept described in Sec. 11.5 of Volume 1. Accordingly, the
mixed strain approximation will be taken as
3
2
9
8
8 9
 t~
Ni;x
0
0 7>
9 6 Ni;x
8
> 2
>
> u~i >
> 1>
3>

>
>
>
2
t
"x >
 0 0 0 >
>
>
>
>
7>
6
>
>
>
>
>
=
=
= 6
< ~
<
<
7>
u
6
7
i
2
1
7
6
7
"y
6
0

0
0
6 0
Ni 7
0
0
4
5 > > 5:79
>
>
7>
6
t
v~i >
>
>
>
>
>
>
; 6
>
> 3>
:
7>
>
>
0 0   >
>
>
>
5>
4
xy
;
;
:
: >
1
 t~
~
v
i
4
Ni
Ni;x
0
Ni;x
t
2 t
where i are parameters of the enhanced strains (see Sec. 11.5.4, Volume 1). The
remainder of the development is straightforward using the form given in Sec. 11.5
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Y
1.0
32 elements
η = 32.90%
θ = 1.09

30°

X

1.0
Mesh 1
SSI
SSI
SSI

SSI

598 elements
η = 6.39%
θ = 1.26

SSI Soft support
Mesh 2

902 elements
η = 4.24%
θ = 1.18

Mesh 3

Fig. 5.19 Simply supported 308 skew plate with uniform load (problem of Fig. 5.17); adaptive analysis to
achieve 5 per cent accuracy; L=t  100,   0:3, six-node element T6S3B3;15   effectivity index,   percentage error in energy norm of estimator.

of Volume 1 and is left as an exercise for the reader. We do note that here it is not
necessary to use a constitutive equation which has been reduced to give zero stress
in the through-thickness ( y) direction. By including additional enhanced terms in
the thickness direction one may use the three-dimensional constitutive equations
directly. Such developments have been pursued for plate and shell applications.63ÿ66
We note that while the above form can be used for ¯at surfaces and easily extended
for smoothly curved surfaces it has diculties when `kinks' or multiple branches are
encountered as then there is no unique `thickness' direction. Thus, considerable additional work remains to be done to make this a generally viable approach.

5.11 Inelastic material behaviour
We have discussed in some detail the problem of inelastic behaviour in Sec. 4.19 of
Chapter 4. The procedures of dealing with the same situation when using the
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Reissner±Mindlin theory are nearly identical and here we will simply refer the reader
to the literature on the subject67;68 and to the previous chapter.

5.12 Concluding remarks ± adaptive re®nement
The simplicity of deriving and using elements in which independent interpolation of
rotations and displacements is postulated and shear deformations are included
assures popularity of the approach. The ®nal degrees of freedom used are exactly
the same type as those used in the direct approach to thin plate forms in Chapter 4,
and at no additional complexity shear deformability is included in the analysis.
If care is used to ensure robustness, elements of the type discussed in this chapter
are generally applicable and indeed could be used with similar restrictions to other
®nite element approximations requiring C1 continuity in the limit.
The ease of element distortion will make elements of the type discussed here the ®rst
choice for curved element solutions and they can easily be adapted to non-linear
material behaviour. Extension to geometric non-linearity is also possible; however,
in this case the eects of in-plane forces must be included and this renders the problem
identical to shell theory. We shall discuss this more in Chapter 11.
In Chapters 14 and 15 of Volume 1 we discussed the need for an adaptive approach
in which error estimation is used in conjunction with mesh generation to obtain
answers of speci®ed accuracy. Such adaptive procedures are easily used in plate bending problems with an almost identical form of error estimation.69
In Figs 5.19 and 5.20 we show a sequence of automatically generated meshes for the
problem of the skew plate. It is of particular interest to note:
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Fig. 5.20 Energy norm rate of convergence for the 308 skew plate of Fig. 5.17 for uniform and adaptive
re®nement; adaptive analysis to achieve 5 per cent accuracy.
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1. the initial re®nement in the vicinity of corner singularity;
2. the ®nal re®nement near the simply support boundary conditions where the eects
of transverse shear will lead to a `boundary layer'.
Indeed, such boundary layers can occur near all boundaries of shear deformable
plates and it is usually found that the shear error represents a very large fraction of
the total error when approximations are made.
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6
Shells as an assembly of
¯at elements
6.1 Introduction
A shell is, in essence, a structure that can be derived from a plate by initially forming
the middle surface as a singly (or doubly) curved surface. The same assumptions as
used in thin plates regarding the transverse distribution of strains and stresses are
again valid. However, the way in which the shell supports external loads is quite
dierent from that of a ¯at plate. The stress resultants acting on the middle surface
of the shell now have both tangential and normal components which carry a major
part of the load, a fact that explains the economy of shells as load-carrying structures
and their well-deserved popularity.
The derivation of detailed governing equations for a curved shell problem presents
many diculties and, in fact, leads to many alternative formulations, each depending
on the approximations introduced. For details of classical shell treatment the reader is
referred to standard texts on the subject, for example, the well-known treatise by
FluÈgge1 or the classical book by Timoshenko and Woinowski-Krieger.2
In the ®nite element treatment of shell problems to be described in this chapter the
diculties referred to above are eliminated, at the expense of introducing a further
approximation. This approximation is of a physical, rather than mathematical,
nature. In this it is assumed that the behaviour of a continuously curved surface
can be adequately represented by the behaviour of a surface built up of small ¯at elements. Intuitively, as the size of the subdivision decreases it would seem that convergence must occur and indeed experience indicates such a convergence.
It will be stated by many shell experts that when we compare the exact solution of a
shell approximated by ¯at facets to the exact solution of a truly curved shell,
considerable dierences in the distribution of bending moments, etc., occur. It is
arguable if this is true, but for simple elements the discretization error is approximately of the same order and excellent results can be obtained with ¯at shell element
approximation. The mathematics of this problem is discussed in detail by Ciarlet.3
In a shell, the element generally will be subject both to bending and to `in-plane'
force resultants. For a ¯at element these cause independent deformations, provided
the local deformations are small, and therefore the ingredients for obtaining the
necessary stiness matrices are available in the material already covered in the
preceding chapters and Volume 1.

Introduction

In the division of an arbitrary shell into ¯at elements only triangular elements can
be used for doubly curved surfaces. Although the concept of the use of such elements
in the analysis was suggested as early as 1961 by Greene et al.,4 the success of such
analysis was hampered by the lack of a good stiness matrix for triangular plate
elements in bending.5ÿ8 The developments described in Chapters 4 and 5 open the
way to adequate models for representing the behaviour of shells with such a division.
Some shells, for example those with general cylindrical shapes (can be well
represented by ¯at elements of rectangular or quadrilateral shape provided the
mesh subdivision does not lead to `warped' elements). With good stiness matrices
available for such elements the progress here has been more satisfactory. Practical
problems of arch dam design and others for cylindrical shape roofs have been
solved quite early with such subdivisions.9;10
Clearly, the possibilities of analysis of shell structures by the ®nite element method
are enormous. Problems presented by openings, variation of thickness, or anisotropy
are no longer of consequence.
A special case is presented by axisymmetrical shells. Although it is obviously
possible to deal with these in the way described in this chapter, a simpler approach
can be used. This will be presented in Chapters 7±9.
As an alternative to the type of analysis described here, curved shell elements could
be used. Here curvilinear coordinates are essential and general procedures in Chapter
9 of volume 1 can be extended to de®ne these. The physical approximation involved in
¯at elements is now avoided at the expense of reintroducing an arbitrariness of
various shell theories. Several approaches using a direct displacement approximation
are given in references 11±31, and the use of `mixed variational principles are given in
references 32±35.
A very simple and eective way of deriving curved shell elements is to use the socalled `shallow' shell theory approach.13;14;36;37 Here the variables u, v, w de®ne the
tangential and normal components of displacement to the curved surface. If all the
elements are assumed to be tangential to each other, no need arises to transfer
these from local to global values. The element is assumed to be `shallow' with respect
to a local coordinate system representing its projection on a plane de®ned by nodal
points, and its strain energy is de®ned by appropriate equations that include derivatives with respect to coordinates in the plane of projection. Thus, precisely the same
shape functions can be used as in ¯at elements discussed in this chapter and all
integrations are in fact carried out in the `plane' as before.
Such shallow shell elements, by coupling the eects of membrane and bending
strain in the energy expression, are slightly more ecient than ¯at ones where such
coupling occurs on the interelement boundary only. For simple, small elements the
gains are marginal, but with few higher order large elements advantages appear. A
good discussion of such a formulation is given in reference 22.
For many practical purposes the ¯at element approximation gives very adequate
answers and also permits an easy coupling with edge beam and rib members, a facility
sometimes not present in a curved element formulation. Indeed, in many practical
problems the structure is in fact composed of ¯at surfaces, at least in part, and these
can be simply reproduced. For these reasons curved general thin shell forms will not
be discussed here and instead a general formulation of thick curved shells (based
directly on three-dimensional behaviour and avoiding the shell equation ambiguities)
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will be presented in Chapter 8. The development of curved elements for general shell
theories also can be eected in a direct manner; however, additional transformations
over those discussed in this chapter are involved. The interested reader is referred to
references 38 and 39 for additional discussion on this approach. In many respects the
dierences in the two approaches are quite similar, as shown by Bischo and Ramm.40
In most arbitrary shaped, curved shell elements the coordinates used are such that
complete smoothness of the surface between elements is not guaranteed. The shape
discontinuity occurring there, and indeed on any shell where `branching' occurs, is
precisely of the same type as that encountered in this chapter and therefore the
methodology of assembly discussed here is perfectly general.

6.2 Stiffness of a plane element in local coordinates
Consider a typical polygonal ¯at element in a local coordinate system xyz subject
simultaneously to `in-plane' and `bending' actions (Fig. 6.1).
Taking ®rst the in-plane (plane stress) action, we know from Chapter 4 of Volume 1
that the state of strain is uniquely described in terms of the u and v displacement of each
typical node i. The minimization of the total potential energy led to the stiness
matrices described there and gives `nodal' forces due to displacement parameters ap as
(
)
 
Fxi
ui
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p
p
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 e p 
ai 
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with
fi 
6:1
Fyi
vi
Similarly, when bending was considered in Chapters 4 and 5, the state of strain was
 and the two rotations
given uniquely by the nodal displacement in the z direction (w)
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Fig. 6.1 A ¯at element subject to `in-plane' and `bending' actions.
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Transformation to global coordinates and assembly of elements

x and y. This resulted in stiness matrices of the type
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Before combining these stinesses it is important to note two facts. The ®rst is that
the displacements prescribed for `in-plane' forces do not aect the bending deformations and vice versa. The second is that the rotation z does not enter as a parameter
into the de®nition of deformations in either mode. While one could neglect this
entirely at the present stage it is convenient, for reasons which will be apparent
later when assembly is considered, to take this rotation into account and associate
with it a ®ctitious couple Mz. The fact that it does not enter into the minimization
procedure can be accounted for simply by inserting an appropriate number of
zeros into the stiness matrix.
Rede®ning the combined nodal displacement as


i xi yi zi T

ai  ui vi w
6:3
and the appropriate nodal `forces' as
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The stiness matrix is now made up from the following submatrices
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The above formulation is valid for any shape of polygonal element and, in particular,
for the two important types illustrated in Fig. 6.1.

6.3 Transformation to global coordinates and assembly
of elements
The stiness matrix derived in the previous section used a system of local coordinates
as the `reference plane', and forces and bending components also are originally
derived for this system.
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y
z
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xx
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Fig. 6.2 Local and global coordinates.

Transformation of coordinates to a common global system (which will be denoted
by xyz with the local system still xyz) will be necessary to assemble the elements and to
write the appropriate equilibrium equations.
In addition it will be initially more convenient to specify the element nodes by their
global coordinates and to establish from these the local coordinates, thus requiring an
inverse transformation. All the transformations are accomplished by a simple
process.
The two systems of coordinates are shown in Fig 6.2. The forces and displacements
of a node transform from the global to the local system by a matrix T giving
fi  T fi

ai  T ai
6:8
in which


T



0

0





with  being a 3  3 matrix of direction cosines between the
that is,
2
3 2
xx xy
cos x; x cos x; y cos x; z
6
7 6
  4 cos y; x cos y; y cos y; z 5  4 yx yy
zx zy
cos z; x cos z; y cos z; z

6:9
two sets of axes,41;42
3
xz
yz 7
5

6:10

zz

where cos x; x is the cosine of the angle between the x-axis and the x-axis, and so on.
By the rules of orthogonal transformation the inverse of T is given by its transpose
(see Sec. 1.8 of Volume 1); thus we have
ai  TT ai

fi  TT fi

6:11

Local direction cosines

which permits the stiness matrix of an element in the global coordinates to be
computed as
 ers T
Kers  TT K
6:12
 ers is determined by Eq. (6.6) in the local coordinates.
in which K
The determination of the local coordinates follows a similar pattern. The relationship between global and local systems is given by
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8 9
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y   y ÿ y0
>
>
>
;
;
: >
:
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z ÿ z0
where x0 , y0 , z0 is the distance from the origin of the global coordinates to the origin of the
local coordinates. As in the computation of stiness matrices for ¯at plane and bending
elements the position of the origin is immaterial, this transformation will always suce
for determination of the local coordinates in the plane (or a plane parallel to the element).
Once the stiness matrices of all the elements have been determined in a common
global coordinate system, the assembly of the elements and forces follow the standard
solution pattern. The resulting displacements calculated are referred to the global
system, and before the stresses can be computed it is necessary to change these to
the local system for each element. The usual stress calculations for `in-plane' and
`bending' components can then be used.

6.4 Local direction cosines
The determination of the direction cosine matrix  gives rise to some algebraic
diculties and, indeed, is not unique since the direction of one of the local axes is
arbitrary, provided it lies in the plane of the element. We shall ®rst deal with the
assembly of rectangular elements in which this problem is particularly simple; later
we shall consider the case for triangular elements arbitrarily orientated in space.

6.4.1 Rectangular elements
Such elements are limited in use to representing a cylindrical or box type of surface. It
is convenient to take one side of each element and the corresponding x-axis parallel to
the global x-axis. For a typical element ijkm, illustrated in Fig 6.3, it is now easy to
calculate all the relevant direction cosines. Direction cosines of x are, obviously,
xx  1

xy  xz  0

6:14

The direction cosines of the y axis have to be obtained by consideration of the
coordinates of the various nodal points. Thus,
yx  0
ym ÿ yi
yy  q
ym ÿ yi  2  z m ÿ z i  2

6:15

221

222 Shells as an assembly of ¯at elements

y
z
m
k
i

x

j

z
y

(a)

x

z

y

z

j
yy
i
y

(b)

Vertical section ij

Fig. 6.3 A cylindrical shell as an assembly of rectangular elements: local and global coordinates.

zm ÿ zi
yz  q
ym ÿ yi 2  zm ÿ zi 2
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are simple geometrical relations which can be obtained by consideration of the
sectional plane passing vertically through im in the z direction. Similarly, from the
same section, we have for the z axis
zx  0
zi ÿ zm
zy  q
 ÿyz
ym ÿ yi 2  zm ÿ zi 2

6:17

ym ÿ yi
 yy
zz  q
ym ÿ yi 2  zm ÿ zi 2

6:18

Clearly, the numbering of points in a consistent fashion is important to preserve the
correct signs of the expression.

Local direction cosines

6.4.2 Triangular elements arbitrarily orientated in space
An arbitrary shell divided into triangular elements is shown in Fig. 6.4(a). Each element
has an orientation in which the angles with the coordinate planes are arbitrary. The
problem of de®ning local axes and their direction cosines is therefore more complex
than in the previous simple example. The most convenient way of dealing with the problem is to use some properties of geometrical vector algebra (see Appendix F, Volume 1).
One arbitrary but convenient choice of local axis direction is given here. We shall
specify that the x axis is to be directed along the side ij of the triangle, as shown in
Fig. 6.4(b).
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x

Fig. 6.4 (a) An assemblage of triangular elements representing an arbitrary shell; (b) local and global coordinates for a triangular element.
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The vector Vji de®nes this side and in terms of global coordinates we have
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= >
=
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;
:
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The direction cosines are given by dividing the components of this vector by its length,
that is, de®ning a vector of unit length
9
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Now, the z direction, which must be normal to the plane of the triangle, needs to be
established. We can obtain this direction from a `vector' cross-product of two sides of
the triangle. Thus,
9 8
9
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= >
=
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< yzijm >
 zxijm
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:
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xyijm
represents a vector normal to the plane of the triangle whose length, by de®nition (see
Appendix F of Volume 1), is equal to twice the area of the triangle. Thus,
q
lz  2  
yzijm 2  zxijm 2  xyijm 2
The direction cosines of the z-axis are available simply as the direction cosines of
Vz, and we have a unit vector
9
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Finally, the direction cosines of the y-axis are established in a similar manner as the
direction cosines of a vector normal both to the x direction and to the z direction. If
vectors of unit length are taken in each of these directions [as in fact de®ned by Eqs
(6.20)±(6.22)] we have simply
9
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8
8
>
>
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=
< yx >
< zy xz ÿ zz xy >
vy  yy  vz  vx  zz xx ÿ zx xz
6:23
>
>
>
>
;
;
:
:
yz
zx xy ÿ zy xx
without having to divide by the length of the vector, which is now simply unity.
The vector operations involved can be written as a special computer routine in which
vector products, normalizing (i.e. division by length), etc., are automatically carried
out43 and there is no need to specify in detail the various operations given above.
In the preceding outline the direction of the x axis was taken as lying along one side
of the element. A useful alternative is to specify this by the section of the triangle plane
with a plane parallel to one of the coordinate planes. Thus, for instance, if we desire to
erect the x axis along a horizontal contour of the triangle (i.e. a section parallel to the
xy plane) we can proceed as follows.
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First, the normal direction cosines vz are de®ned as in Eq. (6.23). Now, the matrix
of direction cosines of x has to have a zero component in the z direction and thus we
have
9
8
>
=
< xx >
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vx  xy
>
>
;
:
0
As the length of the vector is unity
2xx  2xy  1

6:25

and as further the scalar product of the vx and vz must be zero, we can write
xx zx  xy zy  0

6:26

and from these two equations vx can be uniquely determined. Finally, as before
vy  vz  vx

6:27

It should be noted that this transformation will be singular if there is no line in the
plane of the element which is parallel to the xy plane, and some other orientation
must then be selected. Yet another alternative of a speci®cation of the x axis is
given in Chapter 8 where we discuss the development of `shell' elements directly
from the three-dimensional equations of solids.

6.5 `Drilling' rotational stiffness ± 6 degree-of-freedom
assembly
In the formulation described above a diculty arises if all the elements meeting at a
node are co-planar. This situation will happen for ¯at (folded) shell segments and
at straight boundaries of developable surfaces (e.g. cylinders or cones). The diculty
is due to the assignment of a zero stiness in the zi direction of Fig. 6.1 and the fact
that classical shell equations do not produce equations associated with this rotational
parameter. Inclusion of the third rotation and the associated `force' Fzi has obvious
bene®ts for a ®nite element model in that both rotations and displacements at
nodes may be treated in a very simple manner using the transformations just
presented.
If the set of assembled equilibrium equations in local coordinates is considered at
such a point we have six equations of which the last (corresponding to the z direction) is simply
0z  0

6:28

As such, an equation of this type presents no special diculties (solution programs
usually detect the problem and issue a warning). However, if the global coordinate
directions dier from the local ones and a transformation is accomplished, the six
equations mask the fact that the equations are singular. Detection of this singularity
is somewhat more dicult and depends on round-o in each computer system.
A number of alternatives have been presented that avoid the presence of this
singular behaviour. Two simple ones are:
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1. assemble the equations (or just the rotational parts) at points where elements are
co-planar in local coordinates (and delete the 0 z  0 equation); and/or
2. insert an arbitrary stiness coecient kz at such points only.
This leads in the local coordinates to replacing Eq. (6.28) by
k z  0
z

i

6:29

which, on transformation, leads to a perfectly well-behaved set of equations from
which, by usual processes, all displacements now including zi , are obtained. As zi
does not aect the stresses and indeed is uncoupled from all equilibrium equations
any value of kz similar to values already in Eq. (6.6) can be inserted as an external
stiness without aecting the result.
These two approaches lead to programming complexity (as a decision on the co-planar
nature is necessary) and an alternative is to modify the formulation so that the rotational
parameters arise more naturally and have a real physical signi®cance. This has been a
topic of much study44ÿ56 and the z parameter introduced in this way is commonly
called a drilling degree of freedom, on account of its action to the surface of the shell.
An early application considering the rotation as an additional degree of freedom in
plane analysis is contained in reference 14. In reference 8 a set of rotational stiness coecients was used in a general shell program for all elements whether co-planar or not.
These were de®ned such that in local coordinates overall equilibrium is not disturbed.
This may be accomplished by adding to the formulation for each element the term
   

n Et

n

ÿ

2
z ÿ z d

6:30

in which the parameter n is a ®ctitious elastic parameter and z is a mean rotation of
each element which permits the element to satisfy local equilibrium in a weak sense.
The above is a generalization of that proposed in reference 8 where the value of n is
unity in the scaling value tn . Since the term will lead to a stiness that will be in terms
of rotation parameters the scaling indicated above permits values proportional to
those generated by the bending rotations ± namely, proportional to t cubed. In
numerical experiments this scaling leads to less sensitivity in the choice of n . For a
triangular element in which a linear interpolation is used for z minimization with
respect to zi leads to the form
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where n is yet to be speci®ed. This additional stiness does in fact aect the results
where nodes are not co-planar and indeed represents an approximation; however,
eects of varying n over fairly wide limits are quite small in many applications.
For instance in Table 6.1 a set of displacements of an arch dam analysed in reference
8 is given for various values of 1 . For practical purposes extremely small values of n
are possible, providing a large computer word length is used.57
The analysis of the spherical test problem proposed by MacNeal and Harter as a
standard test58 is indicated in Fig. 6.5. For this test problem a constant strain triangular membrane together with the discrete Kirchho triangular plate bending element
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Table 6.1 Nodal rotation coecient in dam analysis8
1.00

1

Radial displacement (mm)

0.50

0.10

0.03

0.00

61.13

is combined with the rotational treatment. The results for regular meshes are shown in
Table 6.2 for several values of 3 and mesh subdivisions.
The above development, while quite easy to implement, retains the original form of
the membrane interpolations. For triangular elements with corner nodes only, the
membrane form utilizes linear displacement ®elds that yield only constant strain
terms. Most bending elements discussed in Chapters 4 and 5 have bending strains
with higher than constant terms. Consequently, the membrane error terms will dominate the behaviour of many shell problem solutions. In order to improve the situation
it is desirable to increase the order of interpolation. Using conventional interpolations
this implies the introduction of additional nodes on each element (e.g. see Chapter 8
of Volume 1); however, by utilizing a drill parameter these interpolations can be
transformed to a form that permits a 6 degree-of-freedom assembly at each vertex
node. Quadratic interpolations along the edge of an element can be expressed as

u   Ni 
ui  Nj uj  Nk uk

6:32

where 
ui are nodal displacements (
ui ; vi ) at an end of the edge (vertex), similarly uj is the
other end, and 
uk are hierarchical displacements at the centre of the edge (Fig. 6.6).
z
18°
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Symmetry plane

1
Unit load
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x

Unit load

R = 10, t = 0.04
E = 6.825 x 107. ν = 0.3

Fig. 6.5 Spherical shell test problem.58
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Table 6.2 Sphere problem: radial displacement at load
Mesh

3

10.0
44
88
16  16
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value
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0.000

0.0919
0.0940
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Fig. 6.6 Construction of in-plane interpolations with drilling parameters.
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The centre displacement parameters may be expressed in terms of normal (
un ) and
tangential (
ut ) components as

uk  
un n  
ut t

6:33

where n is a unit outward normal and t is a unit tangential vector to the edge:




cos 
ÿ sin 
n
and t 
6:34
sin 
cos 
where  is the angle that the normal makes with the x axis. The normal displacement
component may be expressed in terms of drilling parameters at each end of the edge
(assuming a quadratic expansion).44;52 Accordingly,
un  18 lij zj ÿ zi 

6:35

in which lij is the length of the ij side. This construction produces an interpolation on
each edge given by



ui  Nj  
uj  Nk  18 lij zj ÿ zi   
ut t
6:36
u   Ni 
The reader will undoubtedly observe the similarity here with the process used to
develop linked interpolation for the bending element (see Sec. 5.7).
The above interpolation may be further simpli®ed by constraining the 
ut
parameters to zero. We note, however, that these terms are bene®cial in a threenode triangular element. If a common sign convention is used for the hierarchical
tangential displacement at each edge, this tangential component maintains compatibility of displacement even in the presence of a kink between adjacent elements.
For example, an appropriate sign convention can be accomplished by directing a
positive component in the direction in which the end (vertex) node numbers increase.
The above structure for the in-plane displacement interpolations may be used for
either an irreducible or a mixed element model and generates stiness coecients
that include terms for the z parameters as well as those for u and v. It is apparent,
however, that the element generated in this manner must be singular (i.e. has spurious
zero-energy modes) since for equal values of the end rotation the interpolation is
independent of the z parameters. Moreover, when used in non-¯at shell applications
the element is not free of local equilibrium errors. This later defect may be removed by
using the procedure identi®ed above in Eq. (6.30), and results for a quadrilateral
element generated according to this scheme are given by Jetteur53 and Taylor.54
A structure of the plane stress problem which includes the eects of a drill rotation
®eld is given by Reissner59 and is extended to ®nite element applications by Hughes
and Brezzi.51 A variational formulation for the in-plane problem may be stated as
[see Eq. (2.29) in Volume 1]
d 
u; z;  
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eT D e d 

 !xy ÿ z d
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where  is a skew-symmetric stress component and !xy is the rotational part of the
displacement gradient, which for the xy plane is given by
!xy 

@ v @ u
ÿ
@ x @ y

6:38
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In addition to the terms shown in Eq. (6.37), terms associated with initial stress and
strain as well as boundary and body load must be appended for the general shell
problem as discussed in Chapters 2 and 4 of Volume 1.
A variation of Eq. (6.37) with respect to  gives the constraint that the skewsymmetric part of the displacement gradients is the rotation z. Conversely, variation
with respect to z gives the result that  must vanish. Thus, the equations generated
from Eq. (6.37) are those of the conventional membrane but include the rotation
®eld. A penalty form of the above equations suitable for ®nite element applications
may be constructed by modifying Eq. (6.37) to
 d  d ÿ


1
2 d
 Et

6:39

where  is a penalty number.
It is important to use this mixed representation of the problem with the mixed patch
test to construct viable ®nite element models. Use of constant  and isoparametric
interpolation of z in each element together with the interpolations for the displacement approximation given by Eq. (6.36) lead to good triangular and quadrilateral
membrane elements. Applications to shell solutions using this form are given by
Ibrahimbegovic et al.56 Also the solution for a standard barrel vault problem is
contained in Sec. 6.8.

6.6 Elements with mid-side slope connections only
Many of the diculties encountered with the nodal assembly in global coordinates
disappear if the element is so constructed as to require only the continuity of
displacements u, v, and w at the corner nodes, with continuity of the normal slope
being imposed along the element sides. Clearly, the corner assembly is now simple
and the introduction of the sixth nodal variable is unnecessary. As the normal
slope rotation along the sides is the same both in local and in global coordinates its
transformation there is unnecessary ± although again it is necessary to have a
unique de®nition of parameters for the adjacent elements.
Elements of this type arise naturally in hybrid forms (see Chapter 13 of Volume 1)
and we have already referred to a plate bending element of a suitable type in Sec. 4.6.
This element of the simplest possible kind has been used in shell problems by Dawe25
with some success. A considerably more sophisticated and complex element of such
type is derived by Irons29 and named `semi-loof'. This element is brie¯y mentioned
in Chapter 4 and although its derivation is far from simple it performs well in
many situations.

6.7 Choice of element
Numerous membrane and bending element formulations are now available, and, in
both, conformity is achievable in ¯at assemblies. Clearly, if the elements are not
co-planar conformity will, in general, be violated and only approached in the limit
as smooth shell conditions are reached.

Practical examples

It would appear consistent to use expansions of similar accuracy in both the membrane and bending approximations but much depends on which action is dominant.
For thin shells, the simplest triangular element would thus appear to be one with a
linear in-plane displacement ®eld and a quadratic bending displacement ± thus
approximating the stresses as constants in membrane and in bending actions. Such
an element is used by Dawe25 but gives rather marginal (though convergent) results.
In the examples shown we use the following elements which give quite adequate
performance.
Element A: this is a mixed rectangular membrane with four corner nodes (Sec. 11.4.4
of Volume 1) combined with the non-conforming bending rectangle with four
corner nodes (Sec.4.3). This was ®rst used in references 9 and 10.
Element B: this is a constant strain triangle with three nodes (the basic element of
Chapter 4 of Volume 1) combined with the incompatible bending triangle with
9 degrees of freedom (Sec. 4.5). Use of this in the shell context is given in
references 8 and 60.
Element C: in this a more consistent linear strain triangle with six nodes is combined
with a 12 degree-of-freedom bending triangle using shape function smoothing.
This element has been introduced by Razzaque.61
Element D: this is a four-node quadrilateral with drilling degrees of freedom
[Eq. (6.36) with 
ut constrained to zero] combined with a discrete Kirchho
quadrilateral.54;62

6.8 Practical examples
The ®rst example given here is that for the solution of an arch dam shell. The
simple geometrical con®guration, shown in Fig. 6.7, was taken for this particular problem as results of model experiments and alternative numerical approaches were available.
A division based on rectangular elements (type A) was used as the simple
cylindrical shape permitted this, although a rather crude approximation for the
®xed foundation had to be used.
Water load as discrete point loads
C
L

CL

106°

R = 43.25 m
t = 3m

30 m

Flat
elements
Nodal loads

Nodal loads

Actual foundation line
Actual foundation line
Coarse mesh

Fig. 6.7 An arch dam as an assembly of rectangular elements.

Fine mesh
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Fig. 6.8 Arch dam of Fig. 6.7: horizontal de¯ections on centre-line.

Two sizes of division into elements are used, and the results given in Figs 6.8 and
6.9 for de¯ections and stresses on the centre-line section show that little change
occurred by the use of the ®ner mesh. This indicates that the convergence of both
the physical approximation to the true shape by ¯at elements and of the mathematical
approximation involved in the ®nite element formulation is more than adequate. For
comparison, stresses and de¯ection obtained using the USBR trial load solution
(another approximate method) are also shown.
A large number of examples have been computed by Parekh60 using the triangular,
non-conforming element (type B), and indeed show for equal division a general
improvement over the conforming triangular version presented by Clough and
Johnson.7 Some examples of such analyses are now shown.
A doubly curved arch dam was similarly analysed using the triangular ¯at element
(type B) representation. The results show an even better approximation.8

Practical examples
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Fig. 6.9 Arch dam of Fig. 6.7: vertical stresses on centre-line.

6.8.1 Cooling tower
This problem of a general axisymmetric shape could be more eciently dealt with by
the axisymmetric formulations to be presented in Chapters 7 and 9. However, here
this example is used as a general illustration of the accuracy attainable. The answers
against which the numerical solution is compared have been derived by Albasiny and
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x
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1.6
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Assumed

1.2
0.8
0.4
0
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–0.8

0

30

60

90 120 150 180
θ (deg)

Fig. 6.10 Cooling tower: geometry and pressure load variation about circumference.
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12 at 15°

Fig. 6.11 Cooling tower of Fig. 6.10: mesh subdivisions.

Martin.63 Figures 6.10 to 6.12 show the geometry of the mesh used and some results
for a 5 inch and a 7 inch thick shell. Unsymmetric wind loading is used here.

6.8.2 Barrel vault
This typical shell used in many civil engineering applications is solved using analytical
methods by Scordelis and Lo64 and Scordelis.65 The barrel is supported on rigid diaphragms and is loaded by its own weight. Figures 6.13 and 6.14 show some comparative
answers, obtained by elements of type B, C and D. Elements of type C are obviously
more accurate, involving more degrees of freedom, and with a mesh of 6  6 elements
the results are almost indistinguishable from analytical ones. This problem has become

Practical examples
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Fig. 6.12 Cooling tower of Fig. 6.10: (a) membrane forces at   08; N1 , tangential; N2 , meridional; (b) radial
displacements at   08; (c) moments at   08; M1 , tangential; M2 , meridional.
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Fig. 6.13 Barrel (cylindrical) vault: ¯at element model results. (a) Barrel vault geometry and properties;
(b) vertical displacement of centre section; (c) longitudinal displacement of support.

Practical examples
3

2

ft kip/ft

M1
1

0

M2

–1

0

10

20
φ

30

40

0

10

20
φ

30

40

(a)

M12 (ft kip/ft)

2

1

0

(b)

Fig. 6.14 Barrel vault of Fig. 6.13. (a) M1 , transverse; M2 , longitudinal; centre-line moments; (b) M12 , twisting
moment at support.

a classic on which various shell elements are compared and we shall return to it in
Chapter 8. It is worthwhile remarking that only a few, second-order, curved elements
give superior results to those presented here with a ¯at element approximation.

6.8.3 Folded plate structure
As no analytical solution of this problem is known, comparison is made with a set of
experimental results obtained by Mark and Riesa.66
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Fig. 6.15 A folded plate structure;67 model geometry, loading and mesh, E  3560 lb/in2 ,   0:43.

Practical examples

This example presents a problem in which actual ¯at ®nite element representation is
physically exact. Also a frame stiness is included by suitable superposition of beam
elements ± thus illustrating also the versatility and ease by which dierent types of
elements may be used in a single analysis.
Figures 6.15 and 6.16 show the results using elements of type B. Similar applications are of considerable importance in the analysis of box-type bridge structures, etc.
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Fig. 6.16 Folded plate of Fig. 6.15; moments and displacements on centre section. (a) Vertical displacements
along the crown; (b) longitudinal moments along the crown; (c) horizontal displacements along edge.
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7
Axisymmetric shells

7.1 Introduction
The problem of axisymmetric shells is of sucient practical importance to include
in this chapter special methods dealing with their solution. While the general
method described in the previous chapter is obviously applicable here, it will be
found that considerable simpli®cation can be achieved if account is taken of
axial symmetry of the structure. In particular, if both the shell and the loading
are axisymmetric it will be found that the elements become `one-dimensional'.
This is the simplest type of element, to which little attention was given in earlier
chapters.
The ®rst approach to the ®nite element solution of axisymmetric shells was
presented by Grafton and Strome.1 In this, the elements are simple conical frustra
and a direct approach via displacement functions is used. Re®nements in the
derivation of the element stiness are presented in Popov et al.2 and in Jones
and Strome.3 An extension to the case of unsymmetrical loads, which was
suggested in Grafton and Strome, is elaborated in Percy et al.4 and others.5;6
Later, much work was accomplished to extend the process to curved elements and
indeed to re®ne the approximations involved. The literature on the subject is
considerable, no doubt promoted by the interest in aerospace structures, and a
complete bibliography is here impractical. References 7±15 show how curvilinear
coordinates of various kinds can be introduced to the analysis, and references 9
and 14 discuss the use of additional nodeless degrees of freedom in improving
accuracy. `Mixed' formulations (Chapter 11 of Volume 1) have found here some
use.16 Early work on the subject is reviewed comprehensively by Gallagher17;18 and
Stricklin.19
In axisymmetric shells, in common with all other shells, both bending and `inplane' or `membrane' forces will occur. These will be speci®ed uniquely in terms
of the generalized `strains', which now involve extensions and changes in curvatures
of the middle surface. If the displacement of each point of the middle surface is
speci®ed, such `strains' and the internal stress resultants, or simply `stresses', can
be determined by formulae available in standard texts dealing with shell
theory.20ÿ22
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7.2 Straight element
As a simple example of an axisymmetric shell subjected to axisymmetric loading we
consider the case shown in Figs 7.1 and 7.2 in which the displacement of a point
on the middle surface of the meridian plane at an angle  measured positive from
 in the tangential (s)
the x-axis is uniquely determined by two components u and w
and normal directions, respectively.
Using the Kirchho±Love assumption (which excludes transverse shear deformations) and assuming that the angle  does not vary (i.e. elements are straight), the four
strain components are given by20ÿ22
9
8 9 8
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u=ds
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This results in the four internal stress resultants shown in Fig. 7.1 that are related to
the strains by an elasticity matrix D:
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For an isotropic shell the elasticity matrix becomes
2
3
1 
0
0
0
0 7
Et 6
6 1
7
D
7
2
2
2 6
1 ÿ  4 0 0 t =12  t =12 5
2
2
0 0  t =12 t =12

7:3

Fig. 7.1 Axisymmetric shell, loading, displacements, and stress resultants; shell represented as a stack of
conical frustra.
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Fig. 7.2 An element of an axisymmetric shell.

the upper part being a plane stress and the lower a bending stiness matrix with shear
terms omitted as `thin' conditions are assumed.

7.2.1 Element characteristics ± axisymmetrical loads
Let the shell be divided by nodal circles into a series of conical frustra, as shown in
Fig. 7.2. The nodal displacements at points 1 and 2 for a typical 1±2 element such
as i and j will have to de®ne uniquely the deformations of the element via prescribed
shape functions.
At each node the radial and axial displacements, u and w, and a rotation, , will be
used as parameters. From virtual work by edge forces we ®nd that all three components are necessary as the shell can carry in-plane forces and bending moments. The
displacements of a node i can thus be de®ned by three components, the ®rst two being
in global directions r and z,
8 9
>
=
< ui >
7:4
ai  w i
>
;
: >
i

The simplest elements with two nodes, i and j, thus possess 6 degrees of freedom,
determined by the element displacements
 
a1
e
a 
7:5
a2
The displacements within the element have to be uniquely determined by the nodal
displacements ae and the position s (as shown in Fig. 7.2) and maintain slope and
displacement continuity.
Thus in local (s) coordinates we have
 
u

7:6
u
 N s ae

w
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Based on the strain±displacement relations (7.1) we observe that u can be of C0 type
 must be of type C1 . The simplest approximation takes u varying linearly with
while w
 as cubic in s. We shall then have six undetermined constants which can be
s and w
determined from nodal values of u, w; and .
At the node i,
9 2
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Introducing the interpolations
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where Niu are the usual linear interpolations in  (ÿ1 4  4 1)
N1u  12 1 ÿ 

and

N2u  12 1  

and Niw and Ni are the Hermitian interpolations of order 0 and 1 given as (see
Chapter 4, Sec. 4.14)
ÿ

ÿ

N1w  14 2 ÿ 3   3
and
N2w  14 2  3  ÿ 3
and

ÿ

N1  14 1 ÿ  ÿ 2  3

and

ÿ

N2  14 ÿ 1 ÿ   2  3

in which, placing the origin of the meridian coordinate s at the i node,
s  N2u  L  12 1   L
The global coordinates for the conical frustrum may also be expressed by using the
Niu interpolations as
r  N1u  r1  N2u r2
z  N1u  z1  N2u  z2

7:10

and used to compute the length L as
q
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Writing the interpolations as
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we can now write the global interpolation as
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From Eq. (7.12) it is a simple matter to obtain the strain matrix B by use of the
de®nition Eq. (7.1). This gives


1 T B
 2 T ae
e  Bae  B
7:13
 we have
in which, noting from Eq. (7.7) that u  cos  u ÿ sin  w,
3
2
0
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Derivatives are evaluated by using
dNi 2 dNi
d2 Ni
4 d2 Ni

and

L d
ds
ds2
L2 d2
Now all the `ingredients' required for computing the stiness matrix (or load, stress,
and initial stress matrices) by standard formulae are known. The integrations
required are carried out over the area, A, of each element, that is, with
dA  2 r ds  r L d

7:15

with  varying from ÿ1 to 1.
Thus, the stiness matrix K becomes, in local coordinates,
 mn   L
K

1
ÿ1

 n r d
 Tm D B
B
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On transformation, the stiness Kmn of the global matrix is given by
 mn T
Kmn  TT K

7:17

Once again it is convenient to evaluate the integrals numerically and the form
above is written for Gaussian quadrature (see Table 9.1, Volume 1). Grafton and
Strome1 give an explicit formula for the stiness matrix based on a single average
value of the integrand (one-point Gaussian quadrature) and using a D matrix
corresponding to an orthotropic material. Percy et al.4 and Klein5 used a sevenpoint numerical integration; however, it is generally recommended to use only twopoints to obtain all arrays (especially if inertia forces are added, since one point
then would yield a rank de®cient mass matrix).
It should be remembered that if any external line loads or moments are present,
their full circumferential value must be used in the analysis, just as was the case
with axisymmetric solids discussed in Chapter 5 of Volume 1.

7.2.2 Additional enhanced mode
A slight improvement to the above element may be achieved by adding an enhanced
strain mode to the "s component. Here this is achieved by following the procedures
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outlined in Chapter 12 of Volume 1, and we can observe that the necessary condition
not to aect a constant value of Ns is given by
2

L

1

"sen r ds   L

ÿ1

"sen r d  0

7:18

where "sen denotes the enhanced strain component. A simple mode may thus be
de®ned as
"sen 


r

 Ben

en

en
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in which en is a parameter to be determined. For the linear elastic case considered
above the mode may be determined from
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0
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where
Ken  2 L
Gi  2 L

1
ÿ1
1
ÿ1

Ben D11 Ben r d
7:21
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0 0

0 D Bi r d

Now a partial solution may be performed by means of static condensation23 to obtain
the stiness for assembly
ÿ1
  K ÿ GT Ken
G
K

7:22

The eect of the added mode is most apparent in the force resultant Ns where solution oscillations are greatly reduced. This improvement is not needed for the purely
elastic case but is more eective when the material properties are inelastic where the
oscillations can cause errors in behaviour, such as erratic yielding in elasto-plastic
solutions.

7.2.3 Examples and accuracy
In the treatment of axisymmetric shells described here, continuity between the shell
elements is satis®ed at all times. For an axisymmetric shell of polygonal meridian
shape, therefore, convergence will always occur.
The problem of the physical approximation to a curved shell by a polygonal shape
is similar to the one discussed in Chapter 6. Intuitively, convergence can be expected,
and indeed numerous examples indicate this.

250 Axisymmetric shells

When the loading is such as to cause predominantly membrane stresses, discrepancies in bending moment values exist (even with reasonably ®ne subdivision). Again,
however, these disappear as the size of the subdivisions decreases, particularly if
correct sampling is used (see Chapter 14 of Volume 1). This is necessary to eliminate
the physical approximation involved in representing the shell as a series of conical
frustra.
Figures 7.3 and 7.4 illustrate some typical examples taken from the Grafton and
Strome paper which show quite remarkable accuracy. In each problem it should be
noted that small elements are needed near free edges to capture the `boundary
layer' nature of shell solutions.

Fig. 7.3 A cylindrical shell solution by ®nite elements, from Grafton and Strome.1

Curved elements

Fig. 7.4 A hemispherical shell solution by ®nite elements, from Grafton and Strome.1

7.3 Curved elements
Use of curved elements has already been described in Chapter 9 of Volume 1, in the
context of analyses that involved only ®rst derivatives in the de®nition of strain. Here
second derivatives exist [see Eq. (7.1)] and some of the theorems of Chapter 8 of
Volume 1 are no longer applicable.
It was previously mentioned that many possible de®nitions of curved elements have
been proposed and used in the context of axisymmetric shells. The derivation used

251

252 Axisymmetric shells

Fig. 7.5 Curved, isoparametric, shell element for axisymmetric problems: (a) parent element; (b) curvilinear
coordinates.

here is one due to Delpak14 and, to use the nomenclature of Chapter 8, Volume 1, is of
the subparametric type.
The basis of curved element de®nition is one that gives a common tangent between
adjacent elements (or alternatively, a speci®ed tangent direction). This is physically
necessary to avoid `kinks' in the description of a smooth shell.
If a general curved form of a shell of revolution is considered, as shown in Fig. 7.5,
the expressions for strain quoted in Eq. (7.1) have to be modi®ed to take into account
the curvature of the shell in the meridian plane.20;21 These now become
9
8 9 8
 s
d
u=ds  w=R
"s > >
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>
>
>
>
>
>
>
= >
=
<" >
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In the above the angle  is a function of s, that is,
dr
dz
 cos 
and
 sin 
ds
ds
Rs is the principal radius in the meridian plane, and the second principal curvature
radius R is given by
r  R sin 
The reader can verify that for Rs  1 Eq. (7.23) coincides with Eq. (7.1).

7.3.1 Shape functions for a curved element
We shall now consider the 1±2 element to be curved as shown in Fig.7.5(b), where the
coordinate is in `parent' form (ÿ1 4  4 1) as shown in Fig. 7.5(a). The coordinates
and the unknowns are `mapped' in the manner of Chapter 9 of Volume 1. As we wish
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to interpolate a quantity with slope continuity we can write for a typical function
 
2 
X
d
~

Niw  i  Ni
 Nw
7:24
d i
i1
where again the order 1 Hermitian interpolations have been used. We can now simultaneously use these functions to describe variations of the global displacements u and w as
 
2 
X
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u
Ni ui  Ni
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X
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w
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d i
i1
and of the coordinates r and z which de®ne the shell (mid-surface). Indeed, if the
thickness of the element is also variable the same interpolation could be applied to
it. Such an element would then be isoparametric (see Chapter 9 of Volume 1). Accordingly, we can de®ne the geometry as
 
2 
X
dr
r
Niw ri  Ni
d i
i1
7:26



2
X
dz
Niw zi  Ni
z
d i
i1
and, provided the nodal values in the above can be speci®ed, a one-to-one relation
between  and the position on the curved element surface is de®ned [Fig. 7.5(b)].
While speci®cation of ri and zi is obvious, at the ends only the slope
 
dr
7:27
cot i  ÿ
dz i
is de®ned. The speci®cation to be adopted with regard to the derivatives occurring in
Eq. (7.26) depends on the scaling of  along the tangent length s. Only the ratio
 
dr
dr=di

7:28
dz i
dz=di
is unambiguously speci®ed. Thus dr=di or dz=di can be given an arbitrary value.
Here, however, practical considerations intervene as with the wrong choice a very
uneven relationship between s and  will occur. Indeed, with an unsuitable choice
the shape of the curve can depart from the smooth one illustrated and loop between
the end values.
To achieve a reasonably uniform spacing it suces for well-behaved surfaces to
approximate
dr r r2 ÿ r1
dz z z2 ÿ z1




or
7:29
d 
d 
2
2

One immediate dierence will be observed from that of the previous formulation. Now both displacement
components vary in a cubic manner along an element while previously a linear variation of the tangential
displacement was permitted. This additional degree of freedom does not, however, introduce excessive
constraints provided the shell thickness is itself continuous.
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using whichever is largest and noting that the whole range of  is 2 between the nodal
points.

7.3.2 Strain expressions and properties of curved elements
The variation of global displacements are speci®ed by Eq. (7.25) while the strains are
described in locally directed displacements in Eq. (7.23). Some transformations are
therefore necessary before the strains can be determined.
 in terms of the global
We can express the locally directed displacements u and w
displacements by using Eq. (7.7), that is,
  
 
u
cos  sin 
u


 Tu
7:30

w
ÿ sin  cos 
w
where  is the angle of the tangent to the curve and the r axis (Fig. 7.5). We note that
this transformation may be expressed in terms of the  coordinate using Eqs (7.27)
and (7.28) and the interpolations for r and z. With this transformation the continuity
of displacement between adjacent elements is achieved by matching the global nodal
displacements ui and wi . However, in the development for the conical element we have
speci®ed continuity of rotation of the cross-section only. Here we shall allow usually
the continuity of both s derivatives in displacements. Thus, the parameters
du
and
ds
will be given common values at nodes. As
du ds du

ds d d
and
ds

d

dw
ds
dw ds dw

ds d d

and

7:31


s
  2
dr 2
dz

d
d

no diculty exists in substituting these new variables in Eqs (7.25) and (7.30) which
now take the form

u  N ae

with

ai   ui

wi

du=dsi

dw=dsi T

7:32

The form of the 2  4 shape function submatrices Ni can now be explicitly determined by using the above transformations in Eq. (7.25).14 We note that the meridian
radius of curvature Rs can be calculated explicitly from the mapped, parametric, form
of the element by using

3=2
dr=d2  dz=d2
Rs 
7:33
dr=d d2 z=d2  ÿ dz=d d2 r=d2 
in which all the derivatives are directly determined from expression (7.26).
If shells that branch or in which abrupt thickness changes occur are to be treated, the
nodal parameters speci®ed in Eq. (7.32) are not satisfactory. It is better to rewrite these as
ai   u i

wi

i

d
u=dsi T

7:34
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where i , equal to dw=ds
i , is the nodal rotation, and to connect only the ®rst three
parameters. The fourth is now an unconnected element parameter with respect to
which, however, the usual treatment is still carried out. Transformations needed in
the above are implied in Eq. (7.7).
In the derivation of the B matrix expressions which de®ne the strains, both ®rst and
second derivatives with respect to s occur, as seen in the de®nition of Eq. (7.23). If we
observe that the derivatives can be obtained by the simple (chain) rules already
implied in Eq. (7.31), for any function F we can write
 


dF dF ds
d2 F d2 F ds 2 dF d2 s
7:35



d
ds d
ds d2
d2
ds2 d
and all the expressions of B can be found.
Finally, the stiness matrix is obtained in a similar way as in Eq. (7.16), changing
the variable
ds 

ds
d
d

7:36

and integrating  within the limits ÿ1 and 1. Once again the quantities contained in
the integral expressions prohibit exact integration, and numerical quadrature must be
used. As this is carried out in one coordinate only it is not very time-consuming and
an adequate number of Gauss points can be used to determine the stiness (generally
three points suce). Initial stress and other load matrices are similarly obtained.
The particular isoparametric formulation presented in summary form here diers
somewhat from the alternatives of references 7, 8, 13 and 15 and has the advantage
that, because of its isoparametric form, rigid body displacement modes and indeed
the states of constant ®rst derivatives are available. Proof of this is similar to that
contained in Sec. 9.5 of Volume 1. The fact that the forms given in the alternative
formulations have strain under rigid body nodal displacements may not be serious
in some applications, as discussed by Haisler and Stricklin.24 However, in some
modes of non-axisymmetric loads (see Chapter 9) this incompleteness may be a
serious drawback and may indeed lead to very wrong results.
Constant states of curvature cannot be obtained for a ®nite element of any kind
described here and indeed are not physically possible. When the size of the element
decreases it will be found that such arbitrary constant curvature states are available
in the limit (see Sec. 10.10 in Volume 1).

7.3.3 Additional nodeless variables
As in the straight frustrum element, addition of nodeless (enhanced) variables in the
analysis of axisymmetric shells is particularly valuable when large curved elements are
capable of reproducing with good accuracy the geometric shapes. Thus an addition of
a set of internal, hierarchical, element variables
n
X
j1

N^j aj

7:37
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Fig. 7.6 Internal shape functions for a linear element.

to the de®nition of the normal displacement de®ned in Eq. (7.6) or Eq. (7.25), in
which aj is a set of internal parameters and N^j is a set of functions having zero
values and zero ®rst derivatives at the nodal points, allows considerable improvement
in representation of the displacements to be achieved without violating any of the
convergence requirements (see Chapter 2 of Volume 1). For tangential displacements
the requirement of zero ®rst derivatives at nodes could be omitted. Webster also uses
such additional functions in the context of straight elements.9 In transient situations
where these modes aect the mass matrix one can also use these functions as a basis
for developing enhanced strain modes (see Sec. 7.2.3 and Chapters 11 and 12 of
Volume 1) since these by de®nition do not in¯uence the assumed displacement ®eld
and, hence, the mass and surface loading terms.
Whether the element is in fact straight or curved does not matter and indeed we can
supplement the de®nitions of displacements contained in Eq. (7.25) by Eq. (7.37) for
each of the components. If this is done only in the displacement de®nition and not in
the coordinate de®nition [Eq. (7.26)] the element becomes now of the category of
subparametric. As proved in Chapter 9 of Volume 1, the same advantages are
retained as in isoparametric forms.
The question as to the expression to be used for additional, internal shape functions is of some importance though the choice is wide. While it is no longer necessary to use polynomial representation, Delpak does so and uses a special form of
LeÁgendre polynomial (hierarchical functions). The general shapes are shown in
Fig. 7.6.


While it would obviously be possible to include the new shape function in the element coordinate
de®nition, little practical advantage would be gained as a cubic represents realistic shapes adequately.
Further, the development would then require `®tting' the aj for coordinates to the shape, complicating
even further the development of derivatives.
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Fig. 7.7 Spherical dome under uniform pressure.

A series of examples shown in Figs 7.7±7.9 illustrate the applications of the
isoparametric curvilinear element of the previous section with additional internal
parameters.
In Fig. 7.7 a spherical dome with clamped edges is analysed and compared with
analytical results of reference 21. Figures 7.8 and 7.9 show, respectively, more complex examples. In the ®rst a torus analysis is made and compared with alternative
®nite element and analytical results.12;13;25ÿ7 The second case is one where branching
occurs, and here alternative analytical results are given by Kraus.28
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Fig. 7.8 Toroidal shell under internal pressure: (a) element subdivision; (b) radial displacements.
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Fig. 7.8 (Continued) Toroidal shell under internal pressure: (c) in-plane stress resultants; (d) in-plane stress
resultants.
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Fig. 7.9 Branching shell.

Independent slope±displacement interpolation with penalty functions

7.4 Independent slope±displacement interpolation with
penalty functions (thick or thin shell formulations)
In Chapter 5 we discussed the use of independent slope and displacement interpolation in the context of beams and plates. Continuity was assured by the introduction of
the shear force as an independent mixed variable which was de®ned within each
element. The elimination of the shear variable led to a penalty-type formulation in
which the shear rigidity played the role of the penalty parameter. The equivalence
of the number of parameters used in de®ning the shear variation and the number
of integration points used in evaluating the penalty terms was demonstrated there
(and also in Chapter 11 of Volume 1) in special cases, and this justi®ed the success
of reduced integration methods. This equivalence is not exact in the case of the
axisymmetric problem in which the radius, r, enters the integrals, and hence slightly
dierent results can be expected from the use of the mixed form and simple use of
reduced integration. The dierences become greatest near the axis of rotation and
disappear completely when r ! 1 where the axisymmetric form results in an
equivalent beam (or cylindrical bending plate) element.
Although in general the use of the mixed form yields a superior result, for simplicity
we shall here derive only the reduced integration form, leaving the former to the
reader as an exercise accomplished following the rules of Chapter 5.
In what follows we shall develop in detail the simplest possible element of this class.
This is a direct descendant of the linear beam and plate elements.25;29 (We note, however, that the plate element formulated in this way has singular modes and can on
occasion give completely erroneous results; no such de®ciency is present in the
beam or axisymmetric shell.)
Consider the strain expressions of Eq. (7.1) for a straight element. When using these
the need for C1 continuity was implied by the second derivative of w existing there. If
now we use

dw

ds
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the strain expression becomes
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can vary independently, a constraint has to be imposed:
 
C w;
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This can be done by using the energy functional with a penalty multiplier . We can
thus write

2
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T
ÿ
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r ds  ext
7:41
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where ext is a potential for boundary and loading terms and e and D are de®ned as in
Eq. (7.3). Immediately, can be identi®ed as the shear rigidity:
 Gt

where for a homogeneous shell

  5=6

7:42

The penalty functional (7.41) can be identi®ed on purely physical grounds.
Washizu22 quotes this on pages 199±201, and the general theory indeed follows
that earlier suggested by Naghdi30 for shells with shear deformation.
With ®rst derivatives occurring in the energy expression only C0 continuity is now
required for the interpolation of u, w, and , and in place of Eqs (7.6)±(7.12) we can
write directly
8 9
u >
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where for Ni  we can use any of the one-dimensional C0 interpolations in Chapter 8
of Volume 1. Once again, isoparametric transformation could be used for curvilinear
elements with strains de®ned by Eq. (7.23), and a formulation that we shall discuss in
Chapter 8 is but an alternative to this process. If linear elements are used, we can write
the expression without consequent use of isoparametric transformation. Indeed, we
can replace the interpolations in Eq. (7.8) and now simply use
u  N1 u1  N2 u2
w  N1 w1  N2  w2
 N1 

1

 N2 

7:44

2

and evaluate the integrals arising from expression (7.41) at one Gauss point, which is
sucient to maintain convergence and yet here does not give a singularity.
This extremely simple form will, of course, give very poor results with exact
integration, even for thick shells, but now with reduced integration shows excellent
performance. In Figs 7.7±7.9 we superpose results obtained with this simple, straight
element, and the results speak for themselves.
For other examples the reader can consult reference 25, but in Fig. 7.10 we show a
very simple example of a bending of a circular plate with use of dierent numbers of
equal elements. This purely bending problem shows the type of results and convergence attainable.
Interpreting the single integrating point as a single shear variable and applying
the patch test count of Chapter 5, the reader can verify that this simple formulation
passes the test in assemblies of two or more elements. In a similar way it can be
veri®ed that a quadratic interpolation of displacements and the use of two quadrature
points (or a linear shear force) also will result in a robust element of excellent
performance.
One ®nal word of caution when the element is used in transient analyses is in
order. Here it is necessary to compute a mass matrix which can be deduced from
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Fig. 7.10 Bending of a circular plate under uniform load; convergence study.

the term

in  2

L


t3 
 
u t u  w t w
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Evaluation of this integral with a single quadrature point will lead to a rank de®cient
mass matrix, which when used with any time stepping scheme can lead to large
numerical errors (generally after many time steps have been computed). Accordingly,
it is necessary to compute the mass matrix with at least two quadrature points (nodal
quadrature giving immediately a diagonal `lumped' mass).
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8
Shells as a special case of
three-dimensional analysis ±
Reissner±Mindlin assumptions
8.1 Introduction
In the analysis of solids the use of isoparametric, curved two- and three-dimensional
elements is particularly eective, as illustrated in Chapters 1 and 3 and presented in
Chapters 9 and 10 of Volume 1. It seems obvious that use of such elements in the
analysis of curved shells could be made directly simply by reducing their dimension
in the thickness direction as shown in Fig. 8.1. Indeed, in an axisymmetric
situation such an application is illustrated in the example of Fig. 9.25 of Volume 1.
With a straightforward use of the three-dimensional concept, however, certain
diculties will be encountered.
In the ®rst place the retention of 3 displacement degrees of freedom at each node
leads to large stiness coecients from strains in the shell thickness direction. This
presents numerical problems and may lead to ill-conditioned equations when the
shell thickness becomes small compared with other dimensions of the element.
The second factor is that of economy. The use of several nodes across the shell
thickness ignores the well-known fact that even for thick shells the `normals' to the
mid-surface remain practically straight after deformation. Thus an unnecessarily
high number of degrees of freedom has to be carried, involving penalties of computer
time.
In this chapter we present specialized formulations which overcome both of these
diculties. The constraint of straight `normals' is introduced to improve economy
and the strain energy corresponding to the stress perpendicular to the mid-surface
is ignored to improve numerical conditioning.1ÿ3 With these modi®cations an ecient
tool for analysing curved thick shells becomes available. The accuracy and wide range
of applicability of the approach is demonstrated in several examples.

8.2 Shell element with displacement and rotation
parameters
The reader will note that the two constraints introduced correspond precisely to the socalled Reissner±Mindlin assumptions already discussed in Chapter 5 to describe the

Shell element with displacement and rotation parameters

Fig. 8.1 Curved, isoparametric hexahedra in a direct approximation to a curved shell.

behaviour of thick plates. The omission of the third constraint associated with the thin
plate theory (normals remaining normal to the mid-surface after deformation) permits
the shell to experience transverse shear deformations ± an important feature of thick
shell situations.
The formulation presented here leads to additional complications compared
with the straightforward use of a three-dimensional element. The elements
developed here are in essence an alternative to the processes discussed in Chapter
5, for which an independent interpolation of slopes and displacement are used
with a penalty function imposition of the continuity requirements. The use of
reduced integration is useful if thin shells are to be dealt with ± and, indeed, it
was in this context that this procedure was ®rst discovered.4ÿ7 Again the same
restrictions for robust behaviour as those discussed in Chapter 5 become applicable
and generally elements that perform well in plate situations will do well in
shells.
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8.2.1 Geometric de®nition of an element
Consider a typical shell element illustrated in Fig. 8.2. The external faces of the
element are curved, while the sections across the thickness are generated by straight
lines. Pairs of points, itop and ibottom , each with given cartesian coordinates, prescribe
the shape of the element.
Let ,  be the two curvilinear coordinates in the mid-surface of the shell and let  be
a linear coordinate in the thickness direction. If, further, we assume that , ,  vary
between ÿ1 and 1 on the respective faces of the element we can write a relationship
between the cartesian coordinates of any point of the shell and the curvilinear
coordinates in the form
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Here Ni ;  is a standard two-dimensional shape function taking a value of unity at
the top and bottom nodes i and zero at all other nodes (Chapter 9 of Volume 1). If the
basic functions Ni are derived as `shape functions' of a `parent', two-dimensional

Fig. 8.2 Curved thick shell elements of various types.
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Fig. 8.3 Local and global coordinates.

element, square or triangular in plan, and are so `designed' that compatibility is
achieved at interfaces, then the curved space elements will ®t into each other.
Arbitrary curved shapes of the element can be achieved by using shape functions of
higher order than linear. Indeed, any of the two-dimensional shape functions of
Chapter 8 of Volume 1 can be used here.
The relation between the cartesian and curvilinear coordinates is now established
and it will be found desirable to operate with the curvilinear coordinates as the
basis. It should be noted that often the coordinate direction  is only approximately
normal to the mid-surface.
It is convenient to rewrite the relationship, Eq. (8.1), in a form speci®ed by the
`vector' connecting the upper and lower points (i.e. a vector of length equal to the
shell thickness t) and the mid-surface coordinates. Thus we can rewrite Eq. (8.1) as
(Fig. 8.3)y
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with V3i de®ning a vector whose length represents the shell thickness.


y

Area coordinates Lj would be used in this case in place of ,  as in Chapter 8 of Volume 1.
For details of vector algebra see Appendix F of Volume 1.

8:3
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For relatively thin shells, it is convenient to replace the vector V3i by a unit vector
v3i in the direction normal to the mid-surface. Now Eq. (8.2) is written simply as
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where ti is the shell thickness at the node i. Construction of a vector normal to the
mid-surface is a simple process (see Sec. 6.4.2).

8.2.2 Displacement ®eld
The displacement ®eld is now speci®ed for the element. As the strains in the direction
normal to the mid-surface will be assumed to be negligible, the displacement throughout the element will be taken to be uniquely de®ned by the three cartesian components
of the mid-surface node displacement and two rotations about two orthogonal directions normal to the nodal vector V3i . If these two orthogonal directions are denoted
by unit vectors v1i and v2i with corresponding rotations i and i (see Fig. 8.3), we can
write, similar to Eq. (8.2) but dropping the subscript `mid' for simplicity,
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from which the usual form is readily obtained as
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i

where u, v and w are displacements in the directions of the global x, y and z axes.
As an in®nity of vector directions normal to a given direction can be generated, a
particular scheme has to be devised to ensure a unique de®nition. Some such schemes
were discussed in Chapter 6. Here another unique alternative will be given,2;4 but
other possibilities are open.7
Here V3i is the vector to which a normal direction is to be constructed. A coordinate
vector in a Cartesian system may be de®ned by
x  xi  yj  zk

8:6

in which i, j and k are three (orthogonal) base vectors. To ®nd the ®rst normal vector
we ®nd the minimum component of V3i and construct a vector cross-product with the
unit vector in this direction to de®ne V1i . For example if the x component of V3i is the
smallest one we construct
V1i  i  V3i

8:7
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where
i  1

0

0 T

is the form of the unit vector in the x direction. Now
v1i 

V1i
jV1i j

where

jV1i j 

q
VT1i V1i

8:8

de®nes the ®rst unit vector.
The second normal vector may now be computed from
V2i  V3i  V1i

8:9

and normalized using the form in Eq. (8.8). We have thus three local, orthogonal axes
de®ned by unit vectors
v1i ; v2i

and v3i

8:10

Once again if Ni are C0 functions then displacement compatibility is maintained
between adjacent elements.
The element coordinate de®nition is now given by the relation Eq. (8.2) and has
more degrees of freedom than the de®nition of the displacements. The element is
therefore of the `superparametric' kind (see Chapter 9 of Volume 1) and the constant
strain criteria are not automatically satis®ed. Nevertheless, it will be seen from the
de®nition of strain components involved that both rigid body motions and constant
strain conditions are available.
Physically it has been assumed in the de®nition of Eq. (8.4) that no strains occur in
the `thickness' direction . While this direction is not always exactly normal to the
mid-surface it still represents a good approximation of one of the usual shell assumptions.
At each mid-surface node i of Fig 8.3 we now have the 5 basic degrees-of-freedom,
and the connection of elements will follow precisely the patterns described in Chapter
6 (Secs 6.3 and 6.4).

8.2.3 De®nition of strains and stresses
To derive the properties of a ®nite element the essential strains and stresses need ®rst
to be de®ned. The components in directions of orthogonal axes related to the surface 
(constant) are essential if account is to be taken of the basic shell assumptions. Thus,
if at any point in this surface we erect a normal z with two other orthogonal axes x and
y tangential to it (Fig. 8.3), the strain components of interest are given simply by the
three-dimensional relationships in Chapter 6 of Volume 1:
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with the strain in direction z neglected so as to be consistent with the usual shell
assumptions. It must be noted that in general none of these directions coincide
with those of the curvilinear coordinates , , , although x, y are in the  plane
(  constant).
 and for elastic
The stresses corresponding to these strains are de®ned by a matrix r
 Thus
behaviour are related to the usual elasticity matrix D.
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0 represent any `initial' strains and stresses, respectively.
where e0 and r
 can now include any anisotropic properties and indeed may be
The 5  5 matrix D
prescribed as a function of  if sandwich or laminated construction is used. For the
present we shall de®ne it only for an isotropic material. Here
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in which E and  are Young's modulus and Poisson's ratio, respectively. The factor 
included in the last two shear terms is taken as 5=6 and its purpose is to improve the
shear displacement approximations (see Chapter 4). From the displacement de®nition
it will be seen that the shear distribution is approximately constant through the thickness, whereas in reality the shear distribution for elastic behaviour is approximately
parabolic. The value   5=6 is the ratio of relevant strain energies.
It is important to note that this matrix is not de®ned by deleting appropriate terms
from the equivalent three-dimensional stress matrix. It must be derived by substituting z  0 into Eqs (6.13) and (6.14) in Volume 1 and a suitable elimination so that
this important shell assumption is satis®ed. This is similar to the procedure for
deriving plane stress behaviour in two-dimensional analyses.

8.2.4 Element properties and necessary transformations
The stiness matrix ± and indeed all other `element' property matrices ± involve
integrals over the volume of the element, which are quite generally of the form
Ve

H dx dy dz

8:14


Indeed, these directions will only approximately agree with the nodal directions v1i , v2i previously derived,
as in general the vector v3i is only approximately normal to the mid-surface.
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where the matrix H is a function of the coordinates. For instance, in the stiness
matrix
T D
B

HB
8:15
and with the usual de®nition of Chapter 2 of Volume 1,
 ae
e  B

8:16

we have B de®ned in terms of the displacement derivatives with respect to the local
Cartesian coordinates x; y; z by Eq. (8.11). Now, therefore, two sets of transformations
are necessary before the element can be integrated with respect to the curvilinear
coordinates , , .
First, by identically the same process as we used in Chapter 9 of Volume 1, the
derivatives with respect to the x, y, z directions are obtained. As Eq. (8.4) relates
the global displacements u, v, w to the curvilinear coordinates, the derivatives of
these displacements with respect to the global x, y, z coordinates are given by a
matrix relation:
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In this, the Jacobian matrix is de®ned as
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and calculated from the coordinate de®nitions of Eq. (8.2). Now, for every set of
curvilinear coordinates the global displacement derivatives can be obtained numerically.
A second transformation to the local displacements x, y, z will allow the strains,
 matrix, to be evaluated. The directions of the local axes can be
and hence the B
established from a vector normal to the  mid-surface (  0). This vector can be
found from two vectors x; and x; that are tangential to the mid-surface. Thus
2 3 2 3 2
3
x;
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x;
6 7 6 7 6
7
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We can now construct two perpendicular vectors V1 and V2 following the process
given previously to describe the x and y directions, respectively. The three orthogonal
vectors can be reduced to unit magnitudes to obtain a matrix of vectors in the x, y, z
directions (which is in fact the direction cosine matrix) given as
h   v1 ;

v2 ; v3 
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The global derivatives of displacement u, v and w are now transformed to the local
derivatives of the local orthogonal displacements by a standard operation
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 matrix can now be found explicitly, noting that 5
From this the components of the B
degrees of freedom exist at each node:
 ae
e  B

8:22

where the form of ae is given in Eq. (8.5).
The in®nitesimal volume is given in terms of the curvilinear coordinates as
dx dy dz  det jJj d d d  j d d d

8:23

where j  det jJj. This standard expression completes the basic formulation.
Numerical integration within the appropriate limits is carried out in exactly the
same way as for three-dimensional elements using the Gaussian quadrature formulae
discussed in Chapter 9 of Volume 1. An identical process serves to de®ne all the other
relevant element matrices arising from body and surface loading, inertia matrices, etc.
As the variation of the strain quantities in the thickness, or  direction, is linear, two
Gauss points in that direction are sucient for homogeneous elastic sections, while
three or four in the ,  directions are needed for parabolic and cubic shape functions
Ni , respectively.
It should be remarked here that, in fact, the integration with respect to  can be
performed explicitly if desired, thus saving computation time.1;4

8.2.5 Some remarks on stress representation
The element properties are now de®ned, and the assembly and solution are in
standard form. It remains to discuss the presentation of the stresses, and this problem
, are readily
is of some consequence. The strains being de®ned in local direction, r
available. Such components are indeed directly of interest but as the directions of
local axes are not easily visualized (and indeed may not be continuously de®ned
between adjacent elements) it is sometimes convenient to transfer the components
to the global system using the standard transformation
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Such a transformation should be performed only for elements which belong to the
approximation for the same smooth surface.
In a general shell structure, the stresses in a global system do not, however, give a
clear picture of shell surface stresses. It is thus convenient always to compute the
principal stresses (or invariants of stress) by a suitable transformation. Regarding
the shell stresses more rationally, one may note that the shear components xz and
yz are in fact zero on the top and bottom surfaces and this may be noted when
making the transformation of Eq. (8.24) before converting to global components to
ensure that the principal stresses lie on the surface of the shell. The values obtained
directly for these shear components are the average values across the section. The
maximum transverse shear on a solid cross-section occurs on the mid-surface and
is equal to about 1.5 times the average value.

Special case of axisymmetric, curved, thick shells

8.3 Special case of axisymmetric, curved, thick shells
For axisymmetric shells the formulation is simpli®ed. Now the element mid-surface is
de®ned by only two coordinates ,  and a considerable saving in computer eort is
obtained.1
The element now is derived in a similar manner by starting from a two-dimensional
de®nition of Fig. 8.4.
Equations (8.1) and (8.2) are now replaced by their two-dimensional equivalents
de®ning the relation between coordinates as
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Fig. 8.4 Coordinates for an axisymmetric shell: (a) coordinate representation; (b) shell representation.
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with


v3i 

cos i



sin i

in which i is the angle de®ned in Fig. 8.4(b) and ti is the shell thickness. Similarly, the
displacement de®nition is speci®ed by following the lines of Eq. (8.4).
Here we consider the case of axisymmetric loading only. Non-axisymmetric loading
is addressed in Chapter 9 along with other schemes which permit treatment of
problems in a reduced manner. Thus, we specify the two displacement components as
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In this i stands for the rotation illustrated in Fig. 8.5, and ui , wi stand for the
displacement of the middle surface node.
Global strains are conveniently de®ned by the relationship8
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These strains are transformed to the local coordinates and the component normal to 
(  constant) is neglected.
All the transformations follow the pattern described in previous sections and need
not be further commented on except perhaps to remark that they are now carried out
only between sets of directions ,, r,z, and r,
z, thus involving only two variables.
Similarly the integration of element properties is carried out numerically with
respect to  and  only, noting, however, that the volume element is
dx dy dz  det jJj d d r d  j r d d d

Fig. 8.5 Global displacements in an axisymmetric shell.

8:28

Special case of thick plates

Fig. 8.6 Axisymmetric shell elements: (a) linear; (b) parabolic; (c) cubic.

By suitable choice of shape functions Ni , straight, parabolic, or cubic shapes of
variable thickness elements can be used as shown in Fig. 8.6.

8.4 Special case of thick plates
The transformations necessary in this chapter are somewhat involved and the
programming steps are quite sophisticated. However, the application of the principle
involved is available for thick plates and readers are advised to ®rst test their comprehension on such a simple problem.
Here the following obvious simpli®cations arise.
1.   2z=t and unit vectors v1 , v2 and v3 can be taken in the directions of the x, y, and
z axes respectively.
2. i and i are simply the rotations y and x , respectively (see Chapter 5).
3. It is no longer necessary to transform stress and strain components to a local
system of axes x, y, z and global de®nitions x, y, z can be used throughout. For
elements of this type, numerical thickness integration can be avoided and, as an
exercise, readers are encouraged to derive the stiness matrices, etc., for, say,
linear, rectangular elements. Forms will be found which are identical to those
derived in Chapter 5 with an independent displacement and rotation interpolation
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and using shear constraints. This demonstrates the essential identity of the alternative procedures.

8.5 Convergence
Whereas in three-dimensional analysis it is possible to talk about absolute convergence
to the true exact solution of the elasticity problem, in equivalent plate and shell
problems such a convergence cannot happen. As the element size decreases the socalled convergent solution of a plate bending problem approaches only to the exact
solution of the approximate model implied in the formulation. Thus, here again convergence of the above formulation will only occur to the exact solution constrained
by the requirement that straight `normals' remain straight during deformation.
In elements of ®nite size it will be found that pure bending deformation modes are
nearly always accompanied by some shear strains which in fact do not exist in the
conventional thin plate or shell bending theory (although quite generally shear stresses
may be deduced by equilibrium considerations on an element of the model, similar to
the manner by which shear stresses in beams are deduced). Thus large elements deforming mainly under bending action (as would be the case of the shell element degenerated to
a ¯at plate) tend to be appreciably too sti. In such cases certain limits of the ratio of size
of element to its thickness need to be imposed. However, it will be found that such restrictions often are relaxed by the simple expedient of reducing the integration order.4
Figure 8.7 shows, for instance, the application of the quadratic eight-node element to
a square plate situation. Here results for integration with 3  3 and 2  2 Gauss points

Fig. 8.7 A simply supported square plate under uniform load q0 : plot of central de¯ection wc for eight-node
elements with (a) 3  3 Gauss point integration and (b) with 2  2 (reduced) Gauss point integration. Central
 c for thin plate theory.
de¯ection is w

Inelastic behaviour

are given and results plotted for dierent thickness-to-span ratios. For reasonably thick
situations, the results are similar and both give the additional shear deformation not
available by thin plate theory. However, for thin plates the results with the more
exact integration tend to diverge rapidly from the now correct thin plate results whereas
the reduced integration still gives excellent results. The reasons for this improved
performance are fully discussed in Chapter 2 and the reader is referred there for further
plate examples using dierent types of shape functions.

8.6 Inelastic behaviour
All the formulations presented in this chapter can of course be used for all non-linear
materials. The procedures are similar to those mentioned in Chapters 4 and 5 dealing
with plates. Now it is only necessary to replace Eqs (8.12) and (8.13) by the appropriate
constitutive equation and tangent operator, respectively. In this case it is necessary
always to perform the through-thickness integration numerically since a priori knowledge of the behaviour will not be available. Any of the constitutive models described in
Chapter 3 may be used for this purpose provided appropriate transformations are made
to make z zero.

Fig. 8.8 Spherical dome under uniform pressure analysed with 24 cubic elements (®rst element subtends an
angle of 0:18 from ®xed end, others in arithmetic progression).
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8.7 Some shell examples
A limited number of examples which show the accuracy and range of application of
the axisymmetric shell formulation presented in this chapter will be given. For a fuller
selection the reader is referred to references 1±7.

Fig. 8.9 Thin cylinder under a unit radial edge load.

Some shell examples

8.7.1 Spherical dome under uniform pressure
The `exact' solution of shell theory is known for this axisymmetric problem,
illustrated in Fig. 8.8. Twenty-four cubic-type elements are used with graded size
more closely spaced towards supports. Contrary to the `exact' shell theory solution,
the present formulation can distinguish between the application of pressure on the
inner and outer surfaces as shown in the ®gure.

Fig. 8.10 Cylindrical shell example: self-weight behaviour.
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8.7.2 Edge loaded cylinder
A further axisymmetric example is shown in Fig. 8.9 to study the eect of subdivision.
Two, six, or fourteen cubic elements of unequal length are used and the results for
both of the ®ner subdivisions are almost coincident with the exact solution. Even
the two-element solution gives reasonable results and departs only in the vicinity of
the loaded edge.
Once again the solutions are basically identical to those derived with independent
slope and displacement interpolation in the manner presented in Chapter 5.

8.7.3 Cylindrical vault
This is a test example of application of the full process to a shell in which bending
action is dominant as a result of supports restraining de¯ection at the ends (see
also Sec. 6.8.2).

Fig. 8.11 Displacement (parabolic element), cylindrical shell roof.

Some shell examples

In Fig. 8.10 the geometry, physical details of the problem, and subdivision are
given, and in Fig. 8.11 the comparison of the eects of 3  3 and 2  2 integration
using eight-node quadratic elements is shown on the displacements calculated.
Both integrations result, as expected, in convergence. For the more exact integration,
this is rather slow, but, with reduced integration order, very accurate results are
obtained, even with one element. The improved convergence of displacements is
matched by rapid convergence of stress components.
This example illustrates most dramatically the advantages of this simple expedient
and is described more fully in references 4 and 6. The comparison solution for this
problem is one derived along more conventional lines by Scordelis and Lo.9

8.7.4 Curved dams
All the previous examples were rather thin shells and indeed demonstrated the applicability of the process to these situations. At the other end of the scale, this formulation
has been applied to the doubly curved dams illustrated in Chapter 9 of Volume 1
(Fig. 9.28). Indeed, exactly the same subdivision is again used and results reproduce

Fig. 8.12 An analysis of cylinder intersection by means of reduced integration shell-type elements.10
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almost exactly those of the three-dimensional solution.3 This remarkable result is
achieved at a very considerable saving in both degrees of freedom and computer
solution time.
Clearly, the range of application of this type of element is very wide.

8.7.5 Pipe penetration10 and spherical cap7
The last two examples, shown in Figs 8.12±8.14, illustrate applications in which the
irregular shape of elements is used. Both illustrate practical problems of some interest
and show that with reduced integration a useful and very general shell element is
available, even when the elements are quite distorted.

Fig. 8.13 Cylinder-to-cylinder intersections of Fig. 8.12: (a) hoop stresses near 08 line; (b) axial stresses near 08
line.

Concluding remarks

Fig. 8.14 A spherical cap analysis with irregular isoparametric shell elements using full 3  3 and reduced
2  2 integration.

8.8 Concluding remarks
The elements described in this chapter using degeneration of solid elements are shown
in plate and axisymmetric problems to be nearly identical to those described in
Chapters 5 and 7 where an independent slope and displacement interpolation is
directly used in the middle plane. For the general curved shell the analogy is less
obvious but clearly still exists. We should therefore expect that the conditions
established in Chapter 5 for robustness of plate elements to be still valid. Further,
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it appears possible that other additional conditions on the various interpolations may
have to be imposed in curved element forms. Both statements are true. The eight- and
nine-node elements which we have shown in the previous section to perform well will
fail under certain circumstances and for this reason many of the more successful plate
elements also have been adapted to the shell problem.
The introduction of additional degrees of freedom in the interior of the eight-node
serendipity element was ®rst suggested by Cook11;12 and later by Hughes13ÿ15 without, however, achieving complete robustness. The full lagrangian cubic interpolation
as shown in Chapter 5 is quite eective and has been shown to perform well. However, the best results achieved to date appear to be those in which `local constraints'
are applied (see Sec. 5.5) and such elements as those due to Dvorkin and Bathe,16
Huang and Hinton,17 and Simo et al.18;19 fall into this category.
While the importance of transverse shear strain constraints is now fully understood, the constraints introduced by the `in-plane' (membrane) stress resultants are
less amenable to analysis (although the elastic parameters Et associated with these
are of the same order as those of shear Gt). It is well known that membrane locking
can occur in situations that do not permit inextensional bending. Such locking has
been thoroughly discussed20ÿ22 but to date the problem has not been rigorously
solved and further developments are required.
Much eort is continuing to improve the formulation of the processes described in
this chapter as they oer an excellent solution to the curved shell problem.22ÿ34
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9
Semi-analytical ®nite element
processes ± use of orthogonal
functions and `®nite strip' methods
9.1 Introduction
Standard ®nite element methods have been shown to be capable, in principle, of
dealing with any two- or three- (or even four-) dimensional situations. Nevertheless,
the cost of solutions increases greatly with each dimension added and indeed, on
occasion, overtaxes the available computer capability. It is therefore always desirable
to search for alternatives that may reduce computational eort. One such class of
processes of quite wide applicability will be illustrated in this chapter.
In many physical problems the situation is such that the geometry and material
properties do not vary along one coordinate direction. However, the `load' terms
may still exhibit a variation in that direction, preventing the use of such simplifying
assumptions as those that, for instance, permitted a two-dimensional plane strain
or axisymmetric analysis to be substituted for a full three-dimensional treatment.
In such cases it is possible still to consider a `substitute' problem, not involving the
particular coordinate (along which the geometry and properties do not vary), and
to synthesize the true answer from a series of such simpli®ed solutions.
The method to be described is of quite general use and, obviously, is not limited to
structural situations. It will be convenient, however, to use the nomenclature of
structural mechanics and to use potential energy minimization as an example.
We shall con®ne our attention to problems of minimizing a quadratic functional
such as described in Chapters 2±6 of Volume 1. The interpretation of the process
involved as the application of partial discretization in Chapter 3 of Volume 1 followed
(or preceded) by the use of a Fourier series expansion should be noted.
Let (x, y, z) be the coordinates describing the domain (in this context these do not
necessarily have to be the Cartesian coordinates). The last one of these, z, is the
coordinate along which the geometry and material properties do not change and
which is limited to lie between two values
04z4a
The boundary values are thus speci®ed at z  0 and z  a.


See ®nite elements in the time domain in Chapter 18 of Volume 1.
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We shall assume that the shape functions de®ning the variation of displacement u
can be written in a product form as

L 
X
l z 
l z
e

 N x; y sin
u  N x; y; z a 
N x; y cos
al  e
a
a
l1
9:1
L
X
l
l e

N x; y; z a 
l1

In this type of representation completeness is preserved in view of the capability of
Fourier series to represent any continuous function within a given region (naturally
 in the domain x, y satisfy the same
 and N
assuming that the shape functions N
requirements).
The loading terms will similarly be given a form
 X
L 
L
X
l z l
l z l
b  sin
b 
cos
bl x; y; z
9:2
b
a
a
l 1
l1
for body force, with similar form for concentrated loads and boundary tractions (see
Chapter 2 of Volume 1). Indeed, initial strains and stresses, if present, would be
expanded again in the above form.
Applying the standard processes of Chapter 2 of Volume 1 to the determination of
the element contribution to the equation minimizing the potential energy, and limiting our attention to the contribution of body forces b only, we can write
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9
8
>
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f 1e >
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;
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In the above, to avoid summation signs, the vectors ae , etc., are expanded, listing the
contribution of each value of l separately.
Now a typical submatrix of Ke is
Klm e 

Bl T D Bm dx dy dz

V

9:4

and a typical term of the `force' vector becomes
f l e 

V

Nl T bl dx dy dz

9:5

Without going into details, it is obvious that the matrix given by Eq. (9.4) will
contain the following integrals as products of various submatrices:
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I3 
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a
0
a
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Introduction

These integrals arise from products of the derivatives contained in the de®nition of Bl
and, owing to the well-known orthogonality property, give
I2  I3  0

for l 6 m

9:7

when l  1; 2; . . . and m  1; 2; . . . . The ®rst integral I1 is only zero when l and m are
both even or odd numbers. The term involving I1 , however, vanishes in many
applications because of the structure of Bl . This means that the matrix Ke becomes
a diagonal one and that the assembled ®nal equations of the system have the form
38 9 8 9
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and the large system of equations splits into L separate problems:
Kll al  f l  0

9:9

in which
Kllij 

V

Bli T D Blj dx dy dz

9:10

Further, from Eqs (9.5) and (9.2) we observe that owing to the orthogonality
property of the integrals given by Eqs (9.6), the typical load term becomes simply
f li 

V

Nli T bl dx dy dz

9:11

This means that the force term of the lth harmonic only aects the lth system of
Eq. (9.9) and contributes nothing to the other equations. This extremely important
property is of considerable practical signi®cance for, if the expansion of the loading
factors involves only one term, only one set of equations need be solved. The solution
of this will tend to the exact one with increasing subdivision in the xy domain only.
Thus, what was originally a three-dimensional problem now has been reduced to a
two-dimensional one with consequent reduction of computational eort.
The preceding derivation was illustrated on a three-dimensional, elastic situation.
Clearly, the arguments could equally well be applied for reduction of twodimensional problems to one-dimensional ones, etc., and the arguments are not
restricted to problems of elasticity. Any physical problem governed by a minimization
of a quadratic functional (Chapter 3 of Volume 1) or by linear dierential equations is
amenable to the same treatment.
A word of warning should be added regarding the boundary conditions imposed on
u. For a complete decoupling to be possible these must be satis®ed separately by each
and every term of the expansion given by Eq. (9.1). Insertion of a zero displacement in
the ®nal reduced problem implies in fact a zero displacement ®xed throughout all
terms in the z direction by de®nition. Care must be taken not to treat the ®nal
matrix therefore as a simple reduced problem. Indeed, this is one of the limitations
of the process described.
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When the loading is complex and many Fourier components need to be considered
the advantages of the approach outlined here reduce and the full solution sometimes
becomes more ecient.
Other permutations of the basic de®nitions of the type given by Eq. (9.1) are
obviously possible. For instance, two independent sets of parameters ae may be
speci®ed with each of the trigonometric terms. Indeed, on occasion use of other
orthogonal functions may be possible. The appropriate functions are often related
to a reduction of the dierential equation directly using separation of variables.1
As trigonometric functions will arise frequently it is convenient to remind the
reader of the following integrals:
a
a
0

where

l

0

sin2

sin

l z dz

l z cos l z dz
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0

cos2

0

l z dz



a
2

when

l  0; 1; . . .

when

l  1; 2; . . .

9:12

 l =a.

9.2 Prismatic bar
Consider a prismatic bar, illustrated in Fig. 9.1, which is assumed to be held at z  0
and z  a in a manner preventing all displacements in the xy plane but permitting
unrestricted motion in the z direction (traction tz  0). The problem is fully threedimensional and three components of displacement u, v, and w have to be considered.

Fig. 9.1 A prismatic bar reduced to a series of two-dimensional ®nite element solutions.

Prismatic bar

Subdividing into ®nite elements in the xy plane we can prescribe the lth displacement components as
8 l9
2
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In this, Ni are simply the (scalar) shape functions appropriate to the elements used in
the xy plane and again l  l=a. If, as shown in Fig. 9.1, simple triangles are used
then the shape functions are given by Eqs (4.7) and (4.8) in Chapter 4 of Volume 1,
but any of the more elaborate elements described in Chapter 8 of Volume 1 would
be equally suitable (with or without the transformations given in Chapter 9 of
Volume 1). The displacement expansion ensures zero u and v displacements at the
ends and the zero tz traction condition can be imposed in a standard manner.
As the problem is fully three-dimensional, the appropriate expression for strain
involving all six components needs to be considered. This expression is given in
Eq. (1.15) of Chapter 1. On substitution of the shape function given by Eq. (9.13)
for a typical term of the B matrix we have
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It is convenient to separate the above as
 li sin
Bli  B
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9:15

In all of the above it is assumed that the parameters are listed in the usual order:

T
ali  uli vli wli
9:16
and that the axes are as shown in Fig. 9.1.
The stiness matrix can be computed in the usual manner, noting that
Kllij e 

Ve

l
BlT
i D Bj dx dy dz

9:17

On substitution of Eq. (9.15), multiplying out, and noting the value of the integrals
from Eq. (9.12), this reduces to


a
 l  lT  l
 lT
Kllij e 
B
9:18
i D Bj  Bi D Bj dx dy
2
Ae
when l  1; 2; . . . . The integration is now simply carried out over the element area.

It should be noted that now, even for a single triangle, the integration is not trivial as some linear terms

from Ni will remain in B.
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The contributions from distributed loads, initial stresses, etc., are found as the
loading terms. To match the displacement expansions distributed body forces may
be expanded in the Fourier series
9
2
38
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=
< bx x; y; z >
a
6
7
9:19
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sin l z
0 5 by x; y; z dz
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Similarly, concentrated line loads can be expressed directly as nodal forces
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in which f li are intensities per unit length.

Fig. 9.2 A thick box bridge prism of straight or curved platform.

9:20

Thin membrane box structures

The boundary conditions used here have been of a type ensuring simply supported
conditions for the prism. Other conditions can be inserted by suitable expansions.
The method of analysis outlined here can be applied to a range of practical
problems ± one of these being a popular type of box girder, concrete bridge,
illustrated in Fig. 9.2. Here a particularly convenient type of element is the distorted,
serendipity or lagrangian quadratic or cubic of Chapters 8 and 9 of Volume 1.2
Finally, it should be mentioned that some restrictions placed on the general shapes
de®ned by Eqs (9.1) or (9.13) can be removed by doubling the number of parameters
and writing expansions in the form of two sums:
u

L
X
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l1

l za

Bl

9:21

Parameters aAl and aBl are independent and for every component of displacement two
values have to be found and two equations formed.
An alternative to the above process is to write the expansion as
X
u
N x; y exp i l zae
and to observe that both N and a are then complex quantities.
Complex algebra is available in standard programming languages and the identity
of the above expression with Eq. (9.21) will be observed, noting that
exp i  cos   i sin 

9.3 Thin membrane box structures
In the previous section a three-dimensional problem was reduced to that of two
dimensions. Here we shall see how a somewhat similar problem can be reduced to
one-dimensional elements (Fig. 9.3).

Fig. 9.3 A `membrane' box with one-dimensional elements.
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A box-type structure is made up of thin shell components capable of sustaining
stresses only in its own plane. Now, just as in the previous case, three displacements
have to be considered at every point and indeed similar variation can be prescribed for
these. However, a typical element ij is `one-dimensional' in the sense that integrations
have to be carried out only along the line ij and only stresses in that direction be
considered. Indeed, it will be found that the situation and solution are similar to
that of a pin-jointed framework.

9.4 Plates and boxes with ¯exure
Consider now a rectangular plate simply supported at the ends and in which all strain
energy is contained in ¯exure. Only one displacement, w, is needed to specify fully the
state of strain (see Chapter 4).
For consistency of notation with Chapter 4, the direction in which geometry and
material properties do not change is now taken as y (see Fig. 9.4). To preserve
slope continuity the functions need to include now a `rotation' parameter i .
Use of simple beam functions (cubic Hermitian interpolations) is easy and for a
typical element ij we can write (with l  l=a)
 x sin
wl  N

ly

al e

9:22

ensuring simply supported end conditions. In this, the typical nodal parameters are
( )
wli
l
ai 
9:23
li
The shape functions of the cubic type are easy to write and are in fact identical to the
Hermitian polynomials given in Sect. 4.14 and also those used for the asymmetric thin
shell problem [Chapter 7, Eq. (7.9)].

Fig. 9.4 The `strip' method in slabs.

Axisymmetric solids with non-symmetrical load
Table 9.1 Square plate, uniform load q; three sides simply supported one clamped
(Poisson ratio  0:3)
Term l

Central de¯ection

Central Mx

Maximum negative Mx

1
2
3


0.002832
ÿ0.000050
0.002786
0.002786

0.0409
ÿ0.0016
0.0396
0.0396

ÿ0.0858
0.0041
ÿ0.0007
ÿ0.0824

Series

0.0028

0.039

ÿ0.084

Multiplier

qa4 =D

qa2

qa2

Using all de®nitions of Chapter 4 the strains (curvatures) are found and the B
matrices determined; now with C1 continuity satis®ed in a trivial manner, the problem
of a two-dimensional kind has here been reduced to that of one dimension.
This application has been developed by Cheung and others,3ÿ17 named by him the
`®nite strip' method, and used to solve many rectangular plate problems, box girders,
shells, and various folded plates.
It is illuminating to quote an example from the above papers here. This refers to a
square, uniformly loaded plate with three sides simply supported and one clamped.
Ten strips or elements in the x direction were used in the solution, and Table 9.1
gives the results corresponding to the ®rst three harmonics.
Not only is an accurate solution of each l term a simple one involving only some
nineteen unknowns but the importance of higher terms in the series is seen to decrease
rapidly.
Extension of the process to box structures in which both membrane and bending
eects are present is almost obvious when this example is considered together with
the one of the previous section.
In another paper Cheung6 shows how functions other than trigonometric ones can
be used to advantage, although only partial decoupling then occurs (see Sec. 9.7
below).
In the examples just quoted a thin plate theory using the single displacement
variable w and enforcing C1 compatibility in the x direction was employed.
Obviously, any of the independently interpolated slope and displacement elements
of Chapter 5 could be used here, again employing either reduced integration or
mixed methods. Parabolic-type elements with reduced integration are employed in
references 13 and 14, and linear interpolation with a single integration point is
shown to be eective in reference 15.
Other applications for plate and box type structures abound and additional
information is given in the text of reference 17.

9.5 Axisymmetric solids with non-symmetrical load
One of the most natural and indeed earliest applications of Fourier expansion occurs
in axisymmetric bodies subject to non-axisymmetric loads. Now, not only the radial
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Fig. 9.5 An axisymmetric solid; coordinate displacement components in an axisymmetric body.

(u) and axial (w) displacement (as in Chapter 5 of Volume 1) will have to be
considered but also a tangential component (v) associated with the tangential angular
direction  (Fig. 9.5). It is in this direction that the geometric and material properties
do not vary and hence here that the elimination will be applied.
To simplify matters we shall consider ®rst components of load which are
symmetric about the   0 axis and later include those which are antisymmetric.
Describing now only the nodal loads (with similar expansion holding for body
forces, boundary conditions, initial strains, etc.) we specify forces per unit of
circumference as
R

L
X

Rl cos l 

l1

T

L
X

Tl sin l 

9:24

l1

Z

L
X

Zl cos l 

l1

in the direction of the various coordinates for symmetric loads [Fig. 9.6(a)]. The
apparently non-symmetric sine expansion is used for T, since to achieve symmetry
the direction of T has to change for  > .
The displacement components are described again in terms of the two-dimensional
(r, z) shape functions appropriate to the element subdivision, and, observing
symmetry, we write, as in Eq. (9.13),
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Axisymmetric solids with non-symmetrical load

Fig. 9.6 Load and displacement components in an axisymmetric body: (a) symmetric; (b) antisymmetric.

To proceed further it is necessary to specify the general, three-dimensional expression
for strains in cylindrical coordinates. These are given by18
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We have on substitution of Eq. (9.25) into Eq. (9.26), and grouping the variables as
in Eq. (9.16):
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A purely axisymmetric problem may be described for the complete zero harmonic
(l  0) and a further simpli®cation arises in that the strains split into two problems:
the ®rst involves the displacement components u and w which appear only in the
®rst four components of strain; and the second involves only the v displacement
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component and appears only in the last two shearing strains. This second problem is
associated with a torsion problem on the axisymmetric body ± with the ®rst problem
sometimes referred to as a torsionless problem. For an isotropic elastic material the
stiness matrix for these two problems completely decouples as a result of the
structure of the D matrix, and they can be treated separately. However, for inelastic
problems a coupling occurs whenever both torsionless and torsional loading are both
applied as loading conditions on the same problem. Thus, it is often expedient to form
the axisymmetric case including all three displacement components (as is necessary
also for the other harmonics).
For the elastic case the remaining steps of the formulation follow precisely the
previous derivations and can be performed by the reader as an exercise.
For the antisymmetric loading, of Fig. 9.6(b), we shall simply replace the sine by
cosine and vice versa in Eqs (9.24) and (9.25).
The load terms in each harmonic are obtained by virtual work as
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for the symmetric case. Similarly, for the antisymmetric case
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We see from this and from an expansion of Ke that, as expected, for l  0 the
problem reduces to only two variables and the axisymmetric case is retrieved when
symmetric terms only are involved. Similarly, when l  0 only one set of equations

Fig. 9.7 Torsion of a variable section circular bar.

Axisymmetric solids with non-symmetrical load

Fig. 9.8 (a) An axisymmetric tower under non-symmetric load; four cubic elements are used in the solution;
the harmonics of load expansion used in the analysis are shown.
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remains in the variable for v for the antisymmetric case. This corresponds to constant
tangential traction and solves simply the torsion problem of shafts subject to known
torques (Fig. 9.7). This problem is classically treated by the use of a stress function19
and indeed in this way has been solved by using a ®nite element formulation.20 Here,
an alternative, more physical, approach is available.
The ®rst application of the above concepts to the analysis of axisymmetric solids
was made by Wilson.21 A simple example illustrating the eects of various harmonics
is shown in Figs 9.8(a) and 9.8(b).

Fig. 9.8 (b) Distribution of z , the vertical stress on base arising from various harmonics and their combination (third harmonic identically zero), the ®rst two harmonics give practically the complete answer.

Axisymmetric shells with non-symmetrical load

9.6 Axisymmetric shells with non-symmetrical load
9.6.1 Thin case ± no shear deformation
The extension of analysis of axisymmetric thin shells as described in Chapter 7 to
the case of non-axisymmetric loads is simple and will again follow the standard
pattern.

Fig. 9.9 Axisymmetric shell with non-symmetric load; displacements and stress resultants.

It is, however, necessary to extend the de®nition of strains to include now all three
displacements and force components (Fig. 9.9). Three membrane and three bending
eects are now present and, extending Eq. (7.1) involving straight generators, we now
de®ne strains as22;23 
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Various alternatives are available as a result of the multiplicity of shell theories. The one presented is quite
commonly accepted.
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The corresponding `stress' matrix is
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with the three membrane and bending stresses de®ned as in Fig. 9.9.
Once again, symmetric and antisymmetric variation of loads and displacements
can be assumed, as in the previous section. As the processes involved in executing
this extension of the application are now obvious, no further description is needed
here, but note again should be made of the more elaborate form of equations
necessary when curved elements are involved [see Chapter 7, Eq. (7.23)].
The reader is referred to the original paper by Grafton and Strome23 in which
this problem is ®rst treated and to the many later papers on the subject listed in
Chapter 7.

9.6.2 Thick case ± with shear deformation
The displacement de®nition for a shell which includes the eects of transverse
shearing deformation is speci®ed using the forms given in Eqs (8.4) and (8.26). For
a case of loading which is symmetric about   0, the decomposition into global
trigonometric components involves the three displacement components of the nth
harmonic as
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In this ui , wi , and i stand for the displacements and rotation illustrated in Fig. 8.5, vi
is a displacement of the middle surface node in the tangential () direction, and i is a
rotation about the vector tangential to the mid-surface.
Global strains are conveniently de®ned by the relationship18
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Finite strip method ± incomplete decoupling

These strains are transformed to the local coordinates, and the component normal to
 (  constant) is neglected. As in the axisymmetric case described in Chapter 8, the
 matrix relating local stresses and strains takes a form identical to that de®ned by
D
Eq. (8.13).
A purely axisymmetric problem may again be described for the complete zero
harmonic problem and again, as in the non-symmetric loading of solids, the strains
split into two problems de®ning a torsionless and a torsional state. However, for
inelastic problems a coupling again occurs whenever both torsionless and torsional
loading are both applied as loading conditions on the same problem. Thus, it is
often expedient to form the axisymmetric case including all three displacement
components.

9.7 Finite strip method ± incomplete decoupling
In the previous discussion, orthogonal harmonic functions were used exclusively in
the longitudinal/circumferential direction. However, the ®nite strip method developed by Cheung17 can in fact be used to solve various structural problems involving
dierent boundary conditions and arbitrary geometrical shapes at the expense of
introducing a limited amount of coupling.
As already stated, the ®nite strip method calls for the use of displacement functions
of the multiplicative type (similar to the use of separation of variables in solution of
dierential equations), in which simple, ®nite element polynomials are used in one
direction, and continuously dierentiable smooth series or spline functions in the
other. The ®rst type, similar to that previously discussed, is called the semi-analytical
®nite strip, and the series must be chosen in such a way that they satisfy a priori the
boundary conditions at the ends of the strip. The second type is called the spline ®nite
strip method, where usually cubic (B3 ) spline functions are used and the boundary
conditions are incorporated a posteriori. Here, for a strip, in which a two-dimensional
problem is to be reduced to a one-dimensional one, the displacement previously
de®ned by Eq. (9.22) now is assumed to be of the form
r
X
 xYn yae
we 
9:34
N
n1

where Yn y are suitable continuous functions which are necessary to satisfy the
boundary conditions.
Semi-analytical ®nite strips with orthogonal series Yn have been developed for plates
and shells with regular shapes. The method is a very good technique for solving singlespan plates and prismatic thin-walled structures under arbitrary loading because of the
uncoupling of the terms in the series. The method is also highly ecient for dynamic
and stability analysis and for static analysis of multispan structures under uniformly
distributed loads, because only a few coupled terms are required to yield a fairly
accurate solution. Spline ®nite strips are better suited to plates with arbitrary shapes
(parallelogram quadrilateral, S-shaped, etc.), for plates and shells with multispans,
and for concentrated loading and point support conditions.
Displacement functions are of two types, the polynomial part made up of the shape
functions N x of standard type and the Yn y series or spline function part.
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The most commonly used series are the basic functions24 (or eigenfunctions) which
are derived from the solution of the beam vibration dierential equation for a single
span
d4 Y 4 Y
 4
dy
a

9:35

where a is length of the beam (strip) and  is a parameter.
The general form of such basic functions is
Yn y  C1 sin n  C2 cos n  C3 sinh n  C4 cosh n

9:36

where n  n y=a.
To a much more limited extent the buckling modes of a beam may be used for
stability analysis,24 and the series takes up the form
Yn y  C1 sin n  C2 cos n  C3 y  C4

9:37

The constants Ci are determined by the end conditions.
Another form of series solution that has been used for shear walls25 is of the form
Y1 y 

y
a



Yn y  sin n ÿ sinh n ÿ cos n ÿ cosh n 

sin n  sinh n
cos n  cosh n

for



9:38

n  2; 3; . . . ; r

where n  1:875; 4:694; . . . ; 2n ÿ 1=2.
For multiple spans such as illustrated in Fig. 9.10 similar series can be used in each
span with the constant appropriately adjusted to ensure continuity. However, spline
functions are useful here.
Spline, which is originally the name of a small ¯exible wooden strip employed by a
draftsman as a tool for drawing a continuous smooth curve segment by segment,
became a mathematical tool after the seminal work of Schoenberg.26 A variety of

Fig. 9.10 A typical continuous ®nite strip.

Finite strip method ± incomplete decoupling

Fig. 9.11 Typical spline approximations: (a) typical B3 spline; (b) basis functions for B3 spline expression.

spline functions are available. The spline function chosen here (Fig. 9.11) to represent
the displacement is the B3 cubic spline of equal section length (B3 splines of unequal
section length have been discussed in the paper by Li et al.27 ) and is given as
Y x 
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i

x
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in which each local B3 spline i has non-zero values over four consecutive sections
with the section node x  xi as the centre and is de®ned by
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The use of B3 splines oers certain distinct advantages when compared with the
conventional ®nite element method and the semi-analytical ®nite strip method.
1. It is computationally ecient. When using B3 splines as displacement functions,
continuity is ensured up to the second order (C2 continuity). However, to achieve
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the same continuity conditions for conventional ®nite elements, it is necessary to
have three times as many unknowns at the nodes (e.g. quintic Hermitian functions).
2. It is more ¯exible than the semi-analytical ®nite strip method in the boundary
condition treatment. Only the local splines around the boundary point need to
be amended to ®t any speci®ed boundary condition.
3. It has wider applications than the semi-analytical ®nite strip method. The spline
®nite strip method can be used to analyse plates with arbitrary shapes.28 In this
case any domain bounded by four curved (or straight) sides can be mapped into
a rectangular one (see Chapter 9 of Volume 1) and all operations for one system
(x; y) can be transformed to corresponding ones for the other system (; ).
The ®nite strip methods have proved eective in a large number of engineering
applications, many listed in the text by Cheung.17 References 29±39 list some of
the typical linear problems solved in statics, vibrations, and buckling analysis of
structures. Indeed, non-linear problems of the type described in Sec. 4.20 have also
been successfully tackled.40;41
Of considerable interest also is the extension of the procedures to the analysis of
strati®ed (layered) media such as may be encountered in laminar structures or
foundations.42ÿ44

9.8 Concluding remarks
A fairly general process combining some of the advantages of ®nite element analysis
with the economy of expansion in terms of generally orthogonal functions has been
illustrated in several applications. Certainly, these only touch on the possibilities
oered, but it should be borne in mind that the economy is achieved only in certain
geometrically constrained situations and those to which the number of terms
requiring solution is limited.
Similarly, other `prismatic' situations can be dealt with in which only a segment of a
body of revolution is developed (Fig. 9.12). Clearly, the expansion must now be taken
in terms of the angle l  = , but otherwise the approach is identical to that described
previously.2
In the methods of this chapter it was assumed that material properties remain
constant with one coordinate direction. This restriction can on occasion be lifted
with the same general process maintained. An early example of this type was
presented by Stricklin and DeAndrade.45 Inclusion of inelastic behaviour has also
been successfully treated.46ÿ49
In Chapter 17 of Volume 1 dealing with semi-discretization we considered general
classes of problems for time. All the problems we have described in this chapter could
be derived in terms of similar semi-discretization. We would thus ®rst semi-discretize,
describing the problem in terms of an ordinary dierential equation in z of the form
K1

d2 a
da
 K3 a  f  0
 K2
2
dz
dz

Second, the above equation system would be solved in the domain 0 < z < a by means
of orthogonal functions that naturally enter the problem as solutions of ordinary

References

Fig. 9.12 Other segmental, prismatic situations.

dierential equations with constant coecients. This second solution step is most
easily found by using a diagonalization process described in dynamic applications
(see Chapter 17, Volume 1). Clearly, the ®nal result of such computations would
turn out to be identical with the procedures here described, but on occasion the
above formulation is more self-evident.
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10
Geometrically non-linear problems
± ®nite deformation
10.1 Introduction
In all our previous discussion we have assumed that deformations remained small so
that linear relations could be used to represent the strain in a body. We now admit the
possibility that deformations can become large during a loading process. In such cases
it is necessary to distinguish between the reference con®guration where initial shape of
the body or bodies to be analysed is known and the current or deformed con®guration
after loading is applied. Figure 10.1 shows the two con®gurations and the coordinate
frames which will be used to describe each one. We note that the deformed con®guration of the body is unknown at the start of an analysis and, therefore, must be
determined as part of the solution process ± a process that is inherently non-linear.
The relationships describing the ®nite deformation behaviour of solids involve
equations related to both the reference and the deformed con®gurations. We shall
generally ®nd that such relations are most easily expressed using the indicial notation
introduced in Volume 1 (see Appendix B, Volume 1); however, after these indicial
forms are developed we shall again return to a matrix form to construct the ®nite
element approximations.
The chapter starts by describing the basic kinematic relations used in ®nite
deformation solid mechanics. This is followed by a summary of dierent stress and
traction measures related to the reference and deformed con®gurations, a statement
of boundary and initial conditions, and an overview of material constitution for ®nite
elastic solids. A variational Galerkin statement for the ®nite elastic material is then
given in the reference con®guration. Using the variational form the problem is then
cast into a matrix form and a standard ®nite element solution process is indicated.
The procedure up to this point is based on equations related to the reference con®guration. A transformation to a form related to the current con®guration is performed
and it is shown that a much simpler statement of the ®nite element formulation
process results ± one which again permits separation into a form for treating
nearly incompressible situations.
A mixed variational form is introduced and the solution process for problems
which can have nearly incompressible behaviour is presented. This follows closely
the developments for the small strain form given in Chapter 1. An alternative to
the mixed form is also given in the form of an enhanced strain model (see
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Fig. 10.1 Reference and deformed (current) con®guration for ®nite deformation problems.

Chapter 11 of Volume 1). Here a fully mixed construction is shown and leads to a
form which performs well in two- and three-dimensional problems.
In ®nite deformation problems, loads can be given relative to the deformed
con®guration. An example is a pressure loading which always remains normal to a
deformed surface. Here we discuss this case and show that by using ®nite element
type constructions a very simple result follows. Since the loading is no longer
derivable from a potential function (i.e. conservative) the tangent matrix for the
formulation is unsymmetric, leading in general to a requirement of an unsymmetric
solver in a Newton±Raphson solution scheme.
We next consider the form of material constitutive models for ®nite deformation.
This is a very complex subject and we present a discussion for only hyperelastic
and isotropic elasto-plastic material forms. Thus, the reader undoubtedly will need
to consult literature on the subject for additional types of models. We do give a
rate model which can be used on some occasions to develop heuristic forms from
small deformation concepts; however, such an approach should be used with caution
and only when experimental data are available to verify the behaviour obtained.
In the last section of this chapter we consider the modelling of interaction between
one or more bodies which come into contact with each other. Such contact problems
are among the most dicult to model by ®nite elements and we summarize here only
some of the approaches which have proved successful in practice. In general, the ®nite
element discretization process itself leads to surfaces which are not smooth and, thus,
when large sliding occurs the transition from one element to the next leads to
discontinuities in the response ± and in transient applications can induce non-physical
inertial discontinuities also. For quasi-static response such discontinuity leads to
diculties in de®ning a unique solution and here methods of multisurface plasticity
prove useful.
We include in the chapter some illustrations of performance for many of the formulations and problem classes discussed; however, the range is so broad that it is not
possible to cover a comprehensive set. Here again the reader is referred to literature
cited for additional insight and results.
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The present chapter concentrates on continuum problems where ®nite elements are
used to discretize the problem in all directions modelled. In the next chapter we
consider forms for problems which have one (or more) small dimension(s) and thus
can bene®t from use of plate and shell formulations of the type discussed earlier in
this volume for small deformation situations.

10.2 Governing equations
10.2.1 Kinematics and deformation
The basic equations for ®nite deformation solid mechanics may be found in standard
references on the subject.1ÿ4 Here a summary of the basic equations in three dimensions is presented ± two dimensional plane problems being a special case of these. A
body B has material points whose positions are given by the vector X in a ®xed reference con®guration, , in a three-dimensional space. In Cartesian coordinates the
position vector is described in terms of its components as:
X  XI EI ;

I  1; 2; 3

10:1

where EI are unit orthogonal base vectors and summation convention is used for
repeated indices of like kind (e.g. I). After the body is loaded each material point is
described by its position vector, x, in the current deformed con®guration, !. The
position vector in the current con®guration is given in terms of its Cartesian components as
x  xi ei ;

i  1; 2; 3

10:2

where ei are unit base vectors for the current time, t, and again summation convention
is used. In our discussion, common origins and directions of the reference and current
coordinates are used for simplicity. Furthermore, in a Cartesian system base vectors
do not change with position and all derivations may be made using components of
tensors written in indicial form. Final equations are written in matrix form using
standard transformations described in Chapter 1 and in Appendix B of Volume 1.
The position vector at the current time is related to the reference con®guration
position vector through the mapping
xi  i XI ; t

10:3

Determination of i is required as part of any solution and is analogous to the
displacement vector, which we introduce next. When common origins and directions
for the coordinate frames are used, a displacement vector may be introduced as the
change between the two frames. Accordingly,
xi  iI XI  UI 


10:4

As much as possible we adopt the notation that upper-case letters refer to quantities de®ned in the
reference con®guration and lower-case letters to quantities de®ned in the current deformed con®guration.
Exceptions occur when quantities are related to both the reference and the current con®gurations.

Governing equations

where summation convention is implied over indices of the same kind and iI is a
rank-two shifter tensor between the two coordinate frames, and is de®ned by a
Kronnecker delta quantity such that

1 if i  I
iI 
10:5
0 if i 6 I
The shifter satis®es the relations
iI iJ  IJ

and

iI jI  ij

10:6

where IJ and ij are Kronnecker delta quantities in the reference and current con®guration, respectively. Using the shifter, a displacement component may be written
with respect to either the reference con®guration or the current con®guration and
related through
ui  iI UI

and

UI  iI ui

10:7

and we observe that u1  U1 , etc. Thus, either may be used equally to develop ®nite
element parameters.
A fundamental measure of deformation is described by the deformation gradient
relative to XI given by
FiI 

@i
@XI

10:8

subject to the constraint
J  det FiI > 0

10:9

to ensure that material volume elements remain positive. The deformation gradient is
a direct measure which maps a dierential line element in the reference con®guration
into one in the current con®guration as (Fig. 10.1)
dxi 

@i
dXI  FiI dXI
@XI

10:10

Thus, it may be used to determine the change in length and direction of a dierential line element. The determinant of the deformation gradient also maps a volume
element in the reference con®guration into one in the reference con®guration,
that is
dv  J dV

10:11

where dV is a volume element in the reference con®guration and dv its corresponding
form in the current con®guration.
The deformation gradient may be expressed in terms of the displacement as
FiI  iI 

@ui
 iI  ui;I
@XI

10:12

and is a two-point tensor since it is referred to both the reference and the current
con®gurations. Using FiI directly complicates the development of constitutive
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equations and it is common to introduce deformation measures which are completely
related to either the reference or the current con®gurations. For the reference
con®guration, the right Cauchy±Green deformation tensor, CIJ , is introduced as
CIJ  FiI FiJ

10:13

Alternatively the Green strain tensor, EIJ , given as
EIJ  12 CIJ ÿ IJ 

10:14

may be used. The Green strain may be expressed in terms of the reference displacements as



1 @UI @UJ @UK @UK
1
EIJ 


10:15
 UI;J  UJ;I  UK;I UK;J
2 @XJ @XI
2
@XI @XJ
In the current con®guration a common deformation measure is the left Cauchy±
Green deformation tensor, bij , expressed as
bij  FiI FjI

10:16

The Almansi strain tensor, eij , is related to the inverse of bij as
eij  12 ij ÿ bÿ1
ij 

10:17

bij  ij ÿ 2eij ÿ1

10:18

or inverting by

Generally, the Almansi strain tensor will not appear naturally in our constitutive
equations and we often will use bij forms directly.

10.2.2 Stress and traction for reference and deformed states
Stress measures

Stress measures the amount of force per unit of area. In ®nite deformation problems
care must be taken to describe the con®guration to which a stress is measured. The
Cauchy (true) stress, ij , and the Kirchho stress, ij , are symmetric measures of
stress de®ned with respect to the current con®guration. They are related through
the determinant of the deformation gradient as
ij  J ij

10:19

and usually are the stresses used to de®ne general constitutive equations for materials.
The second Piola±Kirchho stress, SIJ , is a symmetric stress measure with respect to
the reference con®guration and is related to the Kirchho stress through the deformation gradient as
ij  FiI SIJ FjJ

10:20

Governing equations

Finally, one can introduce the (unsymmetric) ®rst Piola±Kirchho stress, PiI , which
is related to SIJ through
PiI  FiJ SJI

10:21

ij  PiI FjI

10:22

and to the Kirchho stress by

Traction measures

For the current con®guration traction is given by
ti  ij nj

10:23

where nj are direction cosines of a unit outward pointing normal to a deformed
surface. This form of the traction may be related to a reference surface quantity
through force relations de®ned as
ti ds  iI TI dS

10:24

where ds and dS are surface area elements in the current and reference con®gurations,
respectively, and TI is traction on the reference con®guration. Note that the direction
of the traction component is preserved during the transformation and, thus, remains
directly related to current con®guration forces.

10.2.3 Equilibrium equations
Using quantities related to the current (deformed) con®guration, the equilibrium
equations for a solid subjected to ®nite deformation are nearly identical to those
for small deformation. The local equilibrium equation (balance of linear momentum)
is obtained as a force balance on a small dierential volume of deformed solid and is
given by2ÿ4
@ij
m
 bj   v_ j
@xi
where  is mass density in the current con®guration, bj
and vj is the material velocity
vj 

@j
 x_ j  u_ j
@t

10:25
m

is body force per unit mass,
10:26

The mass density in the current con®guration may be related to the reference con®guration (initial) mass density, 0 , using the balance-of-mass principle2ÿ4 and yields
0  J

10:27

Thus dierences in the equilibrium equation from those of the small deformation case
appear only in the body force and inertial force de®nitions.
Similarly, the moment equilibrium on a small dierential volume element of
the deformed solid gives the balance of angular momentum requirement for the
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Cauchy stress as
ij  ji

10:28

which is identical to the result from the small deformation problem.
The equilibrium requirements may also be written for the reference con®guration
using relations between stress measures and the chain rule of dierentiation.2 We
will show the form for the balance of linear momentum when discussing the
variational form for the problem. Here, however, we comment on the symmetry
requirements for stress resulting from angular momentum balance. Using symmetry
of the Cauchy stress tensor and Eqs (10.19) and (10.22) leads to the requirement on
the ®rst Piola±Kirchho stress
FiI PjI  PiI FjI

10:29

and subsequently, using Eq. (10.21), to the symmetry of the second Piola±Kirchho
stress tensor
SIJ  SJI

10:30

10.2.4 Boundary conditions
As described in Chapter 1 the basic boundary conditions for a continuum body
consist of two types: displacement boundary conditions and traction boundary
conditions. Boundary conditions generally are de®ned on each part of the boundary
by specifying components with respect to a local coordinate system de®ned by the
orthogonal basis, e0i , i  1; 2; 3. Often one of the directions, say e3 , coincides with
the normal to the surface and the other two are in tangential directions along the
surface. At each point on the boundary one (and only one) boundary condition
must be speci®ed for all three directions of the basis. These conditions can be all
for displacements (®xed surface), all for tractions (stress or free surface), or a
combination of displacements and tractions (mixed surface).
Displacement boundary conditions may be expressed for a component by
requiring
x0i  x0i

10:31

at each point on the displacement boundary, u . A quantity with a superposed bar,
such as x0i again denotes a speci®ed quantity. The boundary condition may also be
expressed in terms of components of the displacement vector, ui . Accordingly, on u
u0i  u0i

10:32

The second type of boundary condition is a traction boundary condition. Using the
orthogonal basis described above, the traction boundary conditions may be given for
each component by requiring
t0i  t0i

10:33

Variational description for ®nite deformation

at each point on the boundary, t . The boundary condition may be non-linear for
loadings such as pressure loads, as described later in Sec. 10.6.

10.2.5 Initial conditions
Initial conditions describe the state of a body at the start of an analysis. The
conditions describe the initial kinematic and stress or strain states with respect to
the reference con®guration used to de®ne the body. In addition, for constitutive
equations with internal variables the initial values of terms which evolve in time
must be given (e.g. initial plastic strain).
The initial conditions for the kinematic state consist of specifying the position and
velocity at some initial time, commonly taken as zero. Accordingly,
xi XI ; 0  i XI ; 0

or ui XI ; 0  d0i XI 

10:34

and
vi XI ; 0  _ i XI ; 0  v 0i XI 

10:35

are speci®ed at each point in the body.
The initial conditions for stresses are speci®ed as
ij XI ; 0  0ij XI 

10:36

at each point in the body. Finally, as noted above the internal variables in the stress±
strain relations that evolve in time must have their initial conditions set. For a ®nite
elastic model, generally there are no internal variables to be set unless initial stress
eects are included.

10.3 Variational description for ®nite deformation
In order to construct ®nite element approximations for the solution of ®nite
deformation problems it is necessary to write the formulation in a Galerkin (weak)
or variational form as illustrated many times previously. Here again we can write
these integral forms in either the reference con®guration or in the current con®guration. The simplest approach is to start from a reference con®guration since here
integrals are all expressed over domains which do not change during the deformation
process and thus are not aected by variation or linearization steps. Later the results
can be transformed and written in terms of the deformed con®guration. Using the
reference con®guration form variations and linearizations can be carried out in an
identical manner as was done in the small deformation case. Thus, all the steps outlined in Chapter 1 immediately can be extended to the ®nite deformation problem. We
shall discover that the ®nal equations obtained by this approach are very dierent
from those of the small deformation problem. However, after all derivation steps
are completed a transformation to expressions integrated over the current con®guration will yield a form which is nearly identical to the small deformation problem and
thus greatly simpli®es the development of the ®nal force and stiness terms as well as
programming steps.
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To develop a ®nite element solution to the ®nite deformation problem we consider
®rst the case of elasticity as a variational problem. Other material behaviour may be
considered later by substitution of appropriate constitutive expressions for stress and
tangent moduli ± identical to the process used in Chapter 3 for the small deformation
problem.

10.3.1 Reference con®guration formulation
A variational theorem for ®nite elasticity may be written in the reference con®guration as4;5


W CIJ  dV ÿ ext

10:37

in which W CIJ  is a stored energy function for a hyperelastic material from which the
second Piola±Kirchho stress is computed using4
SIJ  2

@W
@W

@CIJ @EIJ

10:38

The simplest representation of the stored energy function is the Saint-Venant±
Kirchho model given by
W EIJ   12 DIJKL EIJ EKL

10:39

where DIJKL are constant elastic moduli de®ned in a manner similar to the small
deformation ones. Equation (10.38) then gives
SIJ  DIJKL EKL

10:40

for the stress±strain relation. While this relation is simple it is not adequate to de®ne
the behaviour of elastic ®nite deformation states. It is useful, however, for the case
where strains are small but displacements are large and we address this use further
in the next chapter. Other models for representing elastic behaviour at large strain
are considered in Sec. 10.7.
The potential for the external work is here assumed to be given by
ext 

U I  0 bI

m

dV 

ÿt

UI TI dS

10:41

where TI denotes speci®ed tractions in the reference con®guration and ÿt is the
traction boundary surface in the reference con®guration. Taking the variation of
Eqs (10.37) and (10.41) we obtain
 

1
2

CIJ SIJ dV ÿ ext  0

10:42

and
ext 

UI 0 bI

m

dV 

ÿt

UI TI dS

10:43
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where UI is a variation of the reference con®guration displacement (i.e. a virtual
displacement) which is arbitrary except at the kinematic boundary condition
locations, ÿu , where, for convenience, it vanishes. Since a virtual displacement is an
arbitrary function, satisfaction of the variational equation implies satisfaction of
the balance of linear momentum at each point in the body as well as the traction
boundary conditions. We note that by using Eq. (10.38) and constructing the
variation of CIJ , the ®rst term in the integrand of Eq. (10.42) can be expressed in
alternate forms as
1
2

CIJ SIJ  EIJ SIJ  FiI FiJ SIJ

10:44

where symmetry of SIJ has been used. The variation of the deformation gradient may
be expressed directly in terms of the current con®guration displacement as
FiI 

@ui
 ui;I
@XI

10:45

Using the above results, after integration by parts using Green's theorem (see
Appendix G of Volume 1), the variational equation may be written as
h
i
m
  ÿ ui FiJ SIJ ;I  iI 0 bI
ui FiJ SIJ NI ÿ iI TI  dS  0
dV 
ÿt

10:46
giving the Euler equations of (static) equilibrium in the reference con®guration as
FiJ SIJ ;I  iI 0 bI

m

 PiI;I  0 bi

m

0

10:47

and the reference con®guration traction boundary condition
SIJ FiJ NI ÿ iI TI  PiI NI ÿ iI TI  0

10:48

The variational equation (10.42) is identical to a Galerkin method and, thus, can be
used directly to formulate problems with constitutive models dierent from the
hyperelastic behaviour above. In addition, direct use of the variational term (10.43)
permits non-conservative loading forms, such as follower forces or pressures, to be
introduced. We shall address such extensions in Section 10.6.

Matrix form

At this point we can again introduce matrix notation to represent the stress, strain,
and variation of strain. For three-dimensional problems we de®ne the matrix for
the second Piola±Kirchho stress as
S   S11 ; S22 ; S33 ;

S12 ;

S23 ;

S31 T

10:49

and the Green strain as
E   E11 ; E22 ; E33 ; 2 E12 ; 2 E23 ;

2E31 T

10:50

where, similar to the small strain problem, the shearing components are doubled to
permit the reduction to six components. The variation of the Green strain is similarly

321

322 Geometrically non-linear problems

given by
E   E11 ; E22 ; E33 ;

2E12 ;

2E23 ;

2E31 T

10:51

which permits Eq. (10.44) to be written as the matrix relation
EIJ SIJ  ET S

10:52

The variation of the Green strain is deduced from Eqs (10.13), (10.14) and (10.45) and
written as



1 @ui
@ui
1ÿ
10:53
EIJ 
FiJ 
FiI  ui;I FiJ  ui;J FiI
2 @XI
2
@XJ
Substitution of Eq. (10.53) into Eq. (10.51) we obtain
9
8
Fi1 ui;1
>
>
>
>
>
>
>
>
>
>
Fi2 ui;2
>
>
>
>
>
>
=
<
Fi3 ui;3
E 
>
Fi1 ui;2  Fi2 ui;1 >
>
>
>
>
>
>
>
>
>
>
F
u

F
u
>
>
i2
i;3
i3
i;2
>
>
;
:
Fi3 ui;1  Fi1 ui;3

10:54

as the matrix form of the variation of the Green strain.

Finite element approximation

Using the isoparametric form developed in Chapters 8 and 9 of Volume 1 we
represent the reference con®guration coordinates as
X
XI 
N n X~I
10:55
where n are the natural coordinates ,  in two dimensions
dimensions, N are shape standard functions (see Chapters 8
and Greek symbols are introduced to identify uniquely the
values from other indices. Similarly, we can approximate the
each element by
X
ui 
N n u~i

and , ,  in three
and 9 of Volume 1),
®nite element nodal
displacement ®eld in
10:56

The reference system derivatives are constructed in an identical manner to that
described in Chapter 9 of Volume 1. Thus,
ui;I  N

;I

u~i

10:57

where explicit writing of the sum is omitted and summation convention for
is
again invoked. The derivatives of the shape functions can be established by using
standard routines to which the XI coordinates of nodes attached to each element
are supplied.

Variational description for ®nite deformation

The deformation gradient and Green strain may now be computed with use of
Eqs (10.12) and (10.15), respectively. Finally, the variation of the Green strain is
given in matrix form as
3
2
F11 N ;1
F21 N ;1
F31 N ;1
7
6
78
6
F12 N ;2
F22 N ;2
F32 N ;2
9
7
6
~
u1 >
7>
6
>
>
=
7<
6
F13 N ;3
F23 N ;3
F33 N ;3
7
6
E  6
u2
7 ~
>
6 F11 N ;2  F12 N ;1 F21 N ;2  F22 N ;1 F31 N ;2  F32 N ;1 7 >
>
;
:
7>
6
u3
7 ~
6
6 F12 N ;3  F13 N ;2 F22 N ;3  F23 N ;2 F32 N ;3  F33 N ;2 7
5
4
F13 N ;1  F11 N ;3 F23 N ;1  F21 N ;3 F33 N ;1  F31 N ;3
^ ~
B
u

10:58

^ replaces the form previously de®ned for the small deformation problem as
where B
B . Expressing the deformation gradient in terms of displacements it is also possible
to split this matrix into two parts as
^  B  BNL
B

10:59

in which B is identical to the small deformation strain-displacement matrix and the
remaining non-linear part is given by
3
2
u2;1 N ;1
u3;1 N ;1
u1;1 N ;1
7
6
u1;2 N ;2
u2;2 N ;2
u3;2 N ;2
7
6
7
6
7
6
u
N
u
N
u
N
1;3
;3
2;3
;3
3;3
;3
NL
7
6
10:60
B 6
7
6 u1;1 N ;2  u1;2 N ;1 u2;1 N ;2  u2;2 N ;1 u3;1 N ;2  u3;2 N ;1 7
7
6
4 u1;2 N ;3  u1;3 N ;2 u2;2 N ;3  u2;3 N ;2 u3;2 N ;3  u3;3 N ;2 5
u1;3 N

;1

 u1;1 N

;3

u2;3 N

;1

 u2;1 N

;3

u3;3 N

;1

 u3;1 N

;3

NL

It is immediately evident that B is zero in the reference con®guration and therefore
^  B . We note, however, that in general no advantage results from this split
that B
over the single term expression given in Eq. (10.58).
The variational equation may now be written for the ®nite element problem by
substituting Eqs (10.49) and (10.58) into Eq. (10.42) to obtain


^ T S dV ÿ f  0
  ~
u T
B
10:61
where the external forces are determined from ext as
f 

N 0 b m dV 

ÿt

 dS
N T

10:62

 the matrix form of the body and traction force vectors, respectively.
with b m and T
Using the d'Alembert principle we can introduce inertial forces through the body
force as

b m ! b m ÿ v_  b m ÿ x

10:63
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where v is the material velocity vector de®ned in Eq. (10.26). This adds an inertial
term M v_ to the variational equation where the mass matrix is given in the
reference con®guration by
M



N 0 N dV I

10:64

For the transient problem we can introduce a Newton±Raphson type solution and
replace Eq. (1.24) by
1

fÿ

^ T S dV ÿ M v_  0
B

10:65

Here we consider further the Newton±Raphson solution process for a steady-state
problem in which the inertial term M v_ is omitted. Extension to transient applications
follows directly from the presentation given in Chapter 1. Applying the linearization
process de®ned in Eq. (2.9) to Eq. (10.65) [without the inertia force] we obtain the
tangent term
^T
@B
@f
 KM  KG  KL
S dV ÿ
10:66
@~u
@~
u
^ T is the matrix form of the
where the ®rst term is the material tangent, KM , in which D
tangent moduli obtained from the derivative of constitution given in indicial form as
KT 

^T D
^TB
^ dV 
B

@SIJ
@2W
@2W
4

 DIJKL
10:67
@CIJ @CKL @EIJ @EKL
@CKL
^ T (see Chapter 1 and Appendix B, Volume 1).
and transformed to a matrix D
The second term, KG , de®nes a tangent term arising from the non-linear form of
the strain±displacement equations and is often called the geometric stiness. The
derivation of this term is most easily constructed from the indicial form written as
2

@EIJ
@ u~j

SIJ dV d u~j  ~
ui

N

;I ij N ;J SIJ

dV d u~j  ~
ui Kij G d u~j

10:68

Thus, the geometric part of the tangent matrix is given by
KG  G

I

10:69

where
G



N

;I

SIJ N

;J

dV

10:70

The last term in Eq. (10.66) is the tangent relating to loading which changes with
deformation (e.g. follower forces, etc.). We assume for the present that the derivative
of the force term f is zero so that KL vanishes.

10.3.2 Current con®guration formulation
The form of the equations related to the reference con®guration presented in
the previous section follows from straightforward application of the variational
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procedures and ®nite element approximation methods introduced previously in this
volume and throughout Volume 1. However, the form of the resulting equations
^ than previously
leads to much more complicated strain±displacement matrices, B,
encountered. To implement such a form it is thus necessary to reprogram completely
all the element routines. We will now show that if the equations given above are transformed to the current con®guration a much simpler process results.
The transformations to the current con®guration are made in two steps. In the ®rst
step we replace reference con®guration terms by quantities related to the current
con®guration (e.g. we use Cauchy or Kirchho stress). In the second step we convert
integrals over the undeformed body to ones in the current con®guration.
To transform from quantities in the reference con®guration to ones in the current
con®guration we use the chain rule for dierentiation to write
@   @   @xi
@ 


F
@XI
@xi @XI
@xi iI
Using this relationship Eq. (10.53) may be transformed to
ÿ

EIJ  12 ui; j  uj;i FiI FjJ  "ij FiI FjJ

10:71

10:72

where we have noted that the variation term is identical to the variation of the small
deformation strain±displacement relations by again using the notationy
ÿ

"ij  12 ui; j  uj;i
10:73
Equation (10.44) may now be written as
EiI SIJ  "ij FiI FiJ SIJ  "ij ji  "ij ij J

10:74

and Eq. (10.42) as
 

"ij ij J dV ÿ ext  0

10:75

The second step is now performed easily by noting the transformation of the volume
element given in Eq. (10.11) to obtain ®nally
 

!

"ij ij dv ÿ ext  0

10:76

where ! is the domain in the current con®guration.
The external potential ext given in Eq. (10.43) may also be transformed to the
current con®guration using Eqs (10.24) and (10.27) to obtain
ext 



!

ui  bi

m

ui tI ds

dv 

10:77

t

This latter step need not be done to obtain advantage of the current con®guration form of the integrand.
We note that in ®nite deformation there is no meaning to "ij itself; only its variation, increment, or rate can
appear in expressions.
y
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The computation of the tangent matrix can similarly be transformed to the current
con®guration. The ®rst term given in Eq. (10.66) is deduced from
EIJ DIJKL dEKL dV 

"ij FiI FjJ DIJKL FkK FlL d"kl dV
"ij dijkl d"kl dv

10:78

J dijkl  FiI FjJ FkK FlL DIJKL

10:79



!

where
de®nes the moduli in the current con®guration in terms of quantities in the reference
state.
Finally, the geometric stiness term in Eq. (10.66) may be written in the current
con®guration by transforming Eq. (10.70) to obtain
G



N

SIJ N

;I

;J

dV 

!

N ;i ij N

;j

dv

10:80

Thus, we obtain a form for the ®nite deformation problem which is identical to that of
the small deformation problem except that a geometric stiness term is added and
integrals and derivatives are to be computed in the deformed con®guration. Of
course, another dierence is the form of the constitutive equations which need to
be given in an admissible ®nite deformation form.

Finite element formulation

The current con®gurational form of the variational problem is easily implemented in
a ®nite element solution process. To obtain the shape functions and their derivatives it
is necessary ®rst to obtain the deformed Cartesian coordinates xi by using Eq. (10.4).
After this step standard shape function routines can be used to compute the
derivatives of shape functions, @N =@xi . The terms in the variational equation can
then be expressed in a form which is identical to that of the small deformation
problem. Accordingly, the stress term is written as
!

"ij ij dv  ~uT

!

BT r dv

10:81

where B is identical to the form of the small deformation strain±displacement matrix,
and Cauchy stress is transformed to matrix form as
r   11 ; 22 ; 33 ;

12 ; 23 ;

31 T

10:82

and involves only six independent components.
The residual for the static problem of a Newton±Raphson solution process is now
given by
1

fÿ

!

BT r dv  0

10:83

The linearization step of the Newton±Raphson solution process is performed by
computing the tangent stiness in matrix form. Transforming Eq. (10.78) to matrix
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form using the relations de®ned in Chapter 1, the material tangent is given by
KM 

!

BT DT B dv

10:84

where now the material moduli DT are deduced by transforming the moduli in the
current con®guration, dijkl , to matrix form. The form for G in Eq. (10.80) may be
substituted into Eq. (10.69) to obtain the geometric tangent stiness matrix. Thus,
the total tangent matrix for the steady-state problem in the current con®guration is
given by
KT 

!

BT DT B dv  G

I

10:85

and a Newton±Raphson iterate consists in solving
KT d~
ufÿ

!

BT r dv

10:86

where the external force is obtained from Eq. (10.77) as
f 

!

N t ds

N  b m dv 

10:87

t

We can also transform the inertial force to a current con®guration form by substituting Eqs (10.11) and (10.27) into Eq. (10.64) to obtain
M



N 0 N dV I 

!

N  N dv I

10:88

and thus, for the transient problem, the residual becomes
1

fÿ

!

BT r dv ÿ M v_  0

10:89

Linearization of this term is identical to the small deformation problem and is not
given here.
The development of displacement-based ®nite element models for two- and threedimensional problems may be performed easily merely by adding a few modi®cations
to a standard linear form. These modi®cations include the following steps.
1. Use current con®guration coordinates xi to compute shape functions and their
derivatives. These are computed at nodes by adding current values of displacements u~i to reference con®guration nodal coordinates X~I .
2. Add a geometric stiness matrix to the usual stiness matrix as indicated in
Eq. (10.85).
3. Use the appropriate material constitution for a ®nite deformation model.
4. Solve the problem by means of an appropriate strategy for non-linear problems.
It should be noted that the presence of the geometric stiness and non-linear
material behaviour may result in a tangent matrix which is no longer always positive
de®nite (indeed, we shall discuss stability problems in the next chapter and this is a
class of problems for which the tangent matrix can become singular as a result of
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the geometric stiness term alone). Furthermore, use of displacement-based elements
in ®nite deformation can lead to locking if the material has internal constraints, such
as in nearly incompressible behaviour. It is then necessary again to resort to a mixed
formulation to avoid such locking. The advantage of a properly constructed mixed
form is that it may be used with equal accuracy for both the nearly incompressible
problem as well as any compressible problem (see Chapter 12 of Volume 1).

10.4 A three-®eld mixed ®nite deformation formulation
A three-®eld, mixed variational form for the ®nite deformation hyperelastic problem
is given by


 W CIJ   p J ÿ  dV ÿ ext

10:90

where p is a mixed pressure in the current (deformed) con®guration, J is the
determinant of the deformation gradient FiI ,  is the volume in the current
con®guration for a unit volume in the reference state, W is the stored energy function
expressed in terms of a (mixed) right Cauchy±Green deformation tensor CIJ , and ext
is the functional for the body loading and boundary terms given in Eq. (10.41). This
form of the variational problem has been used for problems formulated in principal
stretches.6 Here we use the form without referring to the speci®c structure of the
stored energy function. In particular we wish to admit constitutive forms in which
the volumetric and deviatoric parts are not split as in reference 6.
The (mixed) right Green deformation tensor is expressed as
CIJ  FiI FiJ
10:91
where
FiI  Fijv FjId  1=3 ij  J ÿ1=3 FjI  

 1=3

FiI
J

10:92

where Fijv is a volumetric and FjId a deviatoric part. We also note that det FjId  1 as
required for a deviatoric (constant volume) state.
The variation of Eq. (10.90) is given by
1

 
 
10:93
2 CIJ SIJ  p J ÿ   J ÿ p dV ÿ ext
where a second Piola±Kirchho stress based on the mixed deformation tensor is
de®ned as
@W
@W
SIJ  2   
@ CIJ @ EIJ

where

EIJ  12 CIJ ÿ IJ 

10:94

Using Eq. (10.91) the variation of the mixed deformation tensor is given by
CIJ  FiI FiJ  FiJ FiI
10:95
and thus noting that3;4
J  J FjJÿ1 FjJ

A three-®eld mixed ®nite deformation formulation

the ®rst term of the integrand in Eq. (10.93) formally may be expanded as
CIJ SIJ  FiI FiJ SIJ

 1=3 

1    

1
ÿ1
F F S 

FiI ÿ FjJ FjJ FiI FiJ SIJ
3  iI iJ IJ
J
3

10:96

This expression again may be greatly simpli®ed by de®ning current con®guration
Kirchho and Cauchy stresses based on the mixed deformation gradient as
ij  FiI SIJ FjJ   ij

10:97

Also, we note from Eq. (10.71) that
FjJ FjJÿ1  uj;k FkJ FjJÿ1  uj;k kj  uj; j

10:98

is the divergence of the variation in displacement. Thus, Eq. (10.96) simpli®es to




1 
1 
@ui
1


CIJ SIJ 
ÿ uj; j ii  ui; j ij 
 
ij ÿ ij kk
10:99
3 
3  kk @xj
3
Substituting relations deduced above into Eq. (10.93) and noting symmetry of the
Kirchho stress, a formulation in terms of quantities related to the deformed position
may be written as



J
p ÿ p  dV 
 
"ij ij  ij
 p ÿ p dV



p J ÿ  dV ÿ ext  0
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where p  ii =3 de®nes a mean stress based on the Cauchy stress deduced according
to Eq. (10.97). This variational equation may be transformed to integrals over the
current con®guration by replacing dV by dv=J; however, this step is not a necessary
transformation to make the relations valid.

Finite elements: matrix notation

The ®nite element approximation of the mixed variational form is again given using
deformation measures and stresses related to the current con®guration. The development is very similar to that presented in Chapter 1 for the small deformation case.
The reference coordinate and displacement ®elds are approximated by isoparametric interpolations as indicated in Eqs (10.55) and (10.56), respectively. These are
used to compute the deformation gradient by means of Eqs (10.12) and (10.57).
The pressure and volume are interpolated in a manner which is identical to the
small deformation case as
p  Np ~
p

and

  N ~h

and for quadrilateral and brick elements are taken to be discontinuous between
elements. A similar scheme with p being C0 continuous can be used to develop
triangular and tetrahedral elements.7
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Using the above approximation, Eq. (10.100) may be expressed in matrix form as
  ~
uT
 ~T

  dV  ~pT
BT r

NTp J ÿ  dV

NT p ÿ p dV  ext

10:101

In this form of the ®nite deformation problem B again is identical to the small
deformation strain±displacement matrix and a modi®ed mixed stress is de®ned as
r
  p ÿ p m
r

where

p 

J
p


10:102

Using these interpolations Eq. (10.101) gives the equations
P  M ~v_  f
Pp ÿ Kp ~p  0

10:103

ÿKp ~h  EJ  0
where the arrays are given as
P
Kp 

  dV
BT r

Pp  13

NT Np dV  Kp

EJ 

  dV
NT r
NTp J dV

10:104

and force f and mass M are identical to the terms appearing in the displacement model
presented previously.
We can observe that the mixed model reduces to the displacement form if   J and
p  p at every point in the element. This would occur if our approximations for  and
p contained all the terms appearing in results computed from deformations and, thus,
again establishes the principle of limitation.8 Moreover, if this occurred, any locking
tendency in the displacement form would again occur in the mixed approach also.
To obtain a formulation free of locking it is again necessary to select approximations
for pressure and volume which satisfy the mixed patch test count conditions as
described in Chapters 11 and 12 of Volume 1. Here, to approximate p and  in each
element we assume that N  Np and for four-noded quadrilateral and eight-noded
brick elements of linear order use constant (unit) interpolation. In nine-noded quadrilateral and 27-noded brick elements of quadratic order we assume linear interpolation.
Linear interpolation in , ,  or X1 , X2 , X3 can be used; however, x1 , x2 , x3 should not
be used since then the interpolation becomes non-linear (xi depend on ui ) and the solution complexity is greatly increased from that indicated above.
The second and third expressions in Eqs (10.103) are linear in ~p and ~h, respectively,
and also are completely formed in a single element. Moreover, the coecient matrix
Kp  Kp is symmetric positive de®nite when N  Np . Thus, a partial solution can
be achieved in each element as
~p  Kÿ1
p Pp
~
h  Kÿ1
p EJ

10:105
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An explicit method in time (see Chapter 18, Volume 1) may be employed to solve
the momentum equation: as was indeed used to solve examples shown at the end of
Chapter 1. However, here we only consider further an implicit scheme which is
applicable to either transient or static problems (see Chapters 1 and 2). A Newton±
Raphson scheme may be employed to solve Eq. (10.101). To construct the tangent
matrix KT it is necessary to linearize Eq. (10.93). In indicial form, the Newton±Raphson linearization may be assembled as


IJKL d CKL  1 d CIJ  SIJ dV 
d  
CIJ D
pd J  dV
2
10:106
p dJ ÿ d dV 
dp J ÿ  dV  d ext 

where d CKL , dp, etc., denote incremental quantities and material tangent moduli in
the reference con®guration are denoted by
@ S
IJKL
2  IJ  D
10:107
@ CKL
The above integrals may also be expressed in quantities terms of current con®guration terms in an identical manner as for the displacement model presented in
Sec. 10.3.2. In this case the reference con®guration moduli are transformed to the current con®guration using
1
IJKL
dijkl  FiI FjJ FkK FlL D
10:108

Using standard transformations from indicial to matrix form the moduli for the
 T.
current con®guration may be written in matrix form as D
We can now write Eq. (10.106) in matrix form and obtain the set of equations which
determine the parameters d~
u, d ~
h and d~
p as
9
2
38 9 8
Kuu Ku
Kup >
=
= >
<f ÿ P>
< d~u >
6K
7
10:109
0
4 u K ÿKp 5 d ~h 
>
>
;
; >
:
: >
Kpu ÿKp
0
0
d~p
where
Kuu 

 11 B  dV  KG ;
BT D

Ku 

 12 N dV  KTu
BT D

Kup 

BT m Np J dV  KTpu ;

K 

 22 N
NT D

1
dV
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in which
ÿ T

ÿ

 11  Id D
 T Id ÿ 2 m
d mT  2 p ÿ p~I0 ÿ 23 p ÿ p~ mmT
D
rd  r
3
T
 12  1 Id D
Tm  2 r

D
3
3 d  D21

10:111

 22  1 mT D
 T m ÿ 1 p
D
9
3
where I0 is as de®ned in Eq. (1.37). Note also that the right-hand side is zero in the
second and third rows of Eq. (10.109) since the solution for pressure and volume
parameters was determined exactly using Eq. (10.105).
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The geometric tangent term is given by
KG  G I

where

G



N ;i ij N

;j

dV

10:112

A solution to Eq. (10.109) may be formed by solving the third and second rows as
d~
h  Kÿ1
u
p Kpu d~
~
u  Kÿ1
d~
p  Kÿ1
p Ku d~
p K d h
ÿ

ÿ1
ÿ1
 Kÿ1
u
p Ku  Kp K Kp Kpu d~

10:113

and substituting the result into the ®rst row to obtain
ÿ1
ÿ1
ÿ1
u  Kuu  Ku Kÿ1
ufÿP
KT d~
p Kpu  Kup Kp Ku  Kup Kp K Kp Kpu  d~

10:114
This result is obtained by inverting only the symmetric positive de®nite matrix Kp ,
which we also note is independent of any speci®c constitutive model.

10.5 A mixed±enhanced ®nite deformation formulation
An alternative method to that just discussed is the fully mixed method in which strain
approximations are enhanced. The key idea of the mixed±enhanced formulation is the
parameterization of the deformation gradient in terms of a mixed and an enhanced
deformation gradient from which a consistent formulation is derived. This methodology allows for a formulation which has standard-order quadrature and variationally
recoverable stresses, hence circumventing diculties which arise in other enhanced
strain methods.9ÿ14
There is no need to separate any deformation gradient terms into deviatoric and
mean parts as was necessary for the mixed approach discussed in the previous section.
The mixed±enhanced formulation discussed here uses a three-®eld variational form
for ®nite deformation hyperelasticity expressed as


W F^iI   P^iI FiI ÿ F^iI  dV ÿ ext

10:115

where FiI is the deformation gradient, F~iI is the mixed deformation gradient, P^iI is the
mixed ®rst Piola±Kirchho stress, W is an objective stored energy function in terms
of F^iI , and ext is the loading term given by Eq. (10.41).
The stationary point of  is obtained by setting to zero the ®rst variation of
Eq. (10.115) with respect to the three independent ®elds. Accordingly,




ÿ

@W
^
^
^
^
^
 
FiI PiI  FiI
ÿ PiI  PiI FiI ÿ FiI dV ÿ ext  0
10:116
@ F^iI
where F^iI and P^iI are mixed variables to be approximated directly. The reader will
note that we now use the deformation gradient directly instead of the usual CIJ ,

A mixed±enhanced ®nite deformation formulation

EIJ , or bij symmetric forms. We often will use constitutive models which are expressed
in these symmetric quantities; however, we note that they are also implicitly functions
of the deformation gradient through the de®nitions given in Sec. 10.2. Once again, at
this point we may substitute a ®rst Piola±Kirchho stress from any constitutive
model in place of the derivative of the stored energy function @W=@ F^iI in Eq.
(10.116). Thus, the present form can be used in a general context.
Finite element approximations to the mixed deformation gradient and ®rst Piola±
Kirchho stress are constructed directly in terms of local coordinates of the parent
element using standard tensor transformation concepts. Accordingly, we take
F^iI  FiA J A J I F

n

10:117

ÿ1 ÿ1 ÿ1
P^iI  FiA
J AJ I P

n

10:118

and

where n denotes the natural coordinates ; ; , the Greek subscripts are now
associated with the natural coordinates (i.e. they are not here the ®nite element
node numbers), and P and F are the ®rst Piola±Kirchho stress and deformation
gradient approximations in the isoparametric coordinate space, respectively. The
arrays J A and FiI used above are average quantities over the element volume, e .
The average quantity J A is de®ned as
1
J A 

e

J

A

dV

and

e

J

A



@XA
@a

10:119

where J A is the standard Jacobian matrix as de®ned in Eq. (9.10) of Volume 1 (but
now written for the reference coordinates), and FiI is de®ned as
1
FiI 

e

FiI dV

10:120

e

The above form of approximation will ensure direct inclusion of constant states as
well as minimize the order of quadrature needed to evaluate the ®nite element
arrays and eliminate some sensitivity associated with initially distorted elements.
The form given in Eqs (10.117) and (10.118) are constructed so that the energy term
of the physical and isoparametric pairs are equal. Accordingly, we observe that
P F

 P^iI F^iI

10:121

This greatly simpli®es the integrations needed to construct the terms in Eq. (10.116).
To construct the approximations we note that the tensor transformations for the
mixed deformation gradient may be written in matrix form as
^  AF
F

10:122

^  Aÿ1P
P

10:123

and



Note the resulting transformed arrays are objective under a superposed rigid body motion.4
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Table 10.1 Matrix±tensor transformation for the nine-component form
Row or column

1

2

3

4

5

6

7

8

9

i or
I or

1
1

2
2

3
3

1
2

2
3

3
1

2
1

3
2

1
3

where A is a transformation to matrix form of the fourth-rank tensor given as
 FiA J A J I

AiI

10:124

The ordering for the matrix±tensor transformation for all the variables is described in
Table 10.1.
The approximations for the mixed deformation gradient may now be written as
1
^~
~
F
c0  A E1 n~c  E2 n a
j

10:125



^~
P
b0  Aÿ1 E1 n ~b

10:126

and

where j  det J A and E1 , E2 de®ne the functions to be selected in terms of natural
coordinates. The functions suggested in reference 15 are given in Table 10.2. The
terms b0 and c0 ensure that constant stress and strain are available in the element.
The above construction is similar to that used in Sec. 11.4.4 of Volume 1 to construct the Pian±Sumihara plane elastic element16 and also in Sec. 5.6 to construct
the shear and bubble interpolation for the thick-plate element Q4S2B2.
The enhanced parameters a are added to the normal strains in Table 10.2 such that
the resulting strain components are complete polynomials in natural coordinates. This
is done to provide the necessary equations to enforce an incompressibility constraint
without loss of rank in the resulting ®nite element arrays. In addition, the enhanced
parameters improve coarse mesh accuracy in bending dominated regimes.

Finite elements: matrix notation

By isolating the equations associated with the ®rst variation of the ®rst Piola±
^ in Eq. (10.116) some of the element parameters of the
Kirchho stress tensor P
Table 10.2 Three-dimensional interpolations
E1 c
1
2
3
1
2
3
2
3
1

1
2
3
2
3
1
1
2
3

2
1
1
3
1
2
3
1
2

 3
 3
7  2

E2 a
 2 3
 1 3
8  1 2

1

2

3

4

5

6

10
12
14
11
13
15

9

1
2
3
0
0
0
0
0
0

 1 2
 2 3
7  2 3

 1 3
 1 2
8  1 3

1

2

3

4

5

6
9

A mixed±enhanced ®nite deformation formulation

^ may be obtained as
mixed±enhanced deformation gradient F
1

c0 


F dV  F

e
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e

and

c

h

ET1 E1 dh

ÿ1

  dV
ET1 Aÿ1 F ÿ F
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e

where the box denotes integration over the element region de®ned by the isoparametric coordinates I . We note that the construction for E1 and E2 are such that
integrals have the property
h

E1 dh 

h

E2 dh 

h

ET1 E2 dh  0

This greatly simpli®es the construction of the partial solution given above.
^ and P
^ also makes the second term in the
Use of the above de®nitions for F
^ is expressed as
integrand of Eq. (10.115) zero, hence the modi®ed functional 
^


W F~iI  dV  ext

10:129

^ yields a reduced set of nonlinear equations, in terms
The stationary condition of 
~, expressed as
~
of the nodal displacements, u, and the enhanced parameters, a


 T
~ ÿ f
Pint ~u; a
@W ~
T
^ 
FiI dV ÿ ext  ~

0
10:130
~
a
u
~
Penh ~u; a
@ F~iI
where Pint is the internal force vector, Penh is the enhanced force vector, and f is the
usual force vector computed from ext . Noting that the variations ~u and ~
a in
Eq. (10.130) are arbitrary the ®nite element residual vectors are given by
u

~  0
 f ÿ Pint ~u; a

10:131

~  0
 ÿPenh ~u; a

10:132

A solution to these equations may now be constructed in the standard manner
discussed in Chapter 2. Using a Newton±Raphson scheme to linearize Eq. (10.130)
we obtain
^ 
d 



F^iI


@2W
@W
dF^jJ 
d F^iI  dV
@ F^iI @ F^jJ
@ F^iI
"

~
u

T

~
a

T

^ uu
K

^u
K

^
K

^
K

u

#(

d~u
d~
a

)
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^ uu , etc., are obtained by evaluating all the terms in the integrals in a standard
where K
manner, and the process is by now so familiar to the reader we leave it as an
exercise.
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Using Eqs (10.131)±(10.133) we obtain the system of equations

  

d~u
Kuu Ku
u

~
da
K u K

10:134

where we note that the parameters a are associated with individual elements. We have
encountered such forms in many previous situations (e.g. bubble modes in plates) and
used static condensation17 to perform a partial solution at the element level. Here the
situation is slightly dierent in that the equations are non-linear. Thus, it is necessary
to use the static condensation process in an iterative manner. Accordingly, given a
solution ~
u for some iterate in a Newton±Raphson process we can isolate the part
~ and consider a local solution for the equation set
for each a
^ ÿ1
d~
a k  K
Iteration continues until

k

10:135

is zero with updates
~ k  1  a
~ k  d~
a
a k

10:136

which is performed on each element separately.
Utilizing the ®nal solution from Eq. (10.135) an equivalent displacement model
involving only the nodal displacement parameters is obtained as
^ T d~u 
K

u

10:137

where
k
^ uu ÿ K
^u
KT  K

ÿ

^ ÿ1 K
^ u
K

The system of Eq. (10.137) is solved and the nodal displacements are updated in the
usual manner for any displacement problem (see Chapter 1). Additional details and
many example solutions using the above formulation, and its specialization to
small deformations, may be found in references 15 and 18.

10.6 Forces dependent on deformation ± pressure loads
In the derivations presented in the previous sections it was assumed that the forces f
were not themselves dependent on the deformation. In some instances this is not true.
For instance, pressure loads on a deforming structure are in this category. Aerodynamic forces are an example of such pressure loads and can induce ¯utter.
If forces vary with displacement then in relation (10.66) the variation of the forces
with respect to the displacements has to be considered. This leads to the introduction
of the load correction matrix KL as originally suggested by Oden19 and Hibbitt et al.20
Here we consider the case where pressure acts on the current con®guration and
remains normal throughout the deformation history. If the pressure is given by p
then the surface traction term in ext is given by
ui ti ds 
t

ui p ni ds
t

10:138

Forces dependent on deformation ± pressure loads

where ni are the direction cosines of an outward pointing normal to the deformed
surface. The computation of the nodal forces and tangent matrix terms is most
conveniently computed by transforming the above expression to the surface approximated by ®nite elements.21ÿ23 In this case we have the approximation to Eq. (10.138)
for a three-dimensional problem given in matrix notation by (where once again we use
Greek subscripts to denote the ®nite element node numbers)
1

ui ti ds  ~
u

1

ÿ1 ÿ1

t

ÿ
N p ;  N

; x



ÿ

 N; x d d

10:139

where ,  are natural coordinates of a two-dimensional ®nite element surface
interpolation, p ;  is a speci®ed nodal pressure at each point on the surface, x
are nodal coordinates of the deformed surface, and we have used the relation
transforming surface area given in Sec. 7.5 of Volume 1. A cross-product may be
written in the alternate forms
^ x  ÿ^
^T x
x  x  x
x x  x

10:140

^ denotes a skew symmetric matrix given as
where here x
2
3
0 ÿx3
x2
6
7
^  4 x3
x
0 ÿx1 5
ÿx2

x1

10:141

0

Using the above relations the nodal forces for the `follower' surface loading are given
by
f 

1

1

ÿ1 ÿ1

N p ; N

^
; N; x

x d d

10:142

Since the nodal forces involve the nodal coordinates in the current con®guration
explicitly, it is necessary to compute a tangent matrix KL for use in a Newton±Raphson solution scheme. Linearizing Eq. (10.142) we obtain the tangent as
KL  ÿ

1

@f

@u

1

ÿ1 ÿ1


N p ;  N

; N ;

ÿN

; N ;



^ d d
x

10:143

In general the tangent expression is unsymmetric; however, if the pressure loading is
applied over a closed surface and is constant the ®nal assembled terms are symmetric.
For cases where the pressure varies over the surface the pressure may be computed
by using an interpolation
p ;   N ;  p~
10:144
in which p~ are values of the known pressure at the nodes. Of course, these could also
arise from solution of a problem which generates pressures on the contiguous surfaces
and thus lead to the need to solve a coupled problem as discussed in Chapter 19 of
Volume 1.
The form for two-dimensional plane problems simpli®es considerably since in this
case Eq. (10.139) becomes
ui ti ds  ~
u
t

1
ÿ1

ÿ
N p  N

; x



 e3 d

10:145
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where  is a one-dimensional natural coordinate for the surface side, e3 is the unit
vector normal to the plane of deformation (which is constant), and p  is now the
force per unit length of surface side. For this case the nodal forces for the follower
pressure load are given explicitly by


1
ÿx2;
f 
N p 
d
10:146
x1;
ÿ1
where xi; are derivatives computed from the one-dimensional ®nite element interpolation used to approximate the element side. The case for axisymmetry involves
additional terms and the reader is referred to reference 21 for details.

10.7 Material constitution for ®nite deformation
In order to complete any ®nite element development it is necessary to describe how
the material behaves when subjected to deformation or deformation histories. In
the discussion above we considered elastic behaviour without introducing details
on how to model speci®c material behaviour. Clearly, restriction to elastic behaviour
is inadequate to model the behaviour of many engineering materials as we have
already shown in many previous applications. The modelling of engineering materials
at ®nite strain is a subject of much research and any complete summary on the state of
the art is clearly outside the scope of what can be presented here. In this chapter we
present only some classical methods which may be used to model elastic and elastoplastic type behaviours. The reader is directed to literature for details on other constitutive models (e.g. see references 3 and 24).
We ®rst consider some methods which may be used to describe the behaviour of
isotropic elastic materials which undergo ®nite deformation. In this section we restrict
attention to those materials in which a stored energy function is used. Later we will
extend this to permit the use of plasticity models and show that much of the material
presented in Chapter 3 is here again useful. Finally, to permit the modelling of
materials which are not isotropic or cannot be expressed as an extension to elastic
behaviour (e.g. generalized plasticity models of Chapter 3) we introduce a rate
form ± here again many options are possible.

10.7.1 Isotropic elasticity ± formulation in invariants
We consider a ®nite deformation form for hyperelasticity in which a stored energy
density function, W, is used to compute stresses. For a stored energy density
expressed in terms of right Cauchy±Green deformation tensor, CIJ , the second
Piola±Kirchho stress is computed by using Eq. (10.38). Through standard
transformation we can also obtain the Kirchho stress as2ÿ4
ij  2 bik

@W
@bkj

and thus, by using Eq. (10.19), also obtain directly the Cauchy stress.

10:147

Material constitution for ®nite deformation

For an isotropic material the stored energy density depends only on three
invariants of the deformation. Here we consider the three invariants (noting they
also are equal to those for bij ) expressed as3;4
I  CKK  bkk
2

10:148
2

II  12 I ÿ CKL CLK   12 I ÿ bkl blk 
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and
III  det CKL  det bkl  J 2

where

J  det FkL

10:150

and write the strain energy density as
W CKL   W bkl   W I; II ; J

10:151

where we select J instead of III as the measure of the volume change. Thus, the second
Piola±Kirchho stress is computed as


@W @I
@W @II
@W @J


SIJ  2
10:152
@I @CIJ @II @CIJ
@J @CIJ
The derivatives of the invariants may be evaluated as (see Appendix A)
@I
 IJ ;
@CIJ

@II
 I IJ ÿ CIJ ;
@CIJ

Thus, the stress is given by

SIJ  2  IJ

@J
 1 JC ÿ1
@CIJ 2 IJ

10:153
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8
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>
>
>
>
>
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The second Piola±Kirchho stress may be transformed to the Cauchy stress by using
Eq. (10.20), and gives
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Use of a Newton±Raphson type solution process requires computation of the elastic
moduli for the ®nite elasticity model. The elastic moduli with respect to the reference
con®guration are deduced from3;4
DIJKL  4

@2W
@SIJ
2
@CIJ @CKL
@CKL
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Using Eq. (10.154) the general form for the elastic moduli of an isotropic material is
obtained from
3
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The spatial elasticities related to the Cauchy stress are obtained by the push forward
transformation
J dijkl  FiI FjJ FkK FlL DIJKL
which, applied to Eq. (10.157), gives
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The above expressions describe completely the necessary equations to construct a
®nite element model for any isotropic hyperelastic material. All that remains is to
select a speci®c form for the stored energy function W. Here, many options exist
and we include below only a very simple model. For others the reader is referred to
literature on the subject.

Material constitution for ®nite deformation

Example: compressible neo-Hookean material

As an example, we consider the case of a neo-Hookean material25 that includes a
compressibility eect. The stored energy density is expressed as
W I; J  12  I ÿ 3 ÿ 2 ln J  12  J ÿ 12
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where the material constants  and  are selected to give the same response in small
deformations as a linear elastic material using LameÂ parameters.3 Substitution into
Eq. (10.154) gives
ÿ1
ÿ1
SIJ   IJ ÿ CIJ
   J J ÿ 1 CIJ

which may be transformed to give the Cauchy stress

b ÿ ij    J ÿ 1ij
ij 
J ij
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For the neo-Hookean model the material moduli with respect to the reference
con®guration are given as
ÿ1 ÿ1
DIJKL   J 2 J ÿ 1 CIJ
CKL  2 ÿ  J J ÿ 1 Cÿ1
IJKL

Transformation to spatial con®guration moduli gives
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J
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We note that when J  1 the small deformation result
dijkl   ij kl  2 I ijkl

10:167

is obtained and thus matches the usual linear elastic relations. This permits the ®nite
deformation formulation to be used directly for analyses in which the small strain
assumptions hold as well as for situations in which deformations are large. The
above model may also be used with the mixed forms described above for situations
where the ratio = is large (i.e. nearly incompressible behaviour). Indeed this was
an early use of the model.

10.7.2 Isotropic elasticity ± formulation in principal stretches
Other forms of elastic constitutive equations may be introduced by using appropriate
expansions of the stored energy density function. As an alternative, an elastic formulation expressed in terms of principal stretches (which are the square root of the
eigenvalues of CIJ or bij ) may be introduced. This approach has been presented by
Ogden26 and by Simo and Taylor.6
We ®rst consider a change of coordinates given by (see Appendix B, Volume 1)
xi  m0 i xm0

10:168

where m0 i are direction cosines between the two Cartesian systems. The transformation equations for a second-rank tensor, say bij , may then be written in the form
bij  m0 i bm0 n0 n0 j

10:169
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To compute speci®c relations for the transformation array we consider the solution of
the eigenproblem
bij qj

n

n

 qj bn ;

n  1; 2; 3

with

m

n

qk qk  mn
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n

where bn are the principal values of bij , and qi are direction cosines for the principal
directions. The principal values of bij are equal to the square of the principal stretches,
n , that is,
bn  2n

10:171

If we assign the direction cosines in the transformation equation (10.169) as
n0 j  qj

n
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the spectral representation of the deformation tensor results and may be expressed as
X 2 m m
bij 
m qi qj
10:173
m

An advantage of a spectral form is that other forms of the tensor may easily be
represented. For example,
X 4 m m
X ÿ2 m m
bik bkj 
 m qi qj
and
bÿ1
 m qi qj
10:174
ik 
m

m

Also, we note that an identity tensor may be represented as
X m m
qi qj
ij 

10:175

m

From Eq. (10.155) we can immediately observe that Cauchy and Kirchho stresses
have the same principal directions as the left Cauchy±Green tensor. Thus, for
example, the Kirchho stress has the representation
X
m m
ij 
m qi qj
10:176
m

where m denote principal values.
If we now represent the stored energy function in terms of principal stretch values
^ 1 ; 2 ; 3  the principal values of the Kirchho stress may be deduced from24;26
as w
m  m

^
@w
@m
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The reader is referred to the literature for a more general discussion on formulations
in principal stretches for use in general elasticity problems.6;24;26 Here we wish to consider one form which is useful to develop solution algorithms for ®nite elasto-plastic
behaviour of isotropic materials in which elastic strains are quite small. Such a form is
useful, for example, in modelling metal plasticity.

Logarithmic principal stretch form

A particularly simple result is obtained by writing the stored energy function in terms
of logarithmic principal stretches. Accordingly, we take
^ 1 ; 2 ; 3   w "1 ; "2 ; "3  where
w

"m  log m 

10:178

Material constitution for ®nite deformation

From Eq. (10.177) it follows that
m 

@w
@"m

10:179

which is now identical to the form from linear elasticity, but expressed in principal
directions. It also follows that the elastic moduli may be written as24;26 (summation
convention is not used to write this expression)
J dijkl 
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In practice the equal root form is used whenever dierences are less than a small tolerance (say 10ÿ8 ).
Use of a quadratic form for w given by
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w  12 K ÿ 23 G"1  "2  "3 2 G "21  "22  "23
yields principal Kirchho stresses given by
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in which the 3  3 elasticity matrix is given by a constant coecient matrix which is
identical to the usual linear elastic expression in terms of bulk and shear moduli.
We also note that when roots are equal
@ m ÿ n 
K  43 G ÿ K ÿ 23 G  2 G
@"m

10:184

which de®nes the usual shear modulus form in isotropic linear elasticity.

10.7.3 Plasticity models
For isotropic materials, the modelling of elasto-plastic behaviour in which the
total deformations are large may be performed by an extension of a hyperelastic
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formulation. In this case the deformation gradient is decomposed in a product form
(instead of the additive form assumed in Chapter 3) written as27ÿ29
p
FiI  FieJ^FJI
^

10:185

p
where FieJ^ is the elastic part and FJI
^ the plastic part. The deformation picture is often
shown as three parts, a reference state, a deformed state, and an intermediate state.
The intermediate state is assumed to be the state of a point in a stress-free condition.
From this decomposition deformation tensors may be de®ned as

beij  FieK^ FjeK^

and

p
p
p
CIJ
 FKI
^ FKJ
^
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which when combined with Eq. (10.185) give the alternate representation
ÿ p ÿ1
beij  FiI CIJ
FjJ

10:187

An incremental setting may now be established that obtains a solution for a time
tn  1 given the state at time tn . The steps to establish the algorithm are too lengthy
to include here and the interested reader is referred to literature for details.5;24;30;31
The components beij n denote values of the converged elastic deformation tensor at
time tn . We assume at the start of a new load step a trial value of the elastic tensor is
determined from
e
beij tr
n  1  fik bkl n fjl

10:188

where an incremental deformation gradient is computed as
ÿ1
fij  FiK n  1 FjK
n
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A spectral representation of the trial tensor is then determined by using Eq. (10.173)
giving
X e 2
m;tr m;tr
 m  n  1 qi
qj
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beij n  1 
m

m;tr

m

Owing to isotropy qi
can be shown to equal the ®nal directions qi .24
Trial logarithmic strains are computed as
e
"tr
m n  1  log m n  1
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and used with the stored energy function W beij  to compute trial values of the
principal Kirchho stress mtr n  1 . This may be used in conjunction with the return
map algorithm (see Section 3.4.2) and a yield function written in principal stresses
m to compute a ®nal stress state and any internal hardening variables. This part of
the algorithm is identical to the small strain form and needs no additional description
except to emphasize that only the normal stress is included in the calculation of yield
and ¯ow directions. We note in particular that any of the yield functions for isotropic
materials which we discussed in Chapter 3 may be used. The use of the return map
algorithm also yields the consistent elasto-plastic tangent in principal space which
can be transformed by means of Eq. (10.180) for subsequent use in the ®nite element
matrix form.

The intermediate state is not a con®guration, as it is generally discontinuous across interfaces between
elastic and inelastic response.

Material constitution for ®nite deformation

The last step in the algorithm is to compute the ®nal elastic deformation tensor.
This is accomplished from the spectral form and ®nal elastic logarithmic strains
resulting from the return map solution as
beij n  1 

3
X
m1

exp2 "em n  1  qi

m

qj

m
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The advantages of the above algorithm are numerous. The form again permits a
consistent linearization of the algorithm resulting in optimal performance when
used with the Newton±Raphson solution scheme. Most important, all the steps
previously developed for the small deformation case are here used. For example,
although not discussed here, extension to viscoplastic and generalized plastic forms
for isotropic materials is again given by results contained in Secs 3.6.2 and 3.9. The
primary diculty is an inability to treat materials which are anisotropic. Here
recourse to a rate form of the constitutive equation is possible, as discussed next.

10.7.4 Rate constitutive models
The construction of a rate form for elastic constitutive equations deduced from a
stored energy function is easily performed in the reference con®guration by taking
a time derivative of Eq. (10.38), which gives
S_ IJ  DIJKL E_ KL

10:193

where, as before, DIJKL are moduli given by Eq. (10.156). The above result follows
naturally from the notion of a derivative since
S t   ÿ SIJ t
S_ IJ  lim IJ
!0


10:194

Such a de®nition is clearly not appropriate for the Cauchy or Kirchho stress since
they are related to dierent con®gurations at time t   and t and thus would not
satisfy the requirements of objectivity.4;32 A de®nition of an objective time derivative
may be computed for the Kirchho stress by using Eq. (10.20) and is sometimes
referred to as the Truesdell rate33 or equivalently a Lie derivative form.34 Accordingly, we note that the objective time derivative is given by
8ij  FiI S_ IJ FjJ  F_iI SIJ FjJ  FiI SIJ F_jJ
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Introducing the rate of deformation tensor lij de®ned as
F_iI  x_ i;I  x_ i; j xj;I  lij FjI

10:196

the stress rate may now be written as
8ij  FiI S_ IJ FjJ  lik kj  ik lkj
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The rate of the second Piola±Kirchho stress may be transformed by noting
ÿ

E_ KL  12 FkL F_kK  FkK F_kL  12 FlK FkL lkl  FkK FlL lkl   FkK FlL "_ kl
10:198
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where



1
1 @vk @vl
"_ kl  lkl  llk  

2
2 @xl @xk
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in which vk  x_ k  u_ k is the velocity vector. The form "_ kl is identical to the rate of
small strain form. Furthermore we have upon grouping terms the rate of stress
expression
8ij  J dijkl "_ kl  lik kj  ik lkj
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in which dijkl is computed now by means of Eq. (10.79). Incremental forms may be
deduced for a rate equation which involve objective approximations for the Lie
derivative.5;24 For example an approximation to the `strain rate' may be computed
from5
"_ ij n  1=2 

1
f ÿ1 
E kl fjlÿ1 n  1=2
t ik n  1=2

E kl  12  fkm n  1 flm n  1 ÿ kl 
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where
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@ x j n
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with  ui n  1  ui n  1 ÿ ui n . Similarly, an approximation to the Lie derivative of
Kirchho stress may be taken as
8ij n  1=2 

 ÿ1

1
fik n  1=2 fkm
n  1 mn n  1 flnÿ1 n  1 ÿ kl n fjl n  1=2
t
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Other approximations may be used; however, the above are quite convenient. In
the approximation a modulus array dijkl must also be obtained. Here there is no
simple form which is always consistent with the tangent needed for a full Newton±
Raphson solution scheme and, often, a constant array is used based on results
from linear elasticity.
Extension of the above to include general material constitution may be performed
by replacing the strain rate by an additive form given as
"_  "_ e  "_ p

10:205

Once again we can use all the constitutive equations discussed in Chapter 3 (including
those which are not isotropic) to construct a ®nite element model for the large
strain problem. Here, since approximations not consistent with a Newton±Raphson
scheme are generally used for the moduli, convergence generally does not achieve an
asymptotic quadratic rate. Use of quasi-Newton schemes and line search, as described
in Chapter 2, can improve the convergence properties and leads to excellent performance in most situations.
Many other stress rates may be substituted for the Lie derivative. For example, the
Jaumann±Zaremba stress rate form given as
8ij  J dijkl "_ kl  !_ ik kj ÿ !_ jk ik

10:206
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may be used. This form is deduced by noting that the rate of deformation tensor may
be split into a symmetric and skew-symmetric form as
lij  "_ ij  !_ ij

10:207

where !_ ij is the rate of spin or vorticity. This form was often used in early developments of ®nite element solutions to large strain problems and enjoys considerable
popularity even today.

10.8 Contact problems
In many problems situations are encountered where the points on a boundary of one
body come into contact with points on the boundary of the same or another object.
Such problems are commonly referred to as contact problems. Finite element methods
have been used for many years to solve contact problems.35ÿ64 The patch test has also
been extended to test consistency of contact developments.65 Contact problems are
inherently non-linear since, prior to contact, boundary conditions are given by
traction conditions (often the traction being simply zero) whereas during `contact'
kinematic constraints must be imposed which prevent penetration of one boundary
through the other, called the impenetrability condition.
The solution of a contact problem involves ®rst identifying which points on a
boundary interact and second the insertion of appropriate conditions to prevent
the penetration. Figure 10.2 shows a typical situation in which one body is being
pressed into a second body. In Fig. 10.2(a) the two objects are not in contact and
the boundary conditions are speci®ed by zero traction conditions for both bodies.
In Fig. 10.2(b) the two objects are in contact along a part of the boundary segment

Fig. 10.2 Contact between two bodies: (a) no contact condition; (b) contact state.
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Fig. 10.3 Contact by ®nite elements.

and here conditions must be inserted to ensure that penetration does not occur. Along
this boundary dierent types of contact can be modelled, the simplest being a
frictionless condition in which the only non-zero contact traction is normal to the
contact surface. A more complex condition occurs in which traction tangential to
the surface can be generated by frictional conditions. The simplest model for a
frictional condition is Coulomb friction where
jts j 4  jtn j

10:208

in which  is a positive frictional parameter, tn is the magnitude of the normal
traction, and ts is the tangential traction. If the magnitude of ts is less than the
limit condition the points on the surface are assumed to stick; whereas if the magnitude is at the limit condition slip occurs with an imposed tangential traction on each
surface opposite to the direction of slip and equal to  jtn j.
In modelling contact problems by ®nite element methods immediate diculties
arise. First, it is not possible to model contact at every point along a boundary.
This is primarily because of the fact that the ®nite element representation of
the boundary is not smooth. For example in the two-dimensional case in which
boundaries of individual elements are straightline segments as shown in Fig. 10.3
nodes A and B are in contact with the lower body but the segment between the
nodes is not in contact. Second, ®nite element modelling results in non-unique
representation of a normal between the two bodies and, again because of ®nite
element discretization, the normals are not continuous between elements. This is
illustrated also in Fig. 10.3 where it is evident that the normal to the segment between
nodes A and B is not the same as the negative normal of the facets around node C
(which indeed are not unique at node C).

10.8.1 Geometric modelling
Node±node contact ± Hertzian contact

For applications in which displacements on the contact boundary are small it is
sometimes possible to model the contact by means of nodes. For this to be possible,
the ®nite element mesh must be constructed such that boundary nodes on one
body, here referred to as slave nodes, match the location of the boundary nodes for
the other body, referred to as master nodes, to within conditions acceptable for
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Fig. 10.4 Contact between semicircular discs: node±node solution. (a) Undeformed mesh; (b) deformed
mesh; (c) vertical stress contours.

small deformation analysis. Such conditions may also be extended for cases where the
boundary of one body is treated as ¯at and rigid (unilateral contact). A problem in
which such conditions may be used is the interaction between two half discs (or hemispheres) which are pressed together along the line of action between their centres. A
simple ®nite element model for such a problem is shown in Fig. 10.4(a) where it is
observed that the horizontal alignment of potential contact nodes on the boundary
of each disc are identical. The solution after pressing the bodies together is indicated
in Fig. 10.4(b) and contours for the vertical normal stress are shown in Fig. 10.4(c). It
is evident that the contours do not match perfectly along the vertical axis owing to
lack of alignment of the nodes in the deformed position. However, the mismatch is
not severe, and useful engineering results are possible. Later we will consider methods
which give a more accurate representation; however, before doing so we consider the
methods available to prevent penetration.
The determination of which nodes are in contact for such a problem can be
monitored simply by comparing the vertical position of each node pair, which may
be treated as a simple two-node element. Thus denoting the upper disc as slave
body `s' and the lower one as master body `m' we can monitor the vertical gap
s

m

g  x2 ÿ x2

s

s

 X2  u2  ÿ X2

m

m

 u2 
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If g > 0 no contact exists, whereas if g 4 0 contact or penetration has occurred. (We
note that penetration can exist for any iteration in which no modi®cation of the
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formulation has been inserted.) Thus, the next step is to insert a constraint condition
for any nodal pair (element) in which the gap g is negative or zero (here some
tolerance usually is necessary to de®ne `zero'). There are many approaches which
may be used to insert the constraint. Here we discuss use of a Lagrange multiplier
form, a penalty approach, and an augmented lagrangian approach.41

Lagrange multiplier form

A Lagrange multiplier approach is given simply by multiplying the gap condition
given in Eq. (10.209) by the multiplier. Accordingly, we can write for each nodal
pair for which contact has been assigned a variational term
c   g

10:210

and add its ®rst variation to the variational equations being used to solve the problem.
The ®rst variation to Eq. (10.210) is given as
s

m

c   g  u2 ÿ u2 

10:211

and thus we identify  as a `force' applied to each node to prevent penetration.
Linearization of Eq. (10.211) produces a tangent matrix term for use in a Newton±
Raphson solution process. The ®nal tangent and residual for the nodal contact
element may be written as
9
8
2
38
s 9
0
0
1 >
=
= >
< ÿ >
< du2 >
6
7
10:212

0 ÿ1 5 du m 
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1 ÿ1
0
d
and is added into the equations in a manner identical to any element assembly
process. It is evident that the equations in this form introduce a new unknown for
each contact pair. Also, as for any Lagrange multiplier approach, the equations are
not positive de®nite and indeed have a zero diagonal for each multiplier term, thus,
special care is needed in the solution process to avoid divisions by the zero diagonal.

Penalty function form

An approach which avoids equation solution diculties of a Lagrange multiplier
method is the penalty method, as described many times in Volume 1. In this the
contact term is given by
  g2

10:213

where  is a penalty parameter. The matrix equation for a nodal pair is now given by
) 

(

s
 ÿ
ÿg
du2

10:214
m
ÿ

g
du2
In a penalty approach the ®nal gap will not be zero but becomes a small number
depending on the value of the parameter  selected. Thus, the advantage of the
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penalty method is somewhat oset by a need to identify the value of the parameter
that gives an acceptable answer. Indeed, in a complex problem this is not a trivial
task, especially for problems involving contact between beam, plate, or shell elements
and solid elements.

Augmented lagrangian form

A compromise between the penalty method and the Lagrange multiplier method may
be achieved by using an iterative update for the multiplier combined with a penaltylike form. We discussed this for incompressibility problems in Sec. 12.6 of Volume 1
and here indicate brie¯y how it applies equally to the contact problem. Based on
results from Volume 1 we may write the augmented form as
) 

(

s
 ÿ
ÿk ÿ g
du2
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m
ÿ

k  g
du2
where an update to the Lagrange multiplier is computed by using41
k  1  k   g

10:216

Such an update may be computed after each Newton±Raphson iteration or in an
added iteration loop after convergence of the Newton±Raphson iteration. In
either case a loss of quadratic convergence results for the simple augmented strategy
shown. Improvements to superlinear convergence are possible as shown by Zavarise
and Wriggers,66 and a more complex approach which restores the quadratic
convergence rate may be introduced at the expense of retaining an added variable.54
In general, however, use of a fairly large value of the penalty parameter in the simple
scheme shown above is sucient to achieve good solutions with few added
iterations.

Node±surface contact

The simplest form for contact between bodies in which nodes on surfaces of one body
do not interact directly with nodes on a second body is de®ned by a node±surface
treatment. A two-dimensional treatment for this case is shown in Fig. 10.5 where a
node, called the slave node, with deformed position xs can contact a segment, called
the master surface, de®ned for simplicity in two dimensions by an interpolation
x  N x

10:217

This interpolation may be treated either as the usual interpolation along the edge
facets of elements describing the target body as shown in Fig. 10.5(a) or by an interpolation which smooths the slope discontinuity between adjacent element surface
facets as shown in Fig. 10.5(b).
A contact between the two bodies occurs when the gap gn shown in Fig. 10.5
becomes zero. The determination of a contact requires a search to ®nd which
target facet is a potential contact surface and computation of the associated gap
for each one. If the gap is positive no contact condition exists and, thus, no modi®cation to the governing equations is required. If the gap is negative a `penetration' of the
two bodies has occurred and it is necessary to modify the equilibrium equations to
re¯ect the contact forces which occur.
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Fig. 10.5 Node-to-surface contact: (a) contact using element interpolations; (b) contact using `smoothed'
interpolations.

To determine the gap it is necessary to ®nd the point on the target (master) facet
which is closest to the slave node. This can be accomplished by expressing points
on the facet by using Eq. (10.217) and ®nding the value of  which minimizes the
function
ÿ

f   12 xTs ÿ xT xs ÿ x  minimum
10:218
Here again a Newton±Raphson solution method may be used to ®nd a solution.
Linearizing, we solve for iterates from
xT; x; ÿ xs ÿ x i T x;  di  xT; xs ÿ x i   ÿ

df
R
d

10:219

with updates
i  1  i  di
until R  0 is satis®ed to within a speci®ed tolerance. For the two-dimensional
problem in which linear interpolation is used to de®ne N , the expression for R
is linear in  and, thus, convergence is achieved in one iteration. Denoting the solution
as c , the location of the closest point on the target facet becomes xc as shown in
Fig. 10.5 and, using Eq. (10.217), is given by
xc  N c  x

10:220

For frictionless contact only normal tractions are involved on the surfaces between
the two bodies; thus sliding can occur without generation of tangential forces and the
traction is given by
t   n nc

10:221

where n is the magnitude of a normal traction applied to the contact target and nc is a
unit normal to the master facet at the point c . This case can be included by appending
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the variation of a Lagrange multiplier term to the Galerkin (weak) form describing
equilibrium of the problem for each contact slave node. This term may be expressed as
ÿ

c  n nTc gn nc Ac
10:222
where at the solution point c
gn nc  xs ÿ x c 

10:223

and Ac is a surface area associated with the slave node. In the development summarized here the surface area term is based on the reference con®guration and kept
constant during the analysis. Thus, the traction measure n is a reference surface
measure which must be scaled by the current surface area ratio to obtain the magnitude of the traction in the deformed state.
Use of the Lagrange multiplier form introduces an additional unknown n for each
master±slave contact pair. Since a contact traction interacts with both bodies it must
be determined as part of the solution of the global equilibrium equations. Of course,
we again can eliminate the contact tractions by using a penalty form for the constraint
in a manner similar to that used for treating node±node contact [Eq. (10.213)]. However, even then the problem is more complex as we do not know a priori which master
facet a contact node will interact with. This implies that the non-zero structure of the
global tangent matrix will change during the solution of any contact problem and
continual updates are required to describe the pro®le or sparse structure.
The variation of the potential given in Eq. (10.222) may be expressed as
 ÿ

ÿ


c   n nTc gn nc  xTs ÿ xTc nc n Ac
10:224
where the variation of the coordinate xc is given by
xc  N x  x; c

10:225

with x; computed by dierentiation of the interpolation functions in Eq. (10.217) and
then evaluated at c . Noting now that
nTc nc  1

and

nTc nc  0

the added contact term may be written in matrix form as
9
8
gn A c
>
>
>
>
>
>
=
<  A n


n c c
T
T
c  n ; xs ; x ; c
>
ÿn Ac N nc >
>
>
>
>
;
:
T
ÿn Ac x; nc

10:226

10:227

where we note that the entry multiplying c vanishes at   c . At a solution gn
should also be zero; however, in some iterations it may be non-zero as a result of
penetrations occurring before the contact term is inserted (also for penalty type
methods it will never be exactly zero).


One is tempted to use nTc nc  1 to simplify Eq. (10.222); however, doing this the advantages of Eq. (10.223)
are then lost and computation of the tangent becomes more complex.
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Using a Newton±Raphson solution procedure generates a tangent matrix
expressed formally by the term

ÿ

ÿ
d   xTs ÿ xTc d n nc    n nTc dxs ÿ dxc 
ÿ

10:228
ÿ n d xTc nc  gn nT d  n nc  Ac
The linearization is straightforward except for the terms involving nc . It is necessary
here to use a form which does not divide by gn [which would result in using
Eq. (10.223) directly]. This may be achieved by introducing a surface unit tangent
vector
x;
10:229
tc 
jjx; jj
and using
nc  tc  e3

and

nc  tc  e3

10:230

where e3 is a unit vector normal to the plane of deformation. Now
tc 


1 
1
I ÿ tc tTc x; 
n nT x
jjx; jj
jjx; jj c c ;

10:231

which upon using Eq. (10.230) gives
nc  ÿ

x; nTc x;

Performing all linearizations results in the tangent term
2
0
Ac nTc ÿN Ac nTc
6
0
Gs

6
6 Ac nc
n ; xTs ; xT ; c 6
6 ÿN Ac nc G s
G
4
0

10:232

jjx; jj2

Gs

G

9
38
dn >
>
>
>
>
>
>
7>
>
=
< dxs >
Gs 7
7
7
> dx >
>
G 7
>
>
5>
>
>
>
>
;
:
dc
G
0
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where
Gs  ÿ

n Ac N
jjxjj2

;

x; nc  GTs

n Ac c
x;  GTs
jjxjj2
 A 
G  n 2c N N ; x; nTc  N ; N nc xT; ÿ gn N
jjxjj

 A  
G   n c 2 c N x; ÿ gn N ; nc
jjxjj
"
#
gn  c
G  n Ac 1 ÿ
jjx; jj2
Gs  ÿ

T
; N ; nc nc



10:234
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in which c  nTc x; is related to the target facet curvature. Clearly, for a straight
contact facet with linear interpolation de®ning x  many of the terms in Eq. (10.234)
vanish and the tangent is greatly simpli®ed. In such a case, however, special attention
must be devoted to the case where a slave node is very near a master node and
oscillations on which facet to use occur during subsequent Newton±Raphson
iterations. Here an expedient solution is to use concepts from multi-surface plasticity
to de®ne a `continuous' approximation for the normal. This leads to additional
considerations which are not given here and are left for the reader to develop (see
reference 55).
The tangent matrix may be reduced by eliminating the dependence on dc . The
reduced tangent then depends only on the Lagrange multiplier n and geometry
terms computed from current values of nodal parameters.
Extension to three-dimensional problems is straightforward and involves addition
of a second natural coordinate  and replacing e3 by a second surface tangent vector
deduced from x; . Extension to include frictional eects may also be performed and
the reader is referred to the literature for additional details.67ÿ81

10.9 Numerical examples
10.9.1 Node±surface contact between discs
As a ®rst example here we consider the contact problem previously solved using a
node±node approach. In that case we observed a small but signi®cant discontinuity
between the contours of vertical stress between the bodies, indicating that traction
is not correctly transmitted across the section. Here we use the node±surface
method given above in which the contact area of each body is taken as the boundary
of elements. The solution is achieved by using a penalty method and a two-pass solution procedure where on the ®rst pass one body is the slave and the other the master
and on the second pass the designation is reversed. This approach has been shown to
be necessary in order to satisfy the mixed patch test for contact.65 The results using
this approach are shown in Fig. 10.6. For the solution, the two-dimensional plane

Fig. 10.6 Contact between semicircular disks: vertical contours for node-to-surface solution.
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strain ®nite deformation displacement element described in Sec. 10.3.2 is used with
material behaviour given by the neo-Hookean hyperelastic model described in
Sec. 10.7.1. Properties are: E  100 000 for the upper body and E  1000 for the
lower body. A Poisson ratio of   0:25 is used to compute LameÂ parameters 
and . As can readily be seen in the ®gure the results obtained are signi®cantly
better than those from the node-to-node analysis.

10.9.2 Upsetting of a cylindrical billet
To illustrate performance in highly strained regimes, we consider large compression
of a three-dimensional cylindrical billet. The initial con®guration is a cylinder

Fig. 10.7 Initial and ®nal con®gurations for a billet.
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with radius, r  10, and height, h  15. The mesh consists of 459 eight-noded
hexahedral elements based on the mixed-enhanced formulation presented in Sec.
10.5. The billet is loaded via displacement control on the upper surface, while the
lower edge is fully restrained. A full Newton±Raphson solution process is used in
which the upper displacement is increased by increments of displacement equal to
0.25 units.
To prevent penetration with the rigid base during large deformations a simple
node-on-node penalty formulation with a penalty parameter k  106 is de®ned for
nodes on the lower part of the cylindrical boundary. A neo-Hookean material
model with   104 and   10 is used for the simulation. Figure 10.7 depicts the
initial mesh and progression of deformation.

10.9.3 Necking of circular bar
The last example we include is a large deformation plasticity problem. Here we
consider the three-dimensional behaviour of a cylindrical bar subjected to tension.
In the presence of plastic deformation an unstable plastic necking will occur at
some location along a bar of mild steel, or similar elasto-plastic behaving material.
This is easily observed from the tension test of a cylindrical specimen which tapers
by a small amount to a central location to ensure that the location of necking will
occur in a speci®ed location. A ®nite element model is constructed having the same
taper, and here only one-eighth of the bar need be modelled as shown in
Fig. 10.8(a). In Fig. 10.8(b) we show the half-bar model which is projected by
symmetry and re¯ection and on which the behaviour will be illustrated.

Fig. 10.8 Necking of a cylindrical bar: eight-noded elements. (a) Finite element model; (b) half-bar by
symmetry.
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This problem has been studied by several authors and here the properties are taken
as described by Simo and co-workers.5;9;24 The one-eighth quadrant model consists of
960 eight-noded hexahedra of the mixed type discussed in Sec. 10.5. The radius at the
loading end is taken as R  6:413 and a uniform taper to a central radius of
Rc  0:982  R is used. The total length of the bar is L  53:334 (giving a half
length of 25:667). The mesh along the length is uniform between the centre (0) and
a distance of 10; and again from 10 to the end. A blending function mesh generation
is used (see Sec. 9.12, Volume 1) to ensure that exterior nodes lie exactly on the
circular radius. This ensures that, as much as possible for the discretization employed,
the response will be axisymmetric.
The ®nite deformation plasticity model based on the logarithmic stretch elastic
behaviour from Sec. 10.7.2 and the ®nite plasticity as described in Sec. 10.7.3 is
used for the analysis. The material properties used are as follows: elastic properties
are K  164:21 and G  80:1938; a J2 plasticity model in terms of principal Kirchho
stresses i with an initial yield in tension of y  0:45 is used. Only isotropic hardening
is included and a saturation type model de®ned by

ÿ


  Hi "p  y1 ÿ y 1 ÿ exp ÿ"p
with the parameters
Hi  0:12924;

y1  0:715;

and

  16:93

is employed. An alternative to this is a piecewise linear behavior as suggested by some
authors; however, the above model is very easy to implement and gives a smooth
behaviour with increase in the accumulated plastic strain "p as the hardening
parameter .
In Fig. 10.9 we show the deformed con®guration of the bar at an elongation of
22.5 per cent (elongation  6 units). Figure 10.9(a) has the contours of the ®rst

Fig. 10.9 Deformed con®guration and contours for necking of bar: (a) ®rst invariant I1 ; (b) second invariant
J2 .
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Fig. 10.10 Neck radius versus elongation displacement for a half-bar.

invariant of Cauchy stress superposed and Fig. 10.9(b) those for the second invariant
of the deviator stresses. It is apparent that considerable variation in pressure (®rst
invariant divided by 3) occurs in the necked region, whereas the values of the
second deviator invariant vary more smoothly in this region. A plot of the radius
of the bar at the centre is shown Fig. 10.10 for dierent elongation values.
This example is quite sensitive to solve as the response involves an unstable
behaviour of the necking process. Use of a full Newton±Raphson scheme was
generally ineective in this regime and here a modi®ed Newton±Raphson scheme
together with a BFGS (Broyden±Fletcher±Goldfarb±Shanno) secant update was
employed (see Sec. 2.2.4). When near convergence was achieved the algorithm was
then switched to a full Newton±Raphson process and during the last iterations
quadratic convergence was obtained when used with an algorithmic consistent
tangent matrix as described in Sections 10.7.2 and 10.7.3.

10.10 Concluding remarks
This chapter presents a uni®ed approach for all ®nite deformation problems. The
various procedures for solution of the resulting non-linear algebraic system have
followed those presented in Chapter 2. Although not discussed extensively in the
chapter, the extension to consider transient (dynamic) situations is easily accomplished. The long-term integration of dynamic problems occasionally presents
diculties using the time integration procedures discussed in Volume 1. Here schemes
which conserve momentum and energy for hyperelastic materials can be considered as
alternatives, and the reader is referred to literature on the subject for additional
details.56;82ÿ87
We have also presented some mixed forms for developing elements which perform
well at ®nite strains and with materials which can exhibit nearly incompressible
behaviour. These elements are developed in a form which allow the introduction of
®nite elastic and inelastic material models without diculty. Indeed, we have
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shown that there is no need to decouple the constitutive behaviour between volumetric and deviatoric response as often assumed in many presentations. We usually
®nd that transformation to a current con®guration form in which either the Kirchho
stress or the Cauchy stress is used directly will lead to a form which admits a simple
extension of existing small deformation ®nite element procedures for developing the
necessary residual (force) and stiness matrices. An exception here is the presentation
of the mixed±enhanced form in which all basic development is shown using the
deformation gradient and ®rst Piola±Kirchho stress. Here we could express ®nal
answers in a current con®guration form also, but we leave these steps for the
reader to perform.
In this chapter we have concentrated on developments for continuum problems in
which the full two- or three-dimensional equations are modelled by ®nite elements. In
the next chapter we address problems which can be represented using beam (rod),
plate, or shell models and thus permit a reduction of the discretization space to one
or two dimensions.
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11
Non-linear structural problems ±
large displacement and instability
11.1 Introduction
In the previous chapter the question of ®nite deformations and non-linear material
behaviour was discussed and methods were developed to allow the standard linear
forms to be used in an iterative way to obtain solutions. In the present chapter we consider the more specialized problem of large displacements but with strains restricted
to be small. Generally, we shall assume that `small strain' stress±strain relations are
adequate but for accurate determination of the displacements geometric non-linearity
needs to be considered. Here, for instance, stresses arising from membrane action,
usually neglected in plate ¯exure, may cause a considerable decrease of displacements
as compared with the linear solution discussed in Chapters 4 and 5, even though
displacements remain quite small. Conversely, it may be found that a load is reached
where indeed a state may be attained where load-carrying capacity decreases with
continuing deformation. This classic problem is that of structural stability and
obviously has many practical implications. The applications of such an analysis are
clearly of considerable importance in aerospace and automotive engineering applications, design of telescopes, wind loading on cooling towers, box girder bridges with
thin diaphrams and other relatively `slender' structures.
In this chapter we consider the above class of problems applied to beam, plate, and
shell systems by examining the basic non-linear equilibrium equations. Such considerations lead also to the formulation of classical initial stability problems. These concepts
are illustrated in detail by formulating the large de¯ection and initial stability problems
for beams and ¯at plates. A lagrangian approach is adopted throughout in which
displacements are referred to the original (reference) con®guration.

11.2 Large displacement theory of beams
11.2.1 Geometrically exact formulation
In Sec. 2.10 of Volume 1 we brie¯y described the behaviour for the bending of a beam
for the small strain theory. Here we present a form for cases in which large
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Fig. 11.1 Finite motion of three-dimensional beams.

displacements with ®nite rotations occur. We shall, however, assume that the
strains which result are small. A two-dimensional theory of beams (rods) was
developed by Reissner1 and was extended to a three-dimensional dynamic form by
Simo.2 In these developments the normal to the cross-section is followed, as
contrasted to following the tangent to the beam axis, by an orthogonal frame.
Here we consider an initially straight beam for which the orthogonal triad of the
beam cross-section is denoted by the vectors ai (Fig. 11.1). The motion for the
beam can then be written as
i  xi  x0i  iI ZI

11:1

where the orthogonal matrix is related to the ai vectors as
   a1

a2

a3 

11:2

If we assume that the reference coordinate X1 (X) is the beam axis and X2 , X3 (Y; Z)
are the axes of the cross-section the above motion may be written in matrix form as
8 9 8 9 8 9 8 9 2
38 9
11 12 13 >
>
=
<u>
= >
<X >
= >
<x>
=
= >
<0>
< x1 >
7
x2  y  0  v  6
11:3
4 21 22 23 5 Y
>
>
;
: >
; >
: >
; >
: >
;
; >
: >
:x >
w
0
z
Z
31 32 33
3
where u X, v X, and w X are displacements of the beam reference axis and where
 X is the rotation of the beam cross-section which does not necessarily remain
normal to the beam axis and thus admits the possibility of transverse shearing
deformations.
The derivation of the deformation gradient for Eq. (11.3) requires computation of
the derivatives of the displacements and the rotation matrix. The derivative of the
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rotation matrix is given by2;3
;X  ^h;X 

11:4

where ^
h;X denotes a skew symmetric matrix for the derivatives of a rotation vector h
and is expressed by
2
3
0
ÿZ;X Y;X
6
^
0
ÿX;X 7
h  4 Z;X
11:5
5
ÿY;X

X;X

0

Here we consider in detail the two-dimensional case where the motion is restricted to
the X ±Z plane. The orthogonal matrix may then be represented as (Y  )
2
3
cos
0 sin
6
7
4 0
1
0 5
11:6
ÿ sin

0 cos

Inserting this in Eq. (11.3) and expanding, the deformed position then is described
compactly by
x  X  u X  Z sin

X

yY

11:7

z  w X  Z cos

X

This results in the deformed con®guration for a beam shown in Fig. 11.2. It is a twodimensional specialization of the theory presented by Simo and co-workers2;4;5 and is
called geometrically exact since no small-angle approximations are involved. The
deformation gradient for this displacement is given by the relation
2
3
0
sin
1  u;X  Z ;X cos 
6
0
1
0 7
11:8
FiI  4
5
w;X ÿ Z

Fig. 11.2 Deformed beam con®guration.

;X

sin 

0

cos

367

368 Non-linear structural problems

Using Eq (10.15) and computing the Green±Lagrange strain tensor, two non-zero
components are obtained which, ignoring a quadratic term in Z, are expressed by
EXX  u;X  12 u2;X  w2;X   Z 
2 EXZ  1  u;X  sin  w;X cos

;X

 E0  Z K b

ÿ

11:9

where E 0 and ÿ are strains which are constant on the cross-section and K b measures
change in rotation (curvature) of the cross-sections and
  1  u;X  cos ÿ w;X sin

11:10

A variational equation for the beam can be written now by introducing second
Piola±Kirchho stresses as described in Chapter 10 to obtain
 

EXX SXX  2EXZ SXZ  dV ÿ ext

11:11

where ext denotes the terms from end forces and loading along the length. If we
separate the volume integral into one along the length times an integral over the
beam cross-sectional area A and de®ne force resultants as
Tp 

A

Sp 

SXX dA;

A

SXZ dA

and

Mb 

A

SXX Z dA

11:12

the variational equation may be written compactly as
 

L

E 0 T p  ÿ Sp  K b M b  dX ÿ ext

11:13

where virtual strains for the beam are given by
E 0  1  u;X u;X  w;X w;X
ÿ  sin u;X  cos w;X   
b

K   

;X

11:14

 ÿ   cos u;X  sin w;X

A ®nite element approximation for the displacements may be introduced in a
manner identical to that used in Sec. 7.4 for axisymmetric shells. Accordingly, we
can write
8 9
8 9
>
>
=
=
<u>
<u >
11:15
w  N X w
>
>
;
;
: >
: >
where the shape functions for each variable are the same. Using this approximation
the virtual work is computed as
8 p9
>
=
<T >
T
   u w  
dX ÿ ext
B
11:16
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>
L
;
: b>
M
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where

2
6
B 4

1  u;X  N

w;X N

;X

sin N ;X
;X cos N ;X

cos N ;X
ÿ ;X sin N

3

0

;X

N
 N ;X ÿ ÿ

;X

7
5
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;X N 

Just as for the axisymmetric shell described in Sec. 7.4 this interpolation will lead to
`shear locking' and it is necessary to compute the integrals for stresses by using a
`reduced quadrature'. For a two-noded beam element this implies use of one quadrature point for each element. Alternatively, a mixed formulation where ÿ and S p are
assumed constant in each element can be introduced as was done in Sec. 5.6 for the
bending analysis of plates using the T6S3B3 element.
The non-linear equilibrium equation for a quasi-static problem that is solved at
each load level (or time) is given by
8 p 9
>
=
< Nn  1 >
T
Snp  1 dX  0
11:18
B
n  1  fn  1 ÿ
>
L
;
: b >
Mn  1
For a Newton±Raphson-type solution the tangent stiness matrix is deduced by a
linearization of Eq. (11.18). To give a speci®c relation for the derivation we
assume, for simplicity, the strains are small and the constitution may be expressed
by a linear elastic relation between the Green±Lagrange strains and the second
Piola±Kirchho stresses. Accordingly, we take
SXX  E EXX

and

SXZ  2G EXZ

11:19

where E is a Young's modulus and G a shear modulus. Integrating Eq. (11.12) the
elastic behaviour of the beam resultants becomes
T p  EA E 0 ;

S p  GA ÿ

and

M b  EI K b

in which A is the cross-sectional area, I is the moment of inertia about the centroid,
and  is a shear correction factor to account for the fact that SXZ is not constant on
the cross-section. Using these relations the linearization of Eq. (11.18) gives the
tangent stiness
KT 



L

BT DT B dX  KG 

where for the simple elastic relation Eq. (11.20)
2
EA
6
DT  4
 GA

11:20

3
7
5

11:21

EI
and KG is the geometric stiness resulting from linearization of the non-linear
expression for B. After some algebra the reader can verify that the geometric stiness
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is given by
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ÿM ÿ

where
G1  S p cos ÿ M b

;X

sin ;

G2  ÿSp sin ÿ M b

;X

cos ;

and
G3  ÿSp ÿ ÿ M b

;X 

11.2.2 Large displacement formulation with small rotations
In many applications the full non-linear displacement ®eld with ®nite rotations is not
needed; however, the behaviour is such that limitations of the small displacement
theory are not appropriate. In such cases we can assume that rotations are small so
that the trigonometric functions may be approximated as
sin 
and
cos  1
In this case the displacement approximations become
x  X  u X  Z

X

yY

11:23

z  w X  Z
which yield now the non-zero Green±Lagrange strain expressions
EXX  u;X  12 u2;X  w2;X   Z
2EXZ  w;X 

;X

 E0  Z K b

ÿ

11:24

where terms in Z 2 as well as products of with derivatives of displacements are
ignored. With this approximation and again using Eq. (11.15) for the ®nite element
representation of the displacements in each element we obtain the set of non-linear
equilibrium equations given by Eq. (11.18) in which now
2
3
0
1  u;X N ;X w;X N ;X
6
0
N ;X
N 7
B 4
11:25
5
0

0

N

;X
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This expression results in a much simpler geometric stiness term in the tangent
matrix given by Eq. (11.20) and may be written simply as
2 p
3
T
0 0
6
7
KG  
N ;X 4 0 T p 0 5 N ;X dX
11:26
L

0

0

0

It is also possible to reduce the theory further by assuming shear deformations to be
negligible so that from ÿ  0 we have
11:27

 ÿw;X
Taking the approximations now in the form
u  N u u~

11:28

~ N ~
w  Nw w
~ ;X at nodes.
in which ~  w
The equilibrium equation is now given by
(
n1

 fn  1 ÿ
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BT

Nnp 1
Mnb 1

)
dX  0
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where the strain displacement matrix is expressed as
"
#
1  u;X N u ;X w;X N w;X w;X N ;X
B 
0
ÿN w;XX ÿN ;XX

11:30

The tangent matrix is given by Eq. (11.20) where the elastic tangent moduli involve
only the terms from T p and M b as


EA 0
11:31
DT 
0 EI
and the geometric tangent is given by
2 u
N ;X T p N u;X
0
6
w
0
N ;X T p N w;X
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N ;X 6
4
L
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N ;X T p N w;X

Example: a clamped±hinged arch

3

0
N w;X T p N
N

;X T

p

N

;X

7
7 dX
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;X

To illustrate the performance and limitations of the above formulations we consider
the behaviour of a circular arch with one boundary clamped, the other boundary
hinged and loaded by a single point load, as shown in Fig. 11.3(a). Here it is necessary
to introduce a transformation between the axes used to de®ne each beam element and
the global axes used to de®ne the arch. This follows standard procedures as used
many times previously. The cross-section of the beam is a unit square with other
properties as shown in the ®gure. An analytical solution to this problem has been
obtained by da Deppo and Schmidt6 and an early ®nite element solution by Wood
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Fig. 11.3 Clamped±hinged arch: (a) problem de®nition; (b) load de¯ection.

and Zienkiewicz.7 Here a solution is obtained using 40 two-noded elements of the
types presented in this section. The problem produces a complex load displacement
history with `softening' behaviour that is traced using the arc-length method
described in Sec. 2.2.6 [Fig. 11.3(b)]. It is observed from Fig. 11.3(b) that the assumption of small rotation produces an accurate trace of the behaviour only during the
early parts of loading and also produces a limit state which is far from reality. This
emphasizes clearly the type of discrepancies that can occur by misusing a formulation
in which assumptions are involved.
Deformed con®gurations during the deformation history are shown for the load
parameter  EI=PR2 in Fig. 11.4. In Fig. 11.4(a) we show the deformed con®guration for ®ve loading levels ± three before the limit load is reached and two after

Elastic stability ± energy interpretation

Fig. 11.4 Clamped±hinged arch: deformed shapes. (a) Finite-angle solution; (b) ®nite-angle form compared
with small-angle form.

passing the limit load. It will be observed that continued loading would not lead to
correct solutions unless a contact state is used between the support and the arch
member. This aspect was considered by Simo et al.8 and loading was applied much
further into the deformation process. In Fig. 11.4(b) we show a comparison of the
deformed shapes for  3:0 where the small-angle assumption is still valid.

11.3 Elastic stability ± energy interpretation
The energy expression given in Eq. (10.37) and the equilibrium behaviour deduced
from the ®rst variation given by Eq. (10.42) may also be used to assess the stability
of equilibrium.9 For an equ`ilibrium state we always have
  ÿ~uT

0

11:33

that is, the total potential energy is stationary [which, ignoring inertia eects, is
equivalent to Eq. (10.65)].
The second variation of  is
2      ÿ~uT 

 ~uT KT ~u

11:34

The stability criterion is given by a positive value of this second variation and,
conversely, instability by a negative value (as in the ®rst case energy has to be
added to the structure whereas in the second it contains surplus energy). In other
words, if KT is positive de®nite, stability exists. This criterion is well known9 and of
considerable use when investigating stability during large deformation.10;11 An
alternative test is to investigate the sign of the determinant of KT , a positive sign
denoting stability.12
A limit on stability exists when the second variation is zero. We note from
Eq. (10.66) that the stability test then can be written as (assuming KL is zero)
u  ~uT KG ~u  0
~
uT KM ~

11:35
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This may be written in the Rayleigh quotient form13

where we have

~
uT KM ~u
 ÿ
~
uT KG ~u

11:36

8
>
< < 1; stable
  1; stability limit
>
:
> 1; unstable

11:37

The limit of stability is sometimes called neutral equilibrium since the con®guration
may be changed by a small amount without aecting the value of the second variation
(i.e. equilibrium balance). Several options exist for implementing the above test and
the simplest is to let   1   and write the problem in the form of a generalized
linear eigenproblem given by
KT u  KG u

11:38

Here we seek the solution where  is zero to de®ne a stability limit. This form uses
the usual tangent matrix directly and requires only a separate implementation for the
geometric term and availability of a general eigensolution routine. To maintain
numerical conditioning in the eigenproblem near a buckling or limit state where KT
is singular a shift may be used as described for the vibration problem in Chapter 17
of Volume 1.

Euler buckling ± propped cantilever

As an example of the stability test we consider the buckling of a straight beam with
one end ®xed and the other on a roller support. We can also use this example to
show the usefulness of the small angle beam theory.
An axial compressive load is applied to the roller end and the Euler buckling load
computed. This is a problem in which the displacement prior to buckling is purely
axial. The buckling load may be estimated relative to the small deformation theory
by using the solution from the ®rst tangent matrix computed. Alternatively, the
buckling load can be computed by increasing the load until the tangent matrix
becomes singular. In the case of a structure where the distribution of the internal
forces does not change with load level and material is linear elastic there is no
dierence in the results obtained. Table 11.1 shows the results obtained for the
propped cantilever using dierent numbers of elements. Here it is observed that
accurate results for higher modes require use of more elements; however, both the
®nite rotation and small rotation formulations given above yield identical answers
Table 11.1 Linear buckling load estimates
Number of elements
20
20.36
61.14
124.79

100

500

20.19
59.67
118.85

20.18
59.61
118.62

Large displacement theory of thick plates

since no rotation is present prior to buckling. The properties used in the analysis are
E  12  106 , A  1, I  1=12, and length L  100. The classical Euler buckling load
is given by
Pcr 
with the lowest buckling load given as

EI
L2

11:39

 20:18.14

11.4 Large displacement theory of thick plates
11.4.1 De®nitions
The small rotation form for beams described in Sec. 11.2.2 may be used to consider
problems associated with deformation of plates subject to `in-plane' and `lateral'
forces, when displacements are not in®nitesimal but also not excessively large
(Fig. 11.5). In this situation the `change-in-geometry' eect is less important than
the relative magnitudes of the linear and non-linear strain-displacement terms, and
in fact for `stiening' problems the non-linear displacements are always less than
the corresponding linear ones (see Fig. 11.6). It is well known that in such situations
the lateral displacements will be responsible for development of `membrane'-type
strains and now the two problems of `in-plane' and `lateral' deformation can no
longer be dealt with separately but are coupled.

Fig. 11.5 (a) `In-plane' and bending resultants for a ¯at plate; (b) increase of middle surface length owing to
lateral displacement.
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Fig. 11.6 Central de¯ection wc of a clamped square plate under uniform load p;12 u  v  0 at edge.

Generally, for plates the rotation angles remain small unless in-plane strains also
become large. To develop the equations for small rotations in which plate bending
is modelled using the formulations discussed in Chapter 5 we generalize the displacement ®eld given in Eq. (4.9) to include the eects of in-plane displacements.
Accordingly, we write
9
9
8 9 8
8
>
>
=
= >
< u X; Y >
=
< u1 >
< X X; Y >
11:40
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; >
:
;
: >
:
w X; Y
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u3
where h are small rotations de®ned according to Fig. 4.3 and X, Y, Z denote positions
in the reference con®guration of the plate. Using these to compute the Green±
Lagrange strains given by Eq. (10.15) we can write the non-zero terms as
9 8
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In these expressions we have used classical results15 that ignore all square terms
involving h and derivatives of u and v, as well as terms which contain quadratic
powers of Z.
Generally, the position of the in-plane reference coordinates X and Y change very
little during deformations and we can replace them with the current coordinates x and
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y just as is done implicitly for the small strain case considered in Chapter 4. Thus, we
can represent the Green±Lagrange strains in terms of the middle surface strains and
changes in curvature as
9
9
8
8
2
1
>
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>
=
=
< u;x  2 w;x  >
< x;x
2
1

ÿ
Z
 Ep ÿ Z Kb
E
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v;y  2 w;y 
y;y
>
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>
>
;
;
:
:
x;y  y;x
u;y  v;x  w;x w;y
where Ep denotes the in-plane membrane strains and Kb the change in curvatures
owing to bending. In addition we have the transverse shearing strains given by
(
)
ÿ

w
x
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ÿs 
11:43
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The variations of the strains are given by
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Using these expressions the variation of the plate equations may be expressed as
 

Ep T S dV 

ÿs T Ss dV 

Kb T S Z dV ÿ ext

11:46

De®ning the integrals through the thickness in terms of the `in-plane' membrane forces
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and bending forces
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we obtain the virtual work expression for the plate, given as
 

A

 Ep T Tp   ÿs T Ts   Kb T Mb  dA ÿ ext

This may now be used to construct a ®nite element solution.

11:50
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11.4.2 Finite element evaluation of strain±displacement
matrices
For further evaluation it is necessary to establish expressions for the ®nite element B
and KT matrices. Introducing the ®nite element approximations, we have
8 9 2
38 9
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6
7
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The expressions for the strain±displacement matrices are deduced from Eqs (11.44)
and (11.45) as
9
2
3
2
3 8
~ >
0
w
N ;x
w;x 0
>
(
)
>
>
=
<
u
6
7 ~
6
7
~
7
6
7
0
N
0
w



G
Ep  Bp ~
a 6

;y 5
;y 5
x
4
4
>
>
~
v
>
;
: ~ >
N ;y N ;x
w;y w;x
 y 
~
 B ~
u  BL w
"
ÿs  Bs w 

11:53
N w;x
N w;y

and

2

0

6
~ 6
Kb  Bb w
40
0
where

"
G 

ÿN
0

N  ;x
0
N

N w;x
N w;y

with nodal parameters de®ned by
~
aT   u~

v~

~
uT   u~

v~ 

~
w
and



~x 

;y



8
# > w
< ~
0
 ~x 
ÿN  >
: ~
 y 
38
~
> w
7<
 7
~
N ;y 5  x 
>
: ~
 y 
N  ;x
0

0 0
0 0

>
;

9
>
=
>
;

11:54

11:55

#
11:56


~y    uT

~T   w
w
~

9
>
=

~x 

wT



~y  

We here immediately recognize an in-plane term which is identical to the small
strain (linear) plane stress (membrane) form and a term which is identical to the
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small strain bending and transverse shear form. The added nonlinear in-plane term
results from the quadratic displacement terms in the membrane strains.
Using the above strain±displacement matrices we can now write Eq. (11.50) as
  ~
aT

A

~T
Bp T Tp dA  w

A

~T
Bs T Ts dA  w

A

Bb T Mb dA ÿ ext  0
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Grouping the force terms as
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and the strain matrices as

2

B
6

B 4 0
0

3
BL
7
Bs 5

11:58

11:59

b

B

the virtual work expression may be written compactly as
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T r
 dA ÿ ext  0
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The non-linear problem to be solved is thus expressed as
f ÿ

A

T r
 dA  0
B

11:61

This may be solved by using a Newton±Raphson process for which a tangent matrix
is required.

11.4.3 Evaluation of tangent matrix
A tangent matrix for the non-linear plate formulation may be computed by a linearization of Eq. (11.60). Formally, this may be written as
d   ~
aT

A



 T r
T d r
B
 dA ÿ d ext   0
d B
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We shall assume for simplicity that loading is conservative so that d ext   0 and
hence the only terms to be linearized are the strain-displacement matrix and the
stress±strain relation. If we assume linear elastic behaviour, the relation between
the plate forces and strains may be written as
38 p 9
8 p9 2 p
0
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6
7
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s
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where for an isotropic homogeneous plate
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Again,  is a shear correction factor which, for homogeneous plates, is usually taken
as 5=6. Thus, the linearization of the constitution becomes
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Using this result the material part of the tangent matrix is expressed as
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where DT is the coecient matrix from Eq. (11.63), and the individual parts of the
tangent matrix are
KpM 



KLM 



KbM 



A

A

Bp T Dp B d A
Bp T Dp BL d A
h

A
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i
Bs T Ds Bs  Bb T Db Bb dA

We immediately recognize that the material part of the tangent matrix consists of
the same result as that of the small displacement analysis except for the added term
KLM which establishes coupling between membrane and bending behaviour.
The remainder of the computation for the tangent involves the linearization of the
non-linear part of the strain±displacement matrix, BL . As in the continuum problem

Large displacement theory of thin plates

discussed in Chapter 10 it is easiest to rewrite this term as
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This may now be expressed in terms of ®nite element interpolations to obtain the
geometric part of the tangent as
" p
#
p
Txy
L
T Tx
G
11:69
G dA
KG  
p
Txy
Typ
A
which is inserted into the total geometric tangent as


0
0
KG  
0 KLG 

11:70

This geometric matrix is also referred to in the literature as the initial stress matrix for
plate bending.

11.5 Large displacement theory of thin plates
The above theory may be specialized to the thin plate formulation by neglecting the
eects of transverse shearing strains as discussed in Chapter 4. Thus setting
EXZ  EYZ  0 in Eq. (11.41), this yields the result
X  w;X

and

Y  w;Y

11:71

The displacements of the plate middle surface may then be approximated as
9
9
8 9 8
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>
=
< u X; Y >
= >
=
< u1 >
< w;X X; Y >
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>
;
:
; >
;
: >
:
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0
u3
Once again we can note that in-plane positions X and Y do not change signi®cantly,
thus permitting substitution of x and y in the strain expressions to obtain Green±
Lagrange strains as
9
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8
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v;y  12 w;y 2
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2w;xy
u;y  v;x  w;x w;y
where we have once again neglected square terms involving derivatives of the in-plane
displacements and terms in Z2 . We note now that introduction of Eq. (11.71) modi®es
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the expression for change in curvature to the same form as that used for thin plates in
Chapter 4.

11.5.1 Evaluation of strain±displacement matrices
 and KT
For further formulation it is again necessary to establish expressions for the B
matrices. The ®nite element approximations to the displacements now involve only u,
v, and w. Here we assume these to be expressed in the form
 
 
u
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N
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where now the rotation parameters are de®ned as

~
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The expressions for Bp and BL are identical to those given previously except for the
de®nition of G. Owing to the form of the interpolation for w, we now obtain
" w
#
N ;x N x;x N y;x
G 
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The variation in curvature for the thin plate
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Grouping the force terms, now without the shears T , as
 p
T

r
Mb
and the strain matrices as
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the virtual work expression may be written in matrix form as
  ~
aT

A

T r
 dA ÿ ext  0
B

and once again a non-linear problem in the form of Eq. (11.61) is obtained.

11:81
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11.5.2 Evaluation of tangent matrix
A tangent matrix for the non-linear plate formulation may be computed by a linearization of Eq. (11.60). If we again assume linear elastic behaviour, the relation
between the plate forces and strains may be written as
 p  p
 p 
T
0
D
E

11:82
b
b
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where the elastic constants are given in Eq. (11.64). Thus, the linearization of the
constitution becomes
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Using this result the material part of the tangent matrix is expressed as
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where KpM and KLM are given as in Eq. (11.67), and KbM simpli®es to
KbM 



A

Bb T Db Bb dA
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and now Bb is given by Eq. (11.78). Using Eq. (11.77) the geometric matrix has
identical form to Eqs (11.69) and (11.70).

11.6 Solution of large de¯ection problems
All the ingredients necessary for computing the `large de¯ection' plate problem are
now available. Here we may use results from either the thick or thin plate formulations described above. Below we describe the process for the thin plate formulation.
As a ®rst step displacements ~
a0 are found according to the small displacement
uncoupled solution. This is used to determine the actual strains by considering the
non-linear relations for Ep and the linear curvature relations for Kb de®ned in
Eq. (11.73). Corresponding stresses can be found by the elastic relations and a
Newton±Raphson iteration process set up to solve Eq. (11.61) [which is obtained
from Eq. (11.81)].
A typical solution which shows the stiening of the plate with increasing deformation arising from the development of `membrane' stresses was shown in Fig. 11.6.12
The results show excellent agreement with an alternative analytical solution. The
element properties were derived using for the in-plane deformation the simplest
bilinear rectangle and for the bending deformation the non-conforming shape function for a rectangle (Sec. 4.3, Chapter 4).
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Fig. 11.7 Clamped square plate: stresses.

An example of the stress variation with loads for a clamped square plate under
uniform dead load is shown in Fig. 11.7.16 A quarter of the plate is analysed as
above with 32 triangular elements, using the `in-plane' triangular element given in
Chapter 4 of Volume 1 together with a modi®ed version of the non-conforming
plate bending element of Chapter 4.17 Many other examples of large plate deformation obtained by ®nite element methods are available in the literature.18ÿ23

11.6.1 Bifurcation instability
In a few practical cases, as in the classical Euler problem, a bifurcation instability is
possible similar to the case considered for straight beams in Sec. 11.3. Consider the
situation of a plate loaded purely in its own plane. As lateral de¯ections, w, are not
produced, the small de¯ection theory gives an exact solution. However, even with
zero lateral displacements, the geometric stiness (initial stress) matrix can be

Solution of large de¯ection problems 385
Table 11.2 Values of C for a simply supported square plate and compressed axially by Tx
Elements
in quarter
plate

Non-compatible
rectangle

22
44
88

3.77
3.93

26

12 d.o..f.

Compatible
27

triangle

9 d.o.f.

3.22
3.72
3.90

rectangle28 116 d.o.f

quadrilateral29 16 d.o.f.

4.015
4.001

4.029
4.002

Exact C  4.00.14
d.o.f.  degrees-of-freedom.

found while BL remains zero. If the in-plane stresses are compressive this matrix will
be such that real eigenvalues of the bending deformation can be found by solving the
eigenproblem
~  ÿ KLG d w
~
KbM d w

11:86

in which  denotes a multiplying factor on the in-plane stresses necessary to achieve
~ is the eigenvector describing the shape
neutral equilibrium (limit stability), and w
that a `buckling' mode may take.
At such an increased load incipient buckling occurs and lateral de¯ections can
occur without any lateral load. The problem is simply formulated by writing only
the bending equations with KbM determined as in Chapter 4 and with KLG found
from Eq. (11.69).
Points of such incipient stability (buckling) for a variety of plate problems have
been determined using various element formulations.24ÿ29 Some comparative results
for a simple problem of a square, simply supported plate under a uniform compression Tx applied in one direction are given in Table 11.2. In this the buckling parameter
is de®ned as
C

T x a2
2 D

where a is the side length of a square plate and D the bending rigidity.
The elements are all of the type described in Chapter 4 and it is of interest to note
that all those that are slope compatible always overestimate the buckling factor. This
result is obtained only for cases where the in-plane stresses Tp are exact solutions to
the dierential equations; in cases where these are approximate solutions this bound
property is not assured. The non-conforming elements in this case underestimate the
load, although there is now no theoretical lower bound available.
Figure 11.8 shows a buckling mode for a geometrically more complex case.27 Here
again the non-conforming triangle was used.
Such incipient stability problems in plates are of limited practical importance. As
soon as lateral de¯ection occurs a stiening of the plate follows and additional
loads can be carried. This stiening was noted in the example of Fig. 11.6. Postbuckling behaviour thus should be studied by the large deformation process described
in previous sections.21;30

386 Non-linear structural problems

Fig. 11.8 Buckling mode of a square plate under shear: clamped edges, central hole stiffened by ¯ange.27

11.7 Shells
In shells, non-linear response and stability problems are much more relevant than in
plates. Here, in general, the problem is one in which the tangential stiness matrix KT
should always be determined taking the actual displacements into account, as now the
special case of uncoupled membrane and bending eects does not occur under load
except in the most trivial cases. If the initial stability matrix KG is determined for
the elastic stresses it is, however, sometimes possible to obtain useful results concerning the stability factor , and indeed in the classical work on the subject of shell
buckling this initial stability often has been considered. The true collapse load may,
however, be well below the initial stability load and it is important to determine at
least approximately the deformation eects.
If the shell is assumed to be built up of ¯at plate elements, the same transformations as
given in Chapter 6 can be followed with the plate tangential stiness matrix.31 If curved
shell elements are used it is important to revert to the equations of shell theory and to
include in these the non-linear terms.12;32ÿ34 Alternatively, one may approach the problem from a degeneration of solids, as described in Chapter 7 for the small deformation
case, suitably extended to the large deformation form. This approach was introduced by
several authors and extensively developed in recent years.35ÿ46 A key to successful
implementation of this approach is the treatment of ®nite rotations. For details on
the complete formulation the reader is referred to the cited references.

Shells

11.7.1 Axisymmetric shells
Here we consider the extension for the beam presented above in Sec. 11.2 to treat axisymmetric shells. We limit our discussion to the extension of the small deformation
case treated in Sec. 7.4 in which two-noded straight conical elements (see Fig. 7.2)
and reduced quadrature are employed. Local axes on the shell segment may be
de®ned by
R  cos  R ÿ R0  ÿ sin  Z ÿ Z0 
z  sin  R ÿ R0   cos  Z ÿ Z0 

11:87

where R0 , Z0 are centred on the element as
R0  12 R1  R2 
Z0  12 Z1  Z2 

11:88

with RI , ZI nodal coordinates of the element. The deformed position with respect to
the local axes may be written in a form identical to Eq. (11.7). Accordingly, we have
  Z sin

r  R  u R
  Z cos
 R
z  w


R


R

11:89

To consider the axisymmetric shell it is necessary to integrate over the volume of
the shell and to include the axisymmetric hoop strain eects. Accordingly, we now
consider a segment of shell in the R±Z plane (i.e. X is replaced by the radius R).
The volume of the shell in the reference con®guration is obtained by multiplying
the beam volume element by the factor 2pR. In axisymmetry the deformation
gradient in the tangential (hoop) direction must be included. Accordingly, in the
local coordinate frame the deformation gradient is given by
2
3
1  u;R  Z cos  ;R 
0
sin
6
7
0
r=R
0 5
FiI  4
11:90
;R ÿ Z sin  ;R 
w
0
cos
Following the same procedures as indicated for the beam we obtain the expressions
for Green±Lagrange strains as
2;R   Z  ;R  ER0R  Z KRbR
ERR  u;R  12 u2;R  w

 

u 1 u 2
u sin
0
b

 ETT
ETT  
Z 1
 Z KTT
R 2 R
R
R
;R cos
2 ERZ  1  u;R  sin  w
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ÿ

;R sin , and the additional hoop strain results in two
where   1  u;R  cos ÿ w
0
b
additional strain components, ETT
and KTT
.
With the above modi®cations, the virtual work expression for the shell now becomes
 

ERR SRR  ETT STT  2 ERZ SRZ  dV ÿ ext  0

11:92
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in which STT is the hoop stress in the cylindrical direction. The remainder of the
development follows the procedures presented in Sec. 11.2.1 and is left as an exercise
for the reader. It is also possible to develop a small rotation theory following the
methods described in Sec. 11.2.2.
Here we demonstrate the use of the axisymmetric shell theory by considering a
shallow spherical cap subjected to an axisymmetric vertical ring load (Fig. 11.9).
The case where the ring load is concentrated at the crown has been examined
analytically by Biezeno47 and Reissner.48 Solutions using ®nite dierence methods
on the equations of Reissner are presented by Mescall.49 Solutions by ®nite elements
have been presented earlier by Zienkiewicz and co-workers.7;50 Owing to the shallow
nature of the shell, rotations remain small, and excellent agreement exists between the
®nite rotation and small rotation forms.

11.7.2 Shallow shells ± co-rotational forms
In the case of shallow shells the transformations of Chapter 6 may conveniently be
avoided by adopting a formulation based on Marguerre shallow shell theory.23;51;52
A simple extension to a shallow shell theory for the formulation presented for thin
plates may be obtained by replacing the displacements by
9
8 9
8
>
>
=
=
<u>
< u0  u >
11:93
v !
v0  v
>
>
>
;
;
: >
:
w
w0  w
in which u0 , v0 , and w0 describe the position of the shell reference con®guration from
the X ±Y plane. Now the current con®guration of the shell (where, often, u0 and v0 are
taken as zero) may be described by
x1 t  X  u0 X; Y  u X; Y; t ÿ Z w0;X X; Y  w;X X; Y; t
x2 t  Y  v0 X; Y  v X; Y; t ÿ Z w0;Y X; Y  w;Y X; Y; t

11:94

x3 t  w0 X; Y  w X; Y; t
where a time t is introduced to remind the reader that at time zero the reference
con®guration is described by
x1 0  X  u0 X; Y ÿ Z w0;X X; Y
x2 0  Y  v0 X; Y ÿ Z w0;Y X; Y

11:95

x3 0  w0 X; Y
where u, v, w vanish. Using these expressions we can compute the deformation gradient
for the deformed con®guration and for the reference con®guration. Denoting these by
FiI and FiI0 , respectively, we can deduce the Green±Lagrange strains from
EIJ  12 FiI FiJ ÿ FiI0 FiJ0 

11:96

The remainder of the derivations are straightforward and left as an exercise for the
reader. This approach may be generalized and used also to deduce the equations

Shells

Fig. 11.9 Spherical cap under vertical ring load: (a) load±de¯ection curves for various ring loads. Spherical
cap under vertical ring load: (b) geometry de®nition and de¯ected shape.
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for deep shells.42 Alternatively, we can note that as ®nite elements become small they
are essentially shallow shells relative to a rotated plane. This observation led to the
development of many general shells based on a concept named `co-rotational'.
Here the reader is referred to the literature for additional details.53ÿ67

11.7.3 Stability of shells
It is extremely important to emphasize again that instability calculations are
meaningful only in special cases and that they often overestimate the collapse loads
considerably. For correct answers a full non-linear process has to be invoked. A
progressive `softening' of a shell under load is shown in Fig. 11.10 and the result is
well below the one given by linearized buckling.12 Figure 11.11 shows the progressive
collapse of an arch at a load much below that given by the linear stability value. The
solution from the ®nite rotation beam formulation is compared with an early solution
obtained by Marcal68 who employed small-angle approximations. Here again it is
evident that use of ®nite angles is important.
The determination of the actual collapse load of a shell or other slender structure presents obvious diculties (of a kind already discussed in Chapter 2 and encountered
above for beams), as convergence of displacements cannot be obtained when load is
`increased' near the peak carrying capacity. In such cases one can proceed by prescribing displacement increments and computing the corresponding reactions if only one
concentrated load is considered. By such processes, Argyris69 and others34;50 succeeded
in following a complete snap-through behaviour of a shallow arch.

Fig. 11.10 De¯ection of cylindrical shell at centre: all edges clamped.12

Concluding remarks

Fig. 11.11 `Initial stability' and incremental solution for large deformation of an arch under central load p.68

Pian and Tong70 show how the process can be generalized simply when a system of
proportional loads is considered. This and other `arc-length' methods are considered
in Sec. 2.2.6.

11.8 Concluding remarks
This chapter presents a summary of approaches that can be used to solve problems in
structures composed of beams (rods), plates, and shells. The various procedures
follow the general theory presented in Chapter 10 combined with solution methods
for non-linear algebraic systems as presented in Chapter 2. Again we ®nd that
solution of a non-linear large displacement problem is eciently approached by
using a Newton±Raphson type approach in which a residual and a tangent matrix
are used. We remind the reader, however, that use of modi®ed approaches, such as
use of a constant tangent matrix, is often as, or even more, economical than use of
the full Newton±Raphson process.
If a full load deformation study is required it has been common practice to proceed
with small load increments and treat, for each such increment, the problem by a form
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of the Newton±Raphson process. It is recommended that each solution step be
accurately solved so as not to accumulate errors. We have observed that for problems
which have a limit load, beyond which the system is stable, a full solution can be
achieved only by use of an `arc-length' method (except in the trivial case of one
point load as noted above).
Extension of the problem to dynamic situations is readily accomplished by adding
the inertial terms. In the geometrically exact approach in three dimensions one may
encounter quite complex forms for these terms and here the reader should consult
literature on the subject before proceeding with detailed developments.2ÿ5 For the
small-angle assumptions the treatment of rotations is identical to the small deformation problem and no such diculties arise.
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12
Pseudo-rigid and
rigid±¯exible bodies
12.1 Introduction
Many situations are encountered where treatment of the entire system as deformable
bodies is neither necessary nor practical. For example, the frontal impact of a vehicle
against a barrier requires a detailed modelling of the front part of the vehicle but the
primary function of the engine and the rear part is to provide inertia, deformation
being negligible for purposes of modelling the frontal impact. A second example,
from geotechnical engineering, is the modelling of rock mass landslides or interaction
between rocks on a conveyor belt where deformation of individual blocks is secondary. In this chapter we consider brie¯y the study of such systems.
The above problem classes divide themselves into two further sub-classes: one
where it is necessary to include some simple mechanisms of deformation in each
body (e.g. an individual rock piece) and the second in which the individual bodies
have no deformation at all. The ®rst class is called pseudo-rigid body deformation1
and the second rigid-body behaviour.2 Here we wish to illustrate how such behaviour
can be described and combined in a ®nite element system. For the modelling of
pseudo-rigid body analyses we follow closely the work of Cohen and Muncaster1
and the numerical implementation proposed by Solberg and Papadopoulos.3 The
literature on rigid body analysis is extensive, and here we refer the reader to papers
for additional details on methods and formulations beyond those covered here.4ÿ21

12.2 Pseudo-rigid motions
In this section we consider the analysis of systems which are composed of many small
bodies, each of which is assumed to undergo large displacements and a uniform
deformation. The individual bodies which we consider are of the types shown in
Fig. 12.1. In particular, a faceted shape can be constructed directly from a ®nite
element discretization in which the elements are designated as all belonging to a


Higher-order approximations can be included using polynomial approximation for the deformation of
each body.

Pseudo-rigid motions

Fig. 12.1 Shapes for pseudo-rigid and rigid body analysis: (a) ellipsoid; (b) faceted body.

single solid object or the individual bodies can be described by simple geometric forms
such as discs or ellipsoids.
A homogeneous motion of a body may be written as
i XI ; t  ri t  FiI t  XI ÿ RI 

12:1

in which XI is position, t is time, RI is some reference point in the undeformed body, ri
is the position of the same point in the deformed body, and FiI is a constant deformation gradient. We note immediately that at time zero the deformation gradient is the
identity tensor (matrix) and Eq. (12.1) becomes
i XI ; 0  ri 0  iI  XI ÿ R0   r0 0  iI XI ÿ iI RI  iI XI

12:2

where ri 0  iI RI by de®nition. The behaviour of solids which obey the above
description is sometimes referred to as analysis of pseudo-rigid bodies.1 A treatment
by ®nite elements has been considered by Solberg and Papadopoulos,3 and an
alternative expression for motions restricted to incrementally linear behaviour has
been developed by Shi, and the method is commonly called discontinuous deformation
analysis (DDA).22 The DDA form, while widely used in the geotechnical community, is
usually combined with a simple linear elastic constitutive model and linear strain±displacement forms which can lead to large errors when ®nite rotations are encountered.
Once the deformation gradient is computed, the procedures for analysis follow the
methods described in Chapter 10. It is, of course, necessary to include the inertial
term for each body in the analysis. No diculties are encountered once a shape of
each body is described and a constitutive model is introduced. For elastic behaviour
it is not necessary to use a complicated model, and here use of the Saint-Venant±
Kirchho relation is adequate ± indeed, if large deformations occur within an
individual body the approximation of homogeneous deformation generally is not
adequate to describe the solution. The primary diculty for this class of problems
is modelling the large number of interactions between bodies by contact phenomena
and here the reader is referred to Chapter 10 and references on the subject for
additional information on contact and other details.22;23
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12.3 Rigid motions
The pseudo-rigid body form can be directly extended to rigid bodies by using the
polar decomposition on the deformation tensor. The polar decomposition of the
deformation gradient may be given as24ÿ26
FiI  iJ UJI

where

iI iJ  IJ

and

iI jI  ij

12:3



Here iI is a rigid rotation and UIJ is a stretch tensor (that has eigenvalues m as
de®ned in Chapter 10). In the case of rigid motions the stretches are all unity and
UIJ simply becomes an identity. Thus, a rigid body motion may be speci®ed as
i XI ; t  ri t  iI t  XI ÿ RI 

12:4

f X; t  r t   t  X ÿ R

12:5

or, in matrix form, as
Alternatively, we can express the rigid motion using Eq. (12.1) and impose constraints
to make the stretches unity. For example, in two dimensions we can represent the
motion in terms of the displacements of the vertices of a triangle and apply constraints
that the lengths of the triangle sides are unchanged during deformation. The constraints may be added as Lagrange multipliers or other constraint methods and the
analysis may proceed directly from a standard ®nite element representation of the
triangle. Such an approach has been used in reference 27 with a penalty method
used to impose the constraints. Here we do not pursue this approach further and
instead consider direct use of rigid body motions to construct the formulation.
For subsequent use we note the form of the variation of a rigid motion and its
incremental part. These may be expressed as
f
f  r  c
h  X ÿ R
c  X ÿ R 
df
f  dr  dh
Using Eq. (12.5) these may be simpli®ed to
f
f  r ÿ ^
y h

where y  x ÿ r

df
f  dr ÿ ^
y dh

12:6

where df
f and h are incremental and variational rotation vectors, respectively.
In a similar manner we obtain the velocity for the rigid motion as
f_  r_ ÿ ^y x

12:7

in which r_ is translational velocity and x angular velocity, both at the centre of mass.
The angular velocity is obtained by solving
^
_  x

12:8

_   ^

12:9

or

Often literature denotes this rotation as RiI ; however, here we use RI as a position of a point in the body
and to avoid confusion use iI to denote rotation.

Rigid motions

where is the reference con®guration angular velocity.8 This is clearer by writing the
equations in indicial form given by
_ iI  !ij jI  iJ

12:10

JI

where the velocity matrices are de®ned in terms of vector components and give the
skew symmetric form
2
3
0
ÿ!3 !2
6
7
!ij  4 !3
0
ÿ!1 5
12:11
ÿ!2
!1
0
and similarly for IJ . The above form allows for the use of either the material angular
velocity or the spatial one. Transformation between the two is easily performed since
the rigid rotation must satisfy the orthogonality conditions
T    T  I

12:12

at all times. Using Eqs (12.8) and (12.9) we obtain
^   ^ T
x

12:13

or by transforming in the opposite way
^  T x
^

12:14

12.3.1 Equations of motion for a rigid body
If we consider a single rigid body subjected to concentrated loads fa applied at points
whose current position is xa and locate the reference position for R at the centre of
mass, the equations of equilibrium are given by conservation of linear momentum
X
p_ 
fa  f;
p  m r_
12:15
a

where p de®nes a linear momentum, f is a resultant force and total mass of the body is
computed from
m

0 dV

and conservation of angular momentum
X
p_ 
xa ÿ r  fa  m;

12:16

p  Ix

12:17

a

where p is the angular momentum of the rigid body, m is a resultant couple and I is the
spatial inertia tensor.
The spatial inertia tensor (matrix) I is computed from
I  JT

12:18
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where J is the inertia tensor (matrix) computed from an integral on the reference
con®guration and is given by


J
12:19
0 YT Y I ÿ Y YT dV where Y  X ÿ R
Thus, description of an individual rigid body requires locating the centre of mass
R and computing the total mass m and inertia matrix J. It is then necessary to
integrate the equilibrium equations to de®ne the position r and the orientation of
the body .

12.3.2 Construction from a ®nite element model
If we model a body by ®nite elements, as described throughout the volumes of this
book, we can de®ne individual bodies or parts of bodies as being rigid. For each
such body (or part of a body) it is then necessary to de®ne the total mass, inertia
matrix, and location of the centre of mass.
This may be accomplished by computing the integrals given by Eqs (12.16) and
(12.19) together with the relation to determine the centre of mass given by
mR 

0 X dV

12:20

In these expressions it is necessary only to de®ne each point in the volume of an
element by its reference position interpolation X. For solid (e.g., brick or tetrahedral)
elements such interpolation is given by Eq. (10.55) which in matrix form becomes
(omitting the summation symbol)
~
XN X

12:21

This interpolation may be used to determine the volume element necessary to carry
out all the integrals numerically (see Chapter 9 of Volume 1).
The total mass may now be computed as

X
m
0 dV
12:22
e

e

where e is the reference volume of each element e. Use of Eq. (12.21) in Eq. (12.20) to
determine the centre of mass now gives


1X
R
0 N dV X
12:23
m e
e
and ®nally the reference inertia tensor (matrix) as
X
 T

J
M
Y Y I ÿ Y YT ;

Y X ÿR

12:24

e

where
Me 

0 N N dV
e

12:25
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P
The above de®nition of Y tacitly assumes that
N  1. If other interpolations are
used to de®ne the shape functions (e.g. hierarchical shape functions) it is necessary to
modify the above procedure to determine the mass and inertia matrix.

12.3.3 Transient solutions
The integration of the translational rigid term r may be performed using any of the
methods described in Chapter 18 of Volume 1 or indeed by other methods described
in the literature. The integration of the rotational part can also be performed by many
schemes, however, it is important that updates of the rotation produce discrete time
values for rigid rotations which retain an orthonormal character, that is, the n must
satisfy the orthogonality condition given by Eq. (12.12). One procedure to obtain this
is to assume that the angular velocity within a time increment is constant, being
measured as
x t  xn  

1
h
t

12:26

in which t is the time increment between tn and tn  1 , h is the increment of rotation
during the time step, and 0 4 4 1. The approximation
xn   1 ÿ xn  xn  1

12:27

is used to de®ne intermediate values in terms of those at tn and tn  1 . Equation (12.8)
now becomes a constant coecient ordinary dierential equation which may be
integrated exactly, yielding the solution
 t  exp^
h t ÿ tn =tn

tn 4 t 4 tn  1

12:28

In particular at tn  we obtain
n   exp ^hn
This may also be performed using the material angular velocity .8 Many algorithms
exist to construct the exponential of a matrix, and the closed-form expression given by
the classical formula of Euler and Rodrigues (e.g. see Wittaker28 ) is quite popular.
This is given by
exp^
h  I 

sin jhj ^ 1 sin2 jhj=2 ^2
h
h
jhj
2 jhj2 =2


1=2
where jhj  hT h

12:29

This update may also be given in terms of quaternions and has been used for
integration of both rigid body motions as well as for the integration of the rotations
appearing in three-dimensional beam formulations (see Chapter 11).8;29;30 Another
alternative to the direct use of the exponential update is to use the Cayley transform
to perform updates for  which remain orthonormal.
Once the form for the update of the rigid rotation is de®ned any of the integration
procedures de®ned in Chapter 18 of Volume 1 may be used to advance the incremental rotation by noting that h or  (the material counterpart) are in fact the
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change from time tn to tn  1 . The reader also is referred to reference 8 for additional
algorithms directly based on the GN11 and GN22 methods presented in Chapter 18
of Volume 1. Here forms for conservation of linear and angular momentum are of
particular importance.

12.4 Connecting a rigid body to a ¯exible body
In some analyses the rigid body is directly attached to ¯exible body parts of the
problem [Fig. 12.2(a)]. Consider a rigid body that occupies the part of the domain
denoted as r and is `bonded' to a ¯exible body with domain f . In such a case
the formulation to `bond' the surface may be performed in a concise manner using
Lagrange multiplier constraints. We shall ®nd that these multiplier constraints can
be easily eliminated from the analysis by a local solution process, as opposed to the
need to carry them to the global solution arrays as was the case in their use in contact
problems (see Sec. 10.8).

Fig. 12.2 Lagrange multiplier constraint between ¯exible and rigid bodies: (a) rigid±¯exible body;
(b) Lagrange multipliers.

12.4.1 Lagrange multiplier constraints
A simple two-dimensional rigid±¯exible body problem is shown in Fig. 12.2(a) in
which the interface will involve only three-nodal points. In Fig. 12.2(b) we show an
exploded view between the rigid body and one of the elements which lies along the
rigid±¯exible interface. Here we need to enforce that the position of the two interface
nodes for the element will have the same deformed position as the corresponding
point on the rigid body. Such a constraint can easily be written using Eq. (12.4) as
C  r t   tX ÿ R ÿ x t  0

12:30

in which the subscript denotes a node number. We can now modify a functional to
include the constraint using a classical Lagrange multiplier approach in which we add
the term
rf  k C  k x t ÿ r t ÿ  tX ÿ R
12:31
Taking the variation we obtain
rf   x ÿ r ÿ X ÿ R   x ÿ r ÿ h X ÿ R

12:32

Connecting a rigid body to a ¯exible body

From this we immediately obtain the constraint equation and a modi®cation to the
equilibrium equations for each ¯exible node and the rigid body. Accordingly, the
modi®ed variational principle may now be written for a typical node on the interface of the rigid body as
9
8
M v_   M v_  P ÿ f
>
>
>
>
>
>
>
>
>
>
_
_
M

M

P
ÿ
f

k
v
v
>
>


=
<


0
  rf  x x r h k
p_ ÿ f ÿ k
>
>
>
>
>
> p_ ÿ m ÿ y^T k
>
>
>
>
>
>
;
:
x ÿ r ÿ X ÿ R
12:33
where y  x ÿ r are the nodal values of y,
are any other rigid body nodes
connected to node and ,  are ¯exible nodes connected to node .
Since the parameters x enter the equations in a linear manner we can use the
constraint equation to eliminate their appearance in the equations. Accordingly,
from the variation of the constraint equation we may write
x  I ÿ y^ 

12:34

which permits the remaining equations in Eq. (12.33) to be rewritten as
9
8
>
> M v_   M v_  P ÿ f
=

<
p_ ÿ fM  v_   M v_  P ÿ f
0
  rf  x r h
>
>
;
:
T
p_ ÿ m ÿ ^y M  v_   M v_  P ÿ f 
12:35
For use in a Newton±Raphson solution scheme it is necessary to linearize Eq.
(12.35). This is easily achieved
9
8
2
3 dx >
>
>
K T
K T
0
0 >
>
=
< dx >
p
6
7
K T
KT 0 5
d   d rf    x r h 4 K  T
>
>
> dr >
>
;
:
ÿ^
yT K  T ÿ^yT K T 0 KT >
dh
12:36
Once again this form may be reduced using the equivalent of Eq. (12.34) for an
incremental dx to obtain
2
3
K T
K T
ÿ K T ^y
6
7
7
KpT  K T
ÿ K T ^y
d   d rf    x r h 6
4 K  T
5
ÿ^
yT K  T ÿ^yT K T KT  ^yT K T ^y 
9
8
dx >
>
>
>
=
<
12:37

dr
>
>
>
>
;
:
dh
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Combining all the steps we obtain the set of equations for each rigid body as
9 8
2
38
K T
K T
ÿ K T ^y
>
= >
< 
< dx >
p
6 K 
7
^
K

K


ÿ
K

y

dr
f ÿ p_ 
4
5
 T
T
T
T
>
>
; >
:
:
T
T

T
dh
m ÿ p_  ^yT
ÿ^
y K  T
ÿ^
y K T
KT  ^y K T ^y 

9
>
=
>
;

12:38
in which
and  are the residuals from the ®nite element calculation at node
, respectively. We recall from Chapter 10 that each is given by a form
w  f ÿ P r ÿ M  v_  ÿ M v_

and
12:39

which is now not zero since total balance of momentum includes the addition of
the k .
The above steps to compute the residual and the tangent can be performed in each
element separately by noting that
X
ke
12:40
k 
e

where ke denotes the contribution from element e. Thus, the steps to constrain a
¯exible body to a rigid body are once again a standard ®nite element assembly process
and may easily be incorporated into a solution system.
The above discussion has considered the connection between a rigid body and a
body which is modelled using solid ®nite elements (e.g. quadrilateral and hexahedral
elements in two and three dimensions, respectively). It is also possible directly to
connect beam elements which have nodal parameters of translation and rotation.
This is easily performed if the rotation parameters of the beam are also de®ned in
terms of the rigid rotation . In this case one merely transforms the rotation to
be de®ned relative to the reference description of the rigid body rotation and
assembles the result directly into the rotation terms of the rigid body. If one uses
a rotation for both the beam and the rigid body which is de®ned in terms of the
global Cartesian reference con®guration no transformation is required. Shells can
be similarly treated; however, it is best then to de®ne the shell directly in terms of
three rotation parameters instead of only two at points where connection is to be
performed.31;32

12.5 Multibody coupling by joints
Often it is desirable to have two (or more) rigid bodies connected in some speci®ed
manner. For example, in Fig. 12.3 we show a disc connected to an arm. Both are
treated as rigid bodies but it is desired to have the disc connected to the arm in
such a way that it can rotate freely about the axis normal to the page. This type of
motion is characteristic of many rotating machine connections and it as well as
many other types of connections are encountered in the study of rigid body
motions.4;33 This type of interconnection is commonly referred to as a joint. In
quite general terms joints may be constructed by a combination of two types of
simple constraints: translational constraints and rotational constraints.

Multibody coupling by joints

12.5.1 Translation constraints
The simplest type of joint is a spherical connection in which one body may freely
rotate around the other but relative translation is prevented. Such a situation is
shown in Fig. 12.3 where it is evident the spinning disc must stay attached to the
rigid arm at its axle. Thus it may not translate relative to the arm in any direction
(additional constraints are necessary to ensure it rotates only about the one axis ±
these are discussed in Sec. 12.5.2). If a full translation constraint is imposed a
simple relation may be introduced as
Cj  x a ÿ x b  0

12:41

where a and b denote two rigid bodies. Thus, addition of the Lagrange multiplier
constraint
j  kTj x a ÿ x b 

12:42

imposes the spherical joint condition. It is necessary only to de®ne the location for the
spherical joint in the reference con®guration. Denoting this as Xj (which is common
to the two bodies) and introducing the rigid motion yields a constraint in terms of the
rigid body positions as
j  kTj r a   a Xj ÿ R a  ÿ r b ÿ  b Xj ÿ R b 

12:43

The variation and subsequent linearization of this relation yields the contribution to
the residual and tangent matrix for each body, respectively. This is easily performed
using relations given above and is left as an exercise for the reader.
If the translation constraint is restricted to be in one direction with respect to, say,
body a it is necessary to track this direction and write the constraint accordingly. To
accomplish this the speci®c direction of the body a in the reference con®guration is
required. This may be computed by de®ning two points in space X1 and X2 from

Fig. 12.3 Spinning disc constrained by a joint to a rigid arm.
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which a unit vector V is de®ned by
V

X2 ÿ X1
jX2 ÿ X1 j

12:44

The direction of this vector in the current con®guration, v, may be obtained using the
rigid rotation for body a
v   a V

12:45

A constraint can now be introduced into the variational problem as
j  j fVT  a T r a   a Xj ÿ R a  ÿ r b ÿ  b Xj ÿ R b g

12:46

where, owing to the fact there is only a single constraint direction, the Lagrange
multiplier is a scalar j and, again, Xj denotes the reference position where the
constraint is imposed.
The above constraints may also be imposed by using a penalty function. The most
direct form is to perturb each Lagrange multiplier form by a penalty term. Accordingly, for each constraint we write the variational problem as
j   j C j ÿ

1 2

2 kj j

12:47

where it is immediately obvious that the limit kj ! 1 yields exact satisfaction of the
constraint. Use of a large kj and variation with respect to j gives


1
j Cj ÿ j  0
12:48
kj
and may easily be solved for the Lagrange multiplier as
j  k j C j

12:49

which when substituted back into Eq. (12.47) gives the classical form
j 

kj
Cj 2
2

12:50

The reader will recognize that Eq. (12.47) is a mixed problem, whereas, Eq. (12.50) is
irreducible. An augmented lagrangian form is also possible following the procedures
introduced in Volume 1 and used in Chapter 10 for contact problems.

12.5.2 Rotation constraints
A second kind of constraint that needs to be considered relates to rotations. We have
already observed in Fig. 12.3 that the disc is free to rotate around only one axis.
Accordingly, constraints must be imposed which limit this type of motion. This
may be accomplished by constructing an orthogonal set of unit vectors VI in the
reference con®guration and tracking the orientation of the deformed set of axes for
each body as
c

vi  iI  c VI

for

c  a; b

vTI VJ  IJ

12:51

Multibody coupling by joints

A rotational constraint which imposes that axis i of body a remain perpendicular to
axis j of body b may then be written as
a

vi  T vj

b

 VTI  a T  b VJ  0

12:52

Example: revolute joint

As an example, consider the situation shown for the disc in Fig. 12.3 and de®ne the
axis of rotation in the reference con®guration by the Cartesian unit vectors EI (i.e.
VI  EI ). If we let the disc be body a and the arm body b the set of constraints can
be written as (where v3 is axis of rotation)
8 a
c 9
>
=
<x ÿ x >
a
b
v1  T v3
0
12:53
Cj 
>
;
: a T b >
v2  v3
and included in a formulation using a Lagrange multiplier form
j  kTj Cj

12:54

The modi®cations to the ®nite element equations are obtained by appending the
variation and linearization of Eq. (12.54) to the usual equilibrium equations. Here
®ve Lagrange multipliers are involved to impose the three translational constraints
(spherical joint) and the angle constraints for the rotating disc. The set of constraints
is known as a revolute joint.2

12.5.3 Library of joints
Translational and rotational constraints may be combined in many forms to develop
dierent types of constraints between rigid bodies. For the development it is necessary
to have only the three types of constraints described above. Namely, the spherical
joint, a single translational constraint, and a single rotational constraint. Once
these are available it is possible to combine them to form classical constraint joints
and here the reader is referred to the literature for the many kinds commonly
encountered.2;4;7;34
The only situation that requires special mention is the case when a series of rigid
bodies is connected together to form a closed loop. In this case the method given
above can lead to situations in which some of the joints are redundant. Using Lagrange
multipliers this implies the resulting tangent matrix will be singular and, thus, one
cannot obtain solutions. Here a penalty method provides a viable method to circumvent this problem. The penalty method introduces elastic deformation in the joints
and in this way removes the singular problem. If necessary an augmented lagrangian
method can be used to keep the deformation in the joint within required small
tolerances. An alternative to this is to extract the closed loop rigid equations from
the problem and use singular valued decomposition35 to identify the redundant
equations. These may then be removed by constructing a pseudo-inverse for the tangent
matrix of the closed loop. This method has been used successfully by Chen to solve
single loop problems.34
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Fig. 12.4 Rigid±¯exible model for spinning disc: (a) problem de®nition, solutions at time; (a) problem de®nition, solutions at time; (b) t  2:5 units; (c) t  5:0 units; (d) t  7:5 units; (e) t  10:0 units; (f) t  12:5 units;
(g) t  15:0 units; (h) t  17:5 units.

Numerical examples

12.6 Numerical examples
12.6.1 Rotating disc
As a ®rst example we consider a problem for the rotating disc on a rigid arm which is
attached to a deformable base as shown in Fig. 12.4. The ®nite element model is constructed from four-noded displacement elements in which a Saint-Venant±Kirchho
material model is used for the elastic part. The elastic properties in the model are
E  10 000 and   0:25, with a uniform mass density 0  5 throughout. The disc
and arm are made rigid by using the procedures described in this chapter. The disc
is attached to the arm by means of a revolute joint with the constraints imposed
using the Lagrange multiplier method. The rigid arm is constrained to the elastic
support by using the local Lagrange multipler method described in Sec. 12.4. The
problem is excited by a constant vertical load applied at the revolute joint and a
torque applied to spin the disc. Each load is applied for the ®rst 10 units of time.
The mesh and con®guration are shown in Fig. 12.4(a). Deformed positions of the
model are shown at 2.5 unit intervals of time in Figs 12.4(b)±12.4(h). A marker
element shows the position of the rotating disc. The displacements at the revolute
joint and the radial exterior point at the marker element location are shown in Fig. 12.5.

12.6.2 Beam with attached mass
As a second example we consider an elastic cantilever beam with an attached end
mass of rectangular shape. The beam is excited by a horizontal load applied at the
top as a triangular pulse for two units of time. The rigid mass is attached to the
top of the beam by using the Lagrange multiplier method described in Sec. 12.4
and here it is necessary to constrain both the translation and the rotation parameters
of the beam. The beam is three-dimensional and has an elastic modulus of
E  100 000 and a moment of inertia in both directions of I11  I22  12. The
beam mass density is low, with a value of 0  0:02. The tip mass is a cube with

Fig. 12.5 Displacements for rigid±¯exible model for spinning disc. Displacement at: (a) revolute; (b) disc rim.
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Fig. 12.6 Cantilever with tip mass: (a) t  2 units; (b) t  4 units; (c) t  6 units; (d) t  10 units; (e) t  12
units; (f) t  14 units; (g) t  16 units; (h) t  18 units; (i) t  20 units.

side lengths 4 and mass density 0  1. The shape of the beam at several instants of
time is shown in Fig. 12.6 and it is clear that large translation and rotation is
occurring and also that the rigid block is correctly following a constrained rigid
body motion.
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13
Computer procedures for ®nite
element analysis
13.1 Introduction
In this chapter we describe extensions to the program presented in Volume 1 to permit
solution of transient non-linear problems that are modelled by a ®nite element process. The material included in this chapter should be considered as supplementary
to information contained in Volume 1, Chapter 20.1 Accordingly, throughout this
chapter reference will be made to appropriate information in the ®rst volume. It is
suggested, however, that the reader review the material there prior to embarking
on a study of this chapter.
The program described in this volume is intended for use by those who are undertaking a study of the ®nite element method and wish to implement and test speci®c
elements or speci®c solution steps. The program also includes a library of simple
elements to permit solution to many of the topics discussed in this and the ®rst
volume. The program is called FEAPpv to emphasize the fact that it may be used
as a personal version system. With very few exceptions, the program is written
using standard Fortran, hence it may be implemented on any personal computer,
engineering workstation, or main frame computer which has access to a Fortran 77
or Fortran 90/95 compiler.
It still may be necessary to modify some routines to avoid system-dependent
diculties. Non-standard routines are restricted to the graphical interfaces and ®le
handling for temporary data storage. Users should consult their compiler manuals
on alternative options when such problems arise.
Users may also wish to add new features to the program. In order to accommodate
a wide range of changes several options exist for users to write new modules without
diculty. There are options to add new mesh input routines through addition of
routines named UMESHn and to include solution options through additions of routines
named UMACRn. Finally, the addition of a user developed element module is accommodated by adding a single subprogram named ELMTnn. In adding new options the
use of established algorithms as described in references 2±6 can be very helpful.
The current chapter is divided into several sections that describe dierent aspects of
the program. Section 13.2 summarizes the additional program features and the
command language additions that may be used to solve general linear and non-linear
®nite element problems. Some general solution strategies and the related command
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language statements for using the system to solve non-linear transient problems are presented in Sec. 13.3. The program FEAPpv includes capabilities to solve both ®rst-order
(diusion type) and second-order (vibration/wave type) ordinary dierential equations
in time. In Sec. 13.3, the description of the eigensystem included in FEAPpv with the
required solution statements for its use are presented. Here a simultaneous vector iteration algorithm (subspace method) is used to extract the eigenpairs nearest to a speci®ed
shift of a symmetric tangent matrix. Hence, the eigensystem may be used with either
linear or non-linear problems. Non-linear problems are often dicult to solve and
time-consuming in computer resources. In many applications the complete analysis
may not be performed during one execution of the program; hence, techniques to
stop the program at key points in the analysis for a later restart to continue the solution
are presented in Sec. 13.4. This section completes the description of new and extended
solution options that have been added to the program.
Section 13.5 describes the solution steps for some typical problems that can be
solved by using FEAPpv. Finally, Sec. 13.6 includes information on how to obtain
the source code as well as a user manual and support information for the program
FEAPpv.
The program contained in this chapter has been developed and used in an educational and research environment over a period of nearly 25 years. The concept of
the command language solution algorithm has permitted several studies that cover
problems that dier widely in scope and concept, to be undertaken at the same
time without need for dierent program systems. Unique features for each study
may be provided as new solution commands. The ability to treat problems whose
coecient matrix may be either symmetric or unsymmetric often proves useful for
testing the performance of algorithms that advocate substitution of a symmetrized
tangent matrix in place of an unsymmetric matrix resulting from a consistent linearization process. The element interface is quite straightforward and, once understood,
permits users to test rapidly new types of ®nite elements.
We believe that the program in this book provides a very powerful solution system
to assist the interested reader in performing ®nite element analyses. The program
FEAPpv is by no means a complete software system that can be used to solve any
®nite element problem, and readers are encouraged to modify the program in any
way necessary to solve their particular problem. While the program has been tested
on several sample problems, it is likely that errors and mistakes still exist within
the program modules. The authors need to be informed about these errors so that
the available system can be continuously updated. We also welcome readers'
comments and suggestions concerning possible future improvements.

13.2 Description of additional program features
Description of the command language given in Chapter 20 of Volume 1 is here extended
to permit solution of a broad class of non-linear applications. The principal additions
relate to the solution of non-linear static and transient problems and adds the description to consider applications which have unsymmetric tangent `stiness' matrices. In
addition, the program introduces the BFGS (Broyden±Fletcher±Goldfarb±Shanno)
algorithm and a line-search algorithm which may be invoked to permit convergence
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Table 13.1 List of new command language statements
Columns
1±4

Description
16±19

31±45 46±60 61±75

BACK
TRAN
TRAN
TRAN
TRAN
BFGS
EIGV
IDEN
PLOT
SOLV

SS11
SS22
GN22

V1
V1
V1
V1
N1
N1

EIGV
LINE

V1
V1

SUBS

PRIN

N1

N2

TANG

LINE

N1

V2

V3

UTAN

LINE

N1

V2

V3

V2
V2
V2
V2

Back-up to restart a time step
Set solution algorithm to SS11; V1 is value of 
Set solution algorithm to SS22; V1, V2 are values of 1 , 2
Set solution algorithm to GN22; V1, V2 are values of ,
Same as TRAN GN22
Performs N1 BFGS steps with line-search tolerance set to V2
Output N1 eigenpairs (after SUBS)
Set the mass matrix to the identity
Plot eigenvector V1
Solve for new displacements (after FORM). If LINE present,
compute solution with line search; V1 controls initiation (see
Sec. 13.4)
Perform eigenpair extraction for N1 values with N2 extra
vectors. If PRIN print subspace arrays (after TANG and MASS or
IDEN)
Compute and factor symmetric tangent matrix (ISW  3); see
note
Compute and factor unsymmetric tangent matrix (ISW  3);
see note

Note: If N1 is non-zero a residual, solution, and update to the displacements are performed. If V2 is non-zero, the tangent
matrix is modi®ed by subtracting V2 multiplied by the mass matrix before computing the triangular factors. The mass
matrix may be set to an identity matrix by using the command IDEN. If LINE is speci®ed as part of the TANG or UTAN
command a linear line search is performed whenever the energy ratio between two successive iterations exceeds the
value of V3 (the default value is 0.8).

of Newton-type algorithms with rather large solution increments.7 The program
includes algorithms to solve transient problems by the methods discussed in Chapter
18 of Volume 1 which are applicable in a non-linear solution strategy. Finally, the program has an eigensolution algorithm based upon subspace iteration.8ÿ10 A description
of the user information required to invoke the added commands for these features is
contained in Table 13.1.

13.3 Solution of non-linear problems
The solution of non-linear problems using the program contained in this volume
is designed for a Newton-type or modi®ed Newton-type algorithm as described in
Chapter 2 and reference 11. In addition, the solution for transient non-linear problems
may be achieved by combining a Newton-type algorithm with the transient integration
method described below.

13.3.1 Static and steady-state problems
We ®rst consider a non-linear problem described by (see Chapter 2)
a  P a ÿ f

13:1

where f is a vector of applied loads and P is the non-linear internal force vector which
is indicated as a function of the nodal parameters a. The vector is known as the
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residual of the problem, and a solution is de®ned as any set of nodal displacements, a,
for which the residual is zero. In general, there may be more than one set of
displacements which de®ne a solution and it is the responsibility of the user to
ensure that a proper solution is obtained. This may be achieved by starting from a
state which satis®es physical arguments for a solution and then applying small
increments to the loading vector, f. By taking small enough steps, a solution path
may usually be traced. Thus, for any step, our objective is to ®nd a set of values
for the components of a such that
a  0

13:2

We assume some initial vector exists (initially in the program this vector is zero), from
which we will seek a solution, and denote this as a 0 . Next we compute a set of iterates
such that
a i  1  a i   da i

13:3

The scalar parameter, , is introduced to control possible divergence during early
stages of the iteration process and is often called step-size control. A common
algorithm to determine  is a line search de®ned by7
g  min jG j

13:4

 2 0;1

where
G   da i 

a i   da i 

13:5
7

An approximate solution to the line search is often advocated.
It remains to deduce the vector da i for a given state a i . Newton's method is one
algorithm which can be used to obtain incremental iterates. In this procedure we
expand the residual
about the current state a i in terms of the increment da i
and set the linear part equal to zero. Accordingly,
a i  

@P
@a

a

i

 da i  0

13:6

We de®ne the tangent (or Jacobian) matrix as
i

KT 

@P
@a

13:7

a i

Thus, we obtain an increment
i

da i  ÿ KT ÿ1

a i 

13:8

This step requires the solution of a set of simultaneous linear algebraic equations. We
note that for a linear dierential equation the ®nite element internal force vector may
be written as
P a  K a

13:9

where K is a constant matrix. Thus, Eq. (13.9) generates a constant tangent matrix and
the process de®ned by Eqs (13.3) and (13.6) converges in one iteration provided a unit
value of  is used.

Solution of non-linear problems 417

Fig. 3.1 Energy behaviour: line-search use.

For Newton's method the residual must have a norm which gets smaller for a
suciently small da i ; accordingly, a Newton step may be projected onto G as
shown in Fig. 13.1. Generally, Newton's method is convergent if
G i 1 <

G i 0;

0<

<1

13:10

for all iterations; however, convergence may not occur if this condition is not
obtained.
A Newton solution algorithm may be constructed by using the command language
statements included in the program described in this chapter. A solution for a single
loading step with a maximum of 10 iterations is given byy
LOOP,newton,10
TANG
FORM
SOLV
NEXT,newton
or
LOOP,newton,10
TANG,,1
NEXT,newton
i

The second form is preferred since this will ensure that KT and i are computed
simultaneously for each element, whereas the ®rst form of the algorithm computes

For some problems (such as those de®ned by non-linear theories of beams, plates, and shells) early
iterations may produce shifts between one mode of behaviour (bending) and another (membrane) which
can cause very large changes in j j. Later iterations, however, generally follow Eq. (13.10).
y
Recall that command information shown in upper-case letters must be given; text indicated by lower-case
letters is optional. Finally, information given in italics must have numerical values assigned to de®ne a
proper command statement.
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the two separately (for this case each FEAPpv element must compute both KT and i
when ISW  3). If convergence occurs before 10 iterations are performed, the process
will transfer to the command statement following the NEXT statement. Convergence is
based upon
G i 0 < tol  G 0 0
where tol is speci®ed by a TOL statement (a default value of 10ÿ12 is set).
A line search may be added to the algorithm by modifying the commands to
LOOP,newton,10
TANG,,1
TANG
FORM
SOLV,LINE,0.6
NEXT,newton
or
LOOP,newton,10
TANG,LINE,1,,0.6
NEXT,newton
where 0.6 denotes the value assigned to in Eq. (13.10).
Line search requires repeated computations of
a   da which may increase
solution times. Some assessment of need should be made before proceeding with
large numbers of solution steps.
A modi®ed Newton method also may be performed by removing the tangent
computation from the loop. Accordingly,
TANG
LOOP,newton,10
FORM
SOLV,LINE,0.6
NEXT,newton
1

would compute only one tangent matrix KT and its associated triangular factors. The
form command computes only and SOLV solves the equations by using previously
computed triangular factors of the tangent matrix. Algorithms between full Newton
and modi®ed Newton may also be constructed. For example
LOOP,,2
TANG
LOOP,newton,5
FORM
SOLV,LINE,0.6
NEXT,newton
NEXT
In this algorithm it should be noticed that convergence in the ®rst 5 iterations would
transfer to the outer NEXT statement and a second TANG would be computed followed
by a single iteration in the inner loop before the entire algorithm is completed.
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Use of the BFGS algorithm described in Chapter 2 may lead to improved solution
performance and/or reduced solution cost (see the necking example in Chapter 10). It
is also particularly eective when no exact tangent matrix can be computed. In
FEAPpv use of the BFGS algorithm is speci®ed by the commands
LOOP,,10
TANG,,1
BFGS,,6,0.6
NEXT
where the 6 on the BFGS command indicates 6 updates using the vectors described in
Sec. 2.2.4, and the 0.6 is again the line search tolerance.
The above algorithm recomputes the tangent matrix after each set of BFGS
updates. This aspect usually improves the convergence rate. However, in some
problems the tangent may have signi®cant errors which lead to erroneous `geometric'
stiness contributions. These can impede the eectiveness of the BFGS algorithm. In
such situations it is possible to obtain a better estimate of the tangent by taking a very
small solutions step (e.g. setting the time increment to be small) and follow this by the
full step. This is easily achieved by using FEAPpv by the command sequence
DT,,0.001*dt
TANG,,1
DT,,dt
LOOP,,10
TANG,,1
BFGS,,6,0.6
NEXT
In the above a step of 1/1000 of the t is indicated to compute the trial tangent step.
Thus the update correction should be very small; however, the program now has an
estimate as to whether loading or unloading is occurring at each quadrature point and
thus in subsequent iterations can use an appropriate tangent for the full step set by the
second DT command.
The reader can use the above options to design a solution algorithm which meets
the needs of most applications. However, in the realm of non-linear analysis there
is no one algorithm which always `works' eciently and one must try various options.
Indeed, in an interactive mode one can use the BACK command to restart a time step in
situations where standard algorithms fail. Using various options a search for the best
strategy can be found (or at least a strategy which produces a solution!).

13.3.2 Transient problems
The solution of transient problems de®ned by Eqs (10.1)±(10.3) may be performed by
using the program described in this chapter. The program includes options to solve
transient ®nite element problems which generate ®rst- and second-order ordinary
dierential equations using the GN11 and Newmark (GN22) algorithms described
in Chapter 18 of Volume 1. Options also exist to use an explicit version of the
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GN22 algorithm and here the user is referred to the user instructions obtained from
the publisher's website (http://www.bh.com/companions/fem).

Solution of ®rst-order problems using GN11
Consider ®rst a linear problem described by

C a_  K a  f  0

13:11

If we introduce the SS11 algorithm, we have, at each time tn  1 , the discrete problem
given by Eq. (18.45) of Volume 1 as
an  1   C an  1  K  ~an  1   tan  1   fn  1  0

13:12

with
~an  1  an

13:13

an  1  an  tan  1

13:14

and from Eq. (18.47) of Volume 1
We may also consider a non-linear, one-step extension to this problem, expressed by
an  1   C an  1  P ~an  1   t an  1   fn  1  0

13:15

where P is again the vector of non-linear internal forces. The solution to either the
linear or the non-linear problem may be expressed as
i

i

i

 C   tKT an  1  ÿ

an  1 

13:16

with
i  1

i

i

an  1  an  1   an  1

13:17

where  is the step size as described above for non-linear problems, and for the linear
i
problem  is always taken as unity. For linear problems KT  K whereas for nonlinear problems
i

KT 

@P
@a

a i

13:18

Finally, converged values are expressed without the i superscript.
The solution of the transient problem is achieved by satisfying the following steps:
1.
2.
3.
4.

Specify .
Specify t.
Specify the time, tn  1 , the number of time steps, and set i  0.
For each time, tn  1 :
i
(a) compute an  1 ,
i
(b) compute C   tKT ,
i
(c) solve for an  1 .
5. Check convergence for non-linear problems:
(a) if satis®ed terminate iteration,
(b) if not satis®ed set i  i  1 and repeat Step 5.
6. Output solution information if needed.
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7. Check time limit:
(a) if n 5 maximum number, stop, else,
(b) if n < maximum number, go to Step 4.
For a typical problem these steps may be speci®ed by the set of statements
TRANs,SS11,0.5
DT,,0.1
LOOP,time,20
TIME
LOOP,newton,10
TANG
FORM
SOLV
NEXT,newton
DISP,ALL
NEXT,time

[Step 1]
[Step 2]
[Step 3]
[Step 4]
[Step (4a)]
[Step (4b)]
[Step (4c)]
[Step 5]
[Step 6]
[Step 7]

The above algorithm works both for linear and for non-linear problems. For linear
problems the residual should be a numerical zero at the second iteration (if not
there is a programming error!) and for eciency purposes the commands
LOOP,newton,10
and
NEXT,newton
may be removed. Also, for linear problems in which the time step is the same, a single
tangent command may be used ± in the above this can be accomplished by placing the
TANG statement immediately after the DT statement.
Any of the options for solving a non-linear problem may be used (e.g. modi®ed
Newton's method or BFGS) by following the descriptions given above in the nonlinear section. In particular, again for eciency, one should use
LOOP,newton,10
TANG,,1
NEXT,newton
for a full Newton solution step.
Speci®cation of time-dependent loading may be given for
1. proportional loading with a ®xed spatial distribution of the nodal load vector,
and/or
2. general time-varying loading.
For proportional loading
fn    p tn   f0

13:19

tn    tn   t

13:20

where, in the program,
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The value of f0 is speci®ed either as nodal forces (during description of the mesh using
the FORCe option) or is computed in each element as an element loading. For example,
the heat source Q in Eq. (1.54) would generate element loads at node i as
fi 

Ni Q d

13:21

The value of the proportional factor can be speci®ed in the program as
p t  A1  A2 t  A3 sinL A4 t ÿ tmin ;

tmin 4 t < tmax

13:22

Details for input of the parameters are given in the user manual. For proportional
loading the command language program given above is modi®ed by adding a
Step 0: specify proportional loading function, p t. The command for this step to
specify a single proportional load function is
PROP,,1
additional data that de®ne the Ai , tmin , tmax and L follow the END command in a BATCh
solution mode. Each speci®cation of a new time will cause the program to recompute
p tn  1 . The value of the proportional loading is passed to each element module as a
REAL number which is the ®rst entry in the ELDATA common statement (and is named
DM) and may be used to multiply element loads to obtain the correct loading at each
time.
General loading can be achieved only by re-entering the mesh generation module
and respecifying the nodal values. Accordingly, for this option a MESH command
must be inserted in the time-step loop. For example, one can modify Step 4 above to
LOOP,time,20
TIME
MESH
For each time step it is then necessary to specify the new nodal values for fn  1 . If the
value at a node previously set to a non-zero condition becomes zero, the value must be
speci®ed to reset the value. This may be achieved by specifying the node number only.
For example,
FORCe
12
26,,5.0
END
would set all the components of the force at node 12 to zero and the ®rst component of
the force at node 26 to 5.0 units.
In batch execution the number of FORC-END paired statements must be equal to or
exceed the number of time steps. In interactive execution a MESH > prompt will appear
on the screen and the user must provide the necessary FORC data from the keyboard
(terminating input with a blank line and an END statement). With a proper termination the prompt will once again indicate interactive inputs for solution command
statements.
While both proportional and general loads may be combined, extreme caution
must be exercised as all nodal values will be multiplied by the current value of p t.
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The value of the time increment may be changed by repeating Step 2 and then
performing Steps 4±8 for the new increment. If a large number of dierent-size
time increments is involved this will be inecient, and the program has an option
to specify a new value for dt as data. The command language program would be
modi®ed by replacing Step 4 with
LOOP,time,20
DATA,DT
TIME
For each time step the DT statement is supplied as new data. For interactive computations the user inputs
DT,,dt
where dt is the size of the time step to be used. In batch executions these commands
again follow the END statement which terminates the command language program. If
other data are input (e.g. the FORC-END paired data), then the data statements must be
in the order requested by the solution program statements.
A DATA instruction may also be used to set a solution tolerance. The form would be
DATA,TOL
and the user would input a command
TOL,,1.E-10
to set the solution convergence tolerance to 10ÿ10 .

Solution of second-order systems

For simplicity the damping matrix, C, is not included in any of the FEAPpv elements.
Steps to add such eects are summarized, however, at the end of this section. Thus, we
consider the dierential equation
M
a  Ka  f  0

13:23

M
a  P a  f  0

13:24

for linear problems, and
for non-linear problems.
Solution using the GN22 algorithm The GN22 algorithm may be selected, and from
Chapter 18 of Volume 1 we have for a linear problem

an  1  K 
an  1  12
an  1   M

2 t

2

an  1   fn  1  0

13:25

or for a non-linear problem

an  1   M 
an  1  P 
an  1  12

2 t

2

an  1   fn  1  0

13:26

where

an  1  an  t a_ n  12 t2 an

a_ n  1  a_ n  t an

13:27

424 Computer procedures

and
an  1  
an  1  t2 an  1 ÿ an 
a_ n  1  t an  1 ÿ an 
a_ n  1  

13:28

The above can be related to commonly used Newmark parameters by the expressions


1

and

2

2

13:29

ani 1 

13:30

A solution to the GN22 problems may be expressed as
M  12

i
2 i
an  1
2 t KT  d

ÿ

with
i  1
i
i

an  1  an  1   dan  1

13:31

Again, the algorithm for solution is identical to the steps for SS11 except that now it is
initiated using the command statement
TRANs,GN22,0.5,0.5
where the two numerical values are for 1 and
1  2  0:5). Alternatively, the command

2,

respectively (default values are

TRANs,NEWMark,beta,gamma
may be used for the Newmark algorithm with the default values  0:25 and  0:5.
To start the solution process it is necessary to de®ne an initial value for the
acceleration 
a0 . This may be performed using Eq. (13.26) and the speci®ed initial
conditions for a0 and a_ 0 . To determine the initial solution, all the loading values
must be assigned and then the command language statement
FORM,ACCEleration
may be used to compute the correct value of a0 .
Adding damping eects A damping matrix may be added by including in each element
routine the appropriate terms. Thus, when computing a residual (see Volume 1,
Chapter 20) with ISW  3 and ISW  6, the term
C a_ n  1

13:32

must be added to the equilibrium equation in each element. The value of a_ n  1
localized for each element and adjusted for each algorithm is passed as part of the
UL array (see Volume 1, Chapter 20, for variable name descriptions). The UL array
may be assumed to be dimensioned as
REAL*8 UL ( NDF , NEN , IT )
where NDF is the number of unknowns at each node, NEN is the maximum number of
nodes on any element, and IT denotes the quantities as indicated in Table 13.2. Using
these values and a de®nition for C, the appropriate terms may be computed and
added to the element residual vector, P. Similarly, the appropriate tangent stiness
term must be added to the element array S for ISW  3. Using, the tangent factors

Solution of non-linear problems 425
Table 13.2 Values in UL array for transient algorithms;
n.v.r.  no value returned
IT value

Algorithm
GN11

1
2
3
4
5

a  ta
ta i
ta i
n.v.r.
n.v.r.

GN22
i

a i
a i ÿ a 0
a i ÿ a i ÿ 1
a_ i
a i

it is necessary only to compute C and multiply it by CTAN(2) to perform this step (see
Chapter 20, Volume 1).

13.3.3 Eigensolutions
The solution of a general linear eigenproblem is a useful feature included in the
program contained in this chapter. The program can compute a set of the smallest
eigenvalues (in absolute value) and their associated eigenvectors for the problem
KT V  M V 

13:33

In the above, KT is any symmetric tangent matrix which has been computed by using
a TANG command statement; M is a mass or identity matrix computed using a MASS or
IDEN command statement, respectively; the columns of V are the set of eigenvectors to
be computed; and  is a diagonal matrix which contains the set of eigenvalues to be
computed. For second-order equations the eigenvalues  are the frequencies squared,
!2 . Accordingly, the program will also compute and report the square root of . Since
negative values of  can occur, the square root of the absolute values is computed. For
negative  the reported values are in fact pure imaginary numbers.
The tangent matrix often has zero eigenvalues and, for this case, the algorithm used
requires the problem to be transformed to
KT ÿ MV  M V 

13:34

where is a parameter called the shift (see Chapter 17, Volume 1), which must be
selected to make the coecient matrix on the left-hand side of Eq. (13.34) nonsingular.  are the eigenvalues of the shift which are related to the desired values by
  I
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FEAPpv always reports the value of the eigenvalue and not its shifted value. The shift
may also be used to compute the eigenpairs nearest to some speci®ed value. The
components of  are output as part of the eigenproblem solution. In addition, the
vectors may be output as numerical values or presented graphically.
The program uses a subspace algorithm8ÿ10 to compute a small general eigenproblem de®ned as
K  x  M x k

13:36
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where
V  Qx

13:37

and
K  QT MT KT ÿ Mÿ1 M Q
M  QT MQ

13:38

Accordingly, after the projection, the k are reciprocals of  (i.e. ÿ1 ). An eigensolution of the small problem may be used to generate a sequence of iterates for Q
which converge to the solution for the original problem (e.g. see reference 10). The
solution of the projected small general problem is solved here using a transformation
to a standard linear eigenproblem combined with a QL algorithm.12
The transformation is performed by computing the Choleski factors of M to de®ne
the standard linear eigenproblem
Hy  yk

13:39

where
M  L LT
y  LT x

13:40

H  Lÿ1 K LÿT
In the implementation described here scaling is introduced, which causes M to
converge to an identity matrix; hence the above transformation is numerically
stable. Furthermore, use of a standard eigenproblem solution permits calculation
of positive and negative eigenvalues. The subspace algorithm implemented provides
a means to compute a few eigenpairs for problems with many degrees of freedom
or all of the eigenpairs of small problems. A subspace algorithm is based upon a
power method to compute the dominant eigenvalues. Thus, the eectiveness of the
solution strategy depends on the ratio of the absolute value of the largest eigenvalue
sought in the subspace to that of the ®rst eigenvalue not contained in the subspace.
This ratio may be reduced by adding additional vectors to the subspace. That is, if
p pairs are sought, the subspace is taken as q vectors so that
p
<1
q  1

13:41

Of course, the magnitude of this ratio is unknown before the problem is solved and
some analysis is necessary to estimate its value. The program tracks the magnitude
of the shifted reciprocal eigenvalues  and computes the change in values between
successive iterations. If the subspace is too small, convergence will be extremely
slow owing to Eq. (13.41) having a ratio near unity. It may be desirable to increase
the subspace size to speed the convergence. In some problems, characteristics of
the eigenvalue magnitudes may be available to assist in the process. It should be
especially noted that when p is speci®ed as the total number of degrees of freedom
in the problem (or q becomes this value), then q  1 is in®nitely larger and the ratio
given in Eq. (13.41) is zero. In this case subspace iteration converges in a single
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iteration, a fact which is noted by the program to limit the iterations to 1. Accordingly, it is usually more ecient to compute all the eigenpairs if q is very near the
number of degree of freedoms.
Use of the subspace algorithm requires the following steps:
1. compute M, compute the tangent matrix KT , apply the
2. compute the eigenpairs,
3. output the results.

shift if necessary,

The commands to achieve this algorithm are:
MASS (or IDEN)
TANG,,,alpha
SUBS,<PRINt>,p,q
EIGV,,n
PLOT,EIGV,n
Note the speci®cation of the shift value as part of the TANG statement. The TANG
command computes both the matrix and its triangular factors. The shift is performed
during computation by de®ning in each element a tangent matrix
KeT  c1 KT  c2 C  c3 M
with c1  1, c2  0, and c3  ÿ . Thus, speci®cation of the commands MASS and TANG
is not order dependent. The value for q is optional and, when omitted, is computed by
the program as
q  min NM; NEQ; 2  p; p  8
where NM is the number of non-zero terms in the diagonal mass matrix and NEQ is
the number of degrees of freedom in the problem (i.e. those not restrained by boundary constraints speci®ed using BOUN).
The plot of eigenvectors may need to be increased or decreased by a factor to
permit proper viewing. Each eigenvector may be viewed graphically and/or as
output using the EIGV print instruction.
The eigenproblem for individual elements is a common procedure used to evaluate
performance. It is necessary to describe a mesh without restraints to the degrees of freedom (i.e. BOUN should not be used in the mesh data). The element normally has zero
eigenvalues, hence a shift must be used for the analysis. Failure to use a shift will
result in errors in the triangular factors of KT (the program will detect a near
singularity and output a warning) and generally all or a large number of the eigenpairs
will collapse onto the singular subspace. If the shift is speci®ed very close to an eigenvalue these types of errors may also occur. The user should monitor the outputs during
the TANG and the SUBS commands to detect poor performance. If all or a large number
of the eigenvalues are extremely near the shift, a second shift should be tried. In general,
a shift should be picked nearly halfway between reported values. The program also
counts the number of eigenvalues which are less than the shift. This may be used to
ensure that the shift is not too large to determine the desired eigenvalues. Recall that
only the p values nearest to the shift in absolute value are determined.
When properly used, the subspace method can produce accurate and reliable values
for the eigenpairs of a ®nite element system problem. The method may be used to
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compute the vibration modes of structural systems and is implemented so that it
may be used both for linear and for non-linear ®nite element models. For nonlinear problems this permits the dependence on frequency with load to be assessed.
Thus, a dynamic buckling load where a frequency goes to zero may be computed.
For non-linear models the static buckling loads for a problem also may be determined
by solving the eigenproblem
KT V  IV 

13:42

for a set of loads and tracking the approach to zero of the smallest eigenvalue. A
buckling load corresponds to a zero eigenvalue in Eq. (13.42). As the buckling load
is approached, a shift may be necessary to maintain high accuracy; however, since
a collapsed subspace is the desired solution, this is usually unnecessary.

13.4 Restart option
The program FEAPpv permits a user to save a solution state and subsequently use
these data to continue an analysis from the point the data were saved. This is
called a restart option. To use the restart feature, the ®le names given at initiation
of the program must be appropriately speci®ed.
Names for two ®les may be speci®ed and are denoted on the screen as the
RESTART (READ) and the RESTART (WRITE) ®les. The READ ®le is the name of a ®le
which contains the data from a previous analysis. The screen will also indicate
EXIST or NEW for the ®le. A NEW label indicates that no ®le with the speci®ed name
exists. The WRITE ®le is the name of a ®le to which data will be written as part of
the current session. By default the same ®le name is given for both the READ and
the WRITE ®les.
During solution a restart ®le may be saved by using the command
SAVE,<extender>
This results in a ®le being written to the RESTART (WRITE) ®le with an optional
extender appended with the name speci®ed in the command. For example, if the
restart write ®le has the name `Rprob', issuing the command
SAVE,ti0
saves the data on a ®le named Pprob.ti0. Alternatively, issuing the command as
SAVE
saves the data on the ®le named Pprob. For large problems the restart ®le can be quite
large (especially if the elements use several history variables at each integration point)
thus one should be cautious about use of too many ®les in these situations.
To restore a ®le the command
RESTart
is given to load the ®le without an extender, and the command
RESTart,<extender>
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to load the ®le with extender. If the write and read ®les have the same name it is
possible to restart a problem at an earlier state during a solution process. Thus, if a
solution has proceeded to a state after a save where it is decided to pursue a dierent
loading sequence it is possible to `back up' to a state where the change is to be made
and continue the analysis. Use of restart ®les can be particularly useful for performing
complex analyses in which dierent design options are considered.

13.5 Solution of example problems
The ®rst step in using FEAPpv to solve a ®nite element problem is to create a ®le with
the mesh data. It is useful to specify the ®le with a name beginning with I (e.g. IBEAM
for a beam data ®le). The program then automatically provides default names for the
output and restart ®les by stripping the I and adding an O and R, respectively (e.g.
OBEAM for output and RBEAM for restart). Once the data are available in the
input ®le the program can be initiated by entering the program name. In what follows,
it is assumed that the executable program is named `feappv', thus entering this name
initiates an execution of the program. During the ®rst execution of the program in any
directory (folder) the user must specify the name of the input ®le for the problem to be
solved. The program saves this and other information in a small ®le named feapname.
The program always requests names for the input/output and restart ®les. During the
®rst execution, a name must be provided for the input data ®le. Default names for the
output and restart are provided and accepted by striking the <ENTER> or <CR>
key or may be replaced by specifying the name of a ®le to be used. In subsequent
executions of the program, the names of the ®les from the last execution are read
from the ®le feapname and used as default values. Once the information is
speci®ed, the user may accept the names assigned by pressing the `Y' key, repeat
the ®le speci®cation by pressing the `N' key, or stop execution by pressing the `S'
key (upper- or lower-case letters may be given for all commands). Once the `Y' key
is struck, the program proceeds to input the data contained in the input ®le until
either an INTEractive execution command or a STOP is encountered. If the ®le
contains BATCh execution commands, the solution is performed in a batch-type
mode until user interactions are required. The solution sequence can contain multiple
BATCh sets and multiple INTEractive sets. However, if an interactive execution mode
is requested, the user must provide all the solution steps from the input keyboard. The
inputs are given whenever the screen contains the line
Time = 09:45:33 Macro 1>x
or similar where the number following Time = is the clock or elapsed time for the
computer and x indicates the computer cursor. Solution commands may then be
entered as described in Volume 1, Table 20.16, or as in Table 13.1 in this chapter.
For example entering the command
TANG,,1
performs a full solution step. Some examples of problem solutions using FEAPpv
are found at the publisher's website (http://www.bh.com/companions/fem) and are
presented in two ®les for each problem. The ®rst ®le contains the input dataset
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and each is indicated by a ®le beginning with I. The second ®le contains the output
from the problem. The ®rst part of the output are the data de®ning the mesh and the
second part the numerical results obtained.

13.6 Concluding remarks
In the discussion above we have presented some of the ways the program FEAPpv
may be used to solve a variety of non-linear ®nite element problems. The classes of
non-linear problems which may be solved using this system is extensive and we
cannot give a comprehensive summary here. The reader is encouraged to obtain a
copy of the program source statements and companion documents from the
publisher's website (http://www.bh.com/companions/fem). In addition to the program discussed in the ®rst two volumes a companion program devoted to solving
¯uid dynamics problems described in the third volume will also be found.
As noted in the introduction to this chapter the computer programs will undoubtedly contain some errors. We welcome being informed of these as well as comments
and suggestions on how the programs may be improved. Although the programs
available are written in Fortran it is quite easy to adapt these to permit program
modules to be constructed in other languages. For example an interface for element
routines written in C has been developed by Govindjee.13
The program system FEAPpv contains only basic commands to generate
structured meshes as blocks of elements. For problems where graded meshes are
needed (e.g. adaptive mesh re®nements) more sophisticated mesh generation techniques are needed. There are many locations where generators may be obtained
and two are given in references 14 and 15. The program GID oers two- and
three-dimensional options for ¯uid and structure applications. Sub-programs to
interface GiD to FEAPpv are also available at the publisher's web site (details above).
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Appendix A
Invariants of second-order tensors

A.1 Principal invariants
Given any second-order Cartesian tensor
2
a11
6
a  4 a21
a31

a with components expressed as
3
a12 a13
7
a22 a23 5
a32 a33

A:1

the principal values of a, denoted as a1 , a2 , and a3 , may be computed from the solution
of the eigenproblem
a q m  am q m

A:2

in which the (right) eigenvectors q m denote principal directions for the associated
eigenvalue am . Non-trivial solutions of Eq. (A.2) require
det

a11 ÿ a
a21

a12
a22 ÿ a

a13
a23

a31

a32

a33 ÿ a

0

A:3

Expanding the determinant results in the cubic equation
a3m ÿ Ia a2m  IIa am ÿ IIIa  0

A:4

where:
Ia  a11  a22  a33
IIa  a11 a22  a22 a33  a33 a11 ÿ a12 a21 ÿ a23 a32 ÿ a31 a13

A:5

IIIa  a11 a22 a33 ÿ a11 a23 a32 ÿ a22 a31 a13 ÿ a33 a12 a21  a12 a23 a31  a21 a32 a13
 det a
The quantities Ia , IIa , and IIIa are called the principal invariants of a. The roots of
Eq. (A.4) give the principal values am .

Moment invariants

The invariants for the deviator of a may be obtained by using
a0  a ÿ a 1

A:6

a  13 a11  a22  a33   13 Ia

A:7

where a is the mean de®ned as

Substitution of Eq. (A.6) into Eq. (A.2) gives
 0

a  a I q m  am q m

A:8

or
a0 q m  am ÿ aq m  a0m q m

A:9

which yields a cubic equation for principal values of the deviator given as
a0m 3  II0a a0m ÿ III0a  0

A:10

where invariants of a0 are denoted as I0a , II0a , and III0a .
Since the deviator a0 dier from the total a by a mean term only, we observe from
Eq. (A.9) that the directions of their principal values coincide, and the three principal
values are related through
ai  a0i  a;

i  1; 2; 3

A:11

Moreover Eq. (A.10) generally has a closed-form solution which may be constructed
by using the Cardon formula.1;2
The de®nition of a0 given by Eq. (A.6) yields
I0a  a011  a022  a033  0

A:12

Using this result, the second invariant of the deviator may be shown to have the
indicial form3
II0a  ÿ 12 a0ij a0ji

A:13

The third invariant is again given by
III0a  det a0

A:14

however, we show in Sec. A.2 that this invariant may be written in a form which is
easier to use in many applications (e.g. yield functions for elasto-plastic materials).

A.2 Moment invariants
It is also possible to write the invariants in a form known as moment invariants.4
 a , III
 a , and are de®ned by the indicial
The moment invariants are denoted as Ia , II
forms
Ia  aii ;

 a  1 aij aji ;
II
2

 a  1 aij ajk aki
III
3

A:15
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We observe that moment invariants are directly related to the trace of products of a.
The trace (tr) of a matrix is de®ned as the sum of its diagonal elements. Thus, the
®rst three moment invariants may be written in matrix form (using a square matrix
for a) as
Ia  tr a;
 a  1 tr aa;
 a  1 tr aaa
II
III
A:16
2

3

The moment invariants may be related to the principal invariants as4
Ia  Ia ;
Ia  Ia ;

 a  1 I2a ÿ IIa ;
II
2
 a;
IIa  1 I2a ÿ II
2

 a  IIIa ÿ 1 I3a  Ia IIa
III
3
 a  1 I3a ÿ Ia II
a
IIIa  III

A:17

6

Using Eq. (A.12) and the identities given in Eq. (A.17) we can immediately observe
that the principal invariants and the moment invariants for a deviatoric second-order
tensor are related through
 0a
 0a  det a0
and
III0a  III
A:18
II0a  ÿII

A.3 Derivatives of invariants
We often also need to compute the derivative of the invariants with respect to their
components and this is only possible when all components are treated independently
± that is, we do not use any symmetry, if present. From the de®nitions of the principal
and moment invariants given above, it is evident that derivatives of the moment
invariants are the easiest to compute since they are given in concise indicial form.
Derivatives of principal invariants can be computed from these by using the identities
given in Eqs (A.17) and (A.18).
The ®rst derivatives of the principal invariants for symmetric second-order tensors
may be expressed in a matrix form directly, as shown by Nayak and Zienkiewicz;5;6
however, second derivatives from these are not easy to construct and we now
prefer the methods given here.

A.3.1 First derivatives of invariants
The ®rst derivative of each moment invariant may be computed by using Eq. (A.15).
For the ®rst invariant we obtain
@Ia
 ij
A:19
@aij
Similarly, for the second moment invariant we get
a
@ II
 aji
@aij

A:20

and for the third moment invariant
a
@ III
 ajk aki
@aij

A:21

Derivatives of invariants

Using the identities, the derivative of the principal invariants may be written in
indicial form as
@Ia
 ij ;
@aij

@IIa
 Ia ij ÿ aji ;
@aij

@IIIa
 IIa ij ÿ Ia aji  ajk aki IIIa aÿ1
ji
@aij

A:22

The third invariant may also be shown to have the representation3
@IIIa
 IIIa aÿ1
ji
@aij

A:23

where aÿ1
ji is the inverse (transposed) of the aij tensor. Thus, in matrix form we may
write the derivatives as
@Ia
 1;
@a

@IIa
 I a 1 ÿ aT ;
@a

@IIIa
 IIIa aÿT
@a

A:24

where here 1 denotes a 3  3 identity matrix.
The expression for the derivative of the determinant of a second-order tensor is of
particular use as we shall encounter this in dealing with volume change in ®nite deformation problems and in plasticity yield functions and ¯ow rules.
Performing the same steps for the invariants of the deviator stress yields
0
0
@I0
@I0
@II0
@ II
@III0 @ III
0


0;

ÿ

ÿa
;

 a0jk a0ki
A:25
ji
@a0ij @a0ij
@a0ij
@a0ij
@a0ij
@a0ij
with only a sign change occurring in the second invariant to obtain the derivative of
principal invariants from derivatives of moment invariants.
Often the derivatives of the invariants of a deviator tensor are needed with respect
to the tensor itself, and these may be computed as

where

0
@ 0 @ 0 @aij

0
@amn
@aij @amn

A:26

@a0ij
1
 im jn ÿ ij mn
3
@amn

A:27

Combining the two expressions yields

"
#
@ 0
@ 0 1
@ 0

ÿ 

@amn @a0mn 3 mn ij @a0ij

A:28

A.3.2 Second derivatives
In developments of tangent tensors we need second derivatives of the invariants.
These may be computed directly from Eqs (A.19)±(A.21) by standard operations.
 a , III
 a yield
The second derivatives of Ia , II
@ 2Ia
 0;
@aij @akl

a
@ 2 II
 jk il ;
@aij @akl

a
@ 2 III
 jk ail  ajk il
@aij @akl

A:29
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The computations for principal invariants follow directly from the above using the
identities given in Eqs (A.17) and (A.18). Also, all results may be transformed to the
vector form used extensively in this volume for the ®nite element constructions. These
steps are by now a standard process and are left as an excercise for the reader.
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direct (or Picard) 29
Newton±Raphson 166, 327, 351
use of 8
Iteration number 24
Iterative correction 24
Iterative processes, use of 7
Iterative solution scheme, viscoelasticity 80
Iterative techniques 23
J2 model:
with isotropic and kinematic hardening 63
and volumetric plastic strain 68
J2 plane stress 66
Jacobian matrix 26, 273
computer program for 416
Jacobian transformations 199
Jaumann±Zaremba stress rate form 346
Joint elements 86
Joints:
and closed loops 407
coupling multibodies 404
revolute 407
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Joints ± cont.
single rotational constraint 407
single translational constraint 407
spherical 407
with rotational constraints 406
with translation constraints 405
Kelvin element/model/solid 40
Kinematic boundary conditions 321
Kinematic hardening 51, 52, 55, 63
Kinematic hardening back stress 67
Kinematic hardening relations 66
Kinematics equations 314
Kirchho constraints 158
Kirchho plates 111
Kirchho stress 316, 317, 325, 329, 342, 343, 344,
345, 358
Kirchho triangular plate bending element 226
Kirchho±Love assumption 245
Koitr treatment for multi-surface plasticity 80
Kronecker delta quantities 315
Kuhn±Tucker constraint form 51
Lagrange multiplier constraint 405
Lagrange multiplier form 350, 353
perturb of 406
Lagrange multipliers 398, 402
Lagrangian form, augmented 351
Lagrangian interpolation 160, 188, 286
Lagrangian quadratics (QL) 179
Lagrangian variables 113
Laminar behaviour 88
Laminar materials 86
Laminar structures 308
Laplace transform theory 40
Large de¯ection problems, solution of 383
Large displacement formulation with small
rotations 370
Large displacement theories:
beams 365
thick plates 375
thin plates 381
Least square substitute shape functions 151
Legendre polynomial 256
Limit load behaviour 74
Limit plastic state 71
Line search computer programs 416
algorithm for 414
Line search procedures 30
Linear axisymmetric shell elements 277
Linear elasticity 6
Linear interpolations 247
Linear momentum 399
balance of 4
Linear stiness matrix 6
Linear triangular element (T3S1B1) 198, 200

Linear viscoelasticity 39
model for 45
Linearization 327, 350, 354, 380
Linked interpolation 199, 229
Linking function, derivation of 200
load bifurcations 1
Load correction matrix 336
Load matrix 127, 133, 134
Loading, axisymmetric 245
Loading factor expansion 291
Local direction cosines 221
Local and global coordinates 220
Localization, in elasto-plastic deformations 88
Localization (slip line) capture 93
McHenry±Alfrey analogies 48
Magnetic response, and non-linear quasiharmonic ®eld problems 101
Mapping, isoparametric 203
Martices, strain displacement 378
Master nodes 348, 351
Material:
behaviour of 1, 164, 210
brittle 84
constitution for ®nite deformation 338
elasto-viscoplastic 78
®nite deformation 338
frictional 68
Huber±von Mises-type 166
hyperelastic 313, 320
inelastic 38, 164, 210
isotropic 61, 179, 272, 300, 313, 340
laminar 86
Maxwell 43
neo-Hookean 341, 357
no-tension 84
non-linear 1, 38
plastic, hardening/softening of 48
Matrices:
elastic modulus 61
elasticity 55, 245, 272
elasto-plastic modulus 56
element for discrete collocation constraints 192
®nite elements notation 334
geometric 383
Green strain 321
identity 28
and index form 5
Jacobian 26, 273, 416
linear stiness 6
load 127, 133, 134
load correction 336
Newton method 30, 31
orthogonal 366
Piola±Kirchho stress 321
plate bendinginitial stress 381

Subject index
stiness 127, 128, 131, 133, 134, 219, 221, 248,
272, 293, 300
strain±displacement 5, 182, 378
substitute shear strain 194
tangent 66, 337, 379, 383, 416
velocity 399
Matrix form, relation with index form 5
Maximum plastic dissipation principle 53
Maxwell material 43
Maxwell model 39
generalized 41, 43, 44
Membrane box structures 295
Membrane forces 244
Membrane interpolations 227
Membrane locking 286
Membrane stresses 250
Mesh density 140, 142, 143
Mesh generation, blending function 358
Metals, creep of 80
Mid-side nodes 146
Minimum potential energy 162
Mixed elements 155
use of 72
Mixed forms, use of 9
Mixed formulations 155, 173
Mixed patch test 230
Mixed variational principle 162
Mixed±enhanced ®nite deformation formulation
332
Modelling, geometric 348
Models:
neo-Hookean 341
resultant constitutive 166
Modes:
additional enhanced 248
bubble 187, 196, 198
enhanced 196
enhanced strain 248
rigid body 130
vibration 428
Modi®ed modulus term 12
Modi®ed Newton±Raphson method 26, 34, 84
Moduli:
direct elastic 114
shear elastic 114
Young's 272
Mohr±Coulomb surface 56, 89
Mohr±Coulomb yield conditions 62
Moist soil, freezing 14
Moment invariants 433
Momentum, linear and angular 399
Motions:
pseudo-rigid 396
rigid 398
Multi-degree-of-freedom systems 30
Multi-surface plasticity, Koiter treatment 80

Multiaxial stress 49
Multibodies, coupled by joints 404
Multiple branches 22
Multiple solutions 23
Multipliers, penalty 261
Necessary requirements 184
Necking of a circular bar 357
Neo-Hookean models/materials 341, 357
Neutral equilibrium, and stability 374
Newmark procedure 6, 419
Newton matrix method 30, 31
Newton±Raphson iteration 35, 59, 102, 166, 327,
351
Newton±Raphson method 24, 79
modi®ed 26, 84
Newton±Raphson process 59, 336, 379, 392
negative features of 25
Newton±Raphson scheme 78, 331, 335, 346, 359
Newton±Raphson solution 313, 324, 326, 339,
345, 352, 354, 369, 403
Newton-type computer algorithms 415, 416, 417
Newton-type solution 46
strategy for 42
Newton's method see Newton±Raphson method
No-tension material 84
Nodal circles 246
Nodal displacement 218
Nodal forces 127
and tangent matrix terms 337
Nodal load vector 127
Nodal parameters 123, 192
Nodal rotation 255
Nodal values 188
Nodal variables 134
Node transforms 220
Node±node contact 348
Node±surface contact/treatment 351
between discs 355
Nodeless variables 255
Nodes:
master 348, 351
slave 348, 351
Non-associated formulations 89
Non-associated plasticity 91
Non-associative case:
frictional materials 68
generalized plasticity 68
Non-associative hardening 53
Non-associative plasticity 52, 60
Non-linear algebraic equations 22
Non-linear behaviour of solids:
geometric non-linearity 1
material non-linearity 1
small deformation problems 3
Non-linear elastic behaviour 48
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Non-linear formulation, transient and steadystate problems 6
Non-linear materials 38
Non-linear problems, computer program
solutions 415
Non-linear quasi-harmonic ®eld problems 12, 101
Non-linear structural problems 365
Non-local approach 92
Non-uniqueness 23, 90
in elasto-plastic deformations 88
Normal direction cosines 225
Normal slopes 146
Normality principle (¯ow rule) 51
Norton±Soderberg creep law 81
Numerical integration 165, 274
Numerical patch tests 186
One-dimensional beam example 159
Orthogonal functions 289
Orthogonal matrix 366
Orthogonal transformations 220
Overlay models 54
Parabolic axisymmetric shell elements 277
Parabolic-type elements 297
Parallelogram elements 128
Parameters:
forms without rotational 208
nodal 123, 192
rotational 208
Pascal triangle 154
Patch count, and discrete collocation constraints
188
Patch tests 131
an analytical requirement 134
and collocation constraints 195
continuity condition 135
curvilinear coordinates 128
numerical 186
plate bending elements 183
quadrilateral mixed elements 185
simple count 187
thick plate elements 203
triangular mixed elements 186
Patches:
four-element 190
single-element 190
Path dependent behaviour 35
Penalty functions 261, 350
Penalty multiplier 261
Penalty parameters 175
Perforated plate:
plane strain solutions 73
plane stress solutions 72
Perturbing a Lagrange multiplier form 406
Pian±Sumihara elements 199, 334

Picard iteration 29
Piola±Kirchho stress 317, 320, 328, 333, 339,
345, 368, 369
Piola±Kirchho stress matrix 321
Pipe penetration 284
Plane element stiness 218
Plane strain solutions, perforated plate 73
Plane stress 165
J2 66
Plane stress solutions, perforated plate 72
Plastic behaviour 48
Plastic computation, examples of 71
Plastic correction 58
Plastic deformation, sustained 51
Plastic deviatoric strain rates 64
Plastic ¯ow rule potential 51
Plastic localization calculation 96
Plastic material, hardening/softening of 48
Plastic mechanisms 93
Plastic potentials, additional 88
Plastic strain rate 51, 54
Plastic stress±strain relations 54
Plastic yield surfaces 87
Plasticity:
associative 52, 60
constitutive model construction 54
non-associated 91
non-associative 52, 60
rate form equations 64
time-independent theory 48
upper and lower bound theorems 52
Plasticity models 343
®nite deformation 358
isotropic 61
Plate bending, initial stress matrix for 381
Plate elements 157
Plates:
bending 111
bending elements 183
bending stiness 114
bending strains 117
bending triangles 151
boundary conditions 116
circular, bending 262
clamped 175, 384
composites 118
cylindrical bending 113, 114
de®nition 1
discrete exact thin limit 202
displacement formulation 122
equilibrium equations 115
with ¯exure 296
governing equations 113
homogeneous 158
hybrid 157
in-plate plate stiness 114

Subject index
internal/external virtual work 121
isotropic elasticity 118
isotropic homogeneous 380
large de¯ection problems 383
non-homogeneous 158
non-linear formulation 379
point loads 176
rectangular 125
square with clamped edges 136, 139
square simply supported 278
strain components in 165
thick 173, 180, 203
large displacement theory 375
Reissner±Mindlin 173
and shells 277
thin 111, 112
irreducible approximation 120
transverse shear group strains 117
twisting moments 118
Point collocation of nodes 193
Point loads on plates 176
Point numbering 222
Poisson ratio operator 48
Poisson's ratio 67, 73, 114, 118, 272
Polar decomposition of the deformation gradient
398
Polygonal shape approximation, to a curved shell
249
Polynomials:
area coordinate 130
complete linear 129
Hermitian 152, 296
Legendre 256
quintic 153
Postulates, Reissner±Mindlin 111
Potential energy principle 193
Power station, underground 84
Prandtl±Reuss equations 63
Prandtl±Reuss-strain relations 65
Pressure approximations 11
Pressure loads, and deformation dependent
forces 336
Principal stretches, logarithmic form 342
Principal tensile stresses, elimination of 84
Principles:
constrained potential energy 193
d'Alembert 323
Hellinger±Reissner 156
Prismatic bar 292
Procedures:
discretization 176
Galerkin 181
Processes:
Galerkin 176
Newton±Raphson 336
semi-analytical ®nite element 289

static condensation 203, 336
Prony series 43
Properties, curved elements 254
Propped cantilever, Euler buckling 374
Pseudo-rigid motions 396
Push forward transformation 340
Quadratic displacement approximations 162
Quadratic fully integrated elements (QS) 179
Quadratic interpolation 194, 198
Quadratic triangles 135
Quadratics, lagrangian (QL) 179, 190
Quadrature formulae 248, 274
Quadrilaterals:
and discrete collocation constraints 187
elements 128, 149, 183
linear 200
mixed elements, patch tests 185
Quartic and quintic elements 154
Quasi-conforming elements 150
Quasi-harmonic ®eld problems, non-linear 12, 101
Quasi-harmonic problem 13
Quasi-Newton method 26, 31, 34
Quintic polynomials 153
Railway bridge 138
Rate constitutive models 345
Rates of convergence 145
Rayleigh quotient form 374
Rectangular element (12 DOF) 124
Rectangular quadrilateral elements 209
Recursion formula 46
Reduced (selective) integration 182
Reference con®guration 312, 314
Reference con®guration formulation 320
Regula falsi procedure 30
Reinforced concrete:
cracking of 86
as a no tension material 84
Reissner±Mindlin assumptions 266
Reissner±Mindlin postulates 111
Reissner±Mindlin thick plates 173
Relaxation moduli 39
Relaxation modulus function 43
Relaxation times 39, 41
REP methods 94
Restart option, FEAPpv computer program 428
Resultant constitutive models 166
Retaining wall, earthquake excitation of 19
Retardation time parameters 40
Return map algorithm 58, 80
Revolute joint 407
Rigid bodies:
connected to a ¯exible body 402
equations of motion 399
modes 130
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Rigid footing, failure of 98
Rigid motions 398
Rods, de®nition of 1
Rotating disc, numerical example 409
Rotation, nodal 255
Rotation-free elements 162
Rotational constraints, on joints/couplings 406,
407
Rotational parameters 208
Rotational stiness, 6 DOF 225
Rotational treatment 227
Rotations 202
and displacement ®elds 270
Runge±Kutta method/process/procedure 36, 57
Saint-Venant±Kirchho material model 409
Saint-Venant±Kirchho relation 397
Saint-Venant±Kirchho stored energy model
320
Secant method 28
Secant procedure 30
Secant update method 29
Second-order system solution using GN22 423
Second-order tensors, invariants of 432
Seepage ¯ow 101
Selective integration 182
Semi-analytical ®nite strips 305
Semi-analytical ®nite element processes 289
Serendipity element, eight-node 286
Serendipity functions 201
Serendipity quadratic elements 179, 183
Shallow shells 388
Shape functions 124, 129, 133, 145, 208, 290
and continuity requirements 122
simple triangular element 145
substitute 150
thin plates 112
Shear deformation, plates 114
Shear locking 369
Shear relaxation modulus function 43
Shear rigidity 189
Shearing stresses, and laminar material 87
Shells:
as an assembly of ¯at elements 216
axisymmetric 217, 244, 387
axisymmetric, curved, thick 275
axisymmetric with non-symmetrical load 303
bending 111
branching 260
classical treatment of 216
curved 249, 267
cylindrical 250, 281
de®nition 1
with displacement and rotation parameters 266
divided into triangular elements 223
®nite element method 217

¯at element approximation for 217
general theories 218
hemispherical 251
in-plane force resultants 216
inelastic behaviour 279
non-linear response and stability 386
problem treatment methods 216
and rigid bodies 404
shallow, co-rotational forms 388
shallow shell theory 217
spherical shell problem 227
stability of 390
stress representation 274
thick, axisymmetric, curved 275
and thick plates 277
three-dimensional analysis 266
toroidal, under pressure 258
Sherman±Morrison±Woodbury formula 69
Single rotational constraint joints 407
Single translational constraint joints 407
Skew curved bridge 137
Skew-symmetric stress component 229
Slave nodes 348, 351
Slip line (localization) capture 93
Slope-displacement interpolation 261
Slopes, normal 146
Small deformation non-linear solid mechanics
problems 3
Small rotations, large displacement formulation
370
Smoothed elements 150
Softening behaviour 31
Softening of plastic material 48
Softening/hardening rules 52
Soil mechanics/behaviour:
associated and non-associated issue 83
viscoplastic models for 82
Solid mechanics:
general problems 1
small deformation 3
Solution, ®ne element 377
Solution by analogies 48
Solutions:
elasto-plastic 249
large de¯ection problems 383
Newton±Raphson 324, 326, 339
Spherical cap 284
Spherical dome 257, 279
Spherical dome under uniform pressure 281
Spherical path controls 31
Spherical points 407
Spherical shell problem 227
Spherical test problem 226
Spinning constrained disc 405
Spline ®nite strip method 305, 308
Spline functions 306

Subject index
Spontaneous ignition 15, 102
SPR methods 94
Spring-dashpot model 39
Square plates, clamped edges 136, 139
Stability:
of equilibrium 373
and large plate de¯ections 385
and neutral equilibrium 374
shells 390
Standard barrel vault problem 230
Static condensation 203, 249, 336
Static equilibrium, Euler equations for 321
Static problems, computer program solutions
415
Steady-state problems:
computer program solutions 415
non-linear formulation 6
Steel pressure vessel, plastic computation with 75
Step-size control, computer programs 416
Stiness:
geometric 3, 328
initial stress 3
rotational 225
Stiness matrix 127, 128, 131, 133, 134, 219, 221,
248, 272, 293
isotropic elastic material 300
Stored energy function 340
Saint-Venant±Kirchho model 320
Strain:
enhanced strain methods 332
global 276
Green 322
Green±Lagrange 376, 387
mixed form expression 10
recovery procedures 94
Strain components 245
Strain-displacement equations, mixed form 11
Strain-displacement matrices:
evaluation of 182
®nite element evaluation 378
Strain-displacement matrix 5
Strain-displacement operator 174
Strain-displacement relations 247
Strain-driven form 42
Strain expressions for curved elements 254
Strain rates:
plastic 51
plastic deviatoric 64
Strain softening 89, 97
Strain tensor, Green±Lagrange 368
Strain tensors 316
Strains and stresses, de®nitions 271, 303
Stress:
Cauchy 316, 318, 325, 329, 339, 342, 345, 359
Kirchho 316, 317, 325, 329, 342, 343, 344,
345, 358

membrane 250
mixed form expression 10
multiaxial 49
Piola±Kirchho 317, 320, 321, 328, 339, 345,
368
recovery procedures 94
stress function 302
uniaxial 49
Stress deviator 41
Stress divergence 6
Stress ®eld, equilibrating 157
Stress force 6
Stress hardening relations 66
Stress increment computation 56
explicit methods 57
implicit methods 57
Stress measures 316
Stress rate form, Jaumann±Zaremba 346
Stress representation, shells 274
Stress resultants 113, 245
Stress tensor, Piola±Kirchho 334
Stress transfer method 26
Stresses and strains, de®nitions 271
Stretching ratio 96
Structural dynamics 15
Structural problems, non-linear 365
Subincrementation 57
Sublayer models 54
Subparametric derivation 252
Substitute shape functions 150
Substitute shear strain matrices 194
Superparametric elements 271
Surface plasticity models 70
Symmetric stress behaviour 164
Systems, irreducible 175
Tangent computation 12
Tangent equation system 32
Tangent matrix 66, 77, 337, 379, 383, 416
computer program for 416
evaluation of 379, 383
use of 8
Tangent matrix terms 371
and nodal forces 337
Tangent moduli 42
Tangential displacements 256
Tensor form, relation with index relation 5
Tensors:
Almansi strain 316
Cauchy±Green deformation 316, 338, 342
Green strain 316
Green±Lagrange strain 368
mixed deformation 328
nine component computations 50
second-order, invariants of 432
two-point 315
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458 Subject index
Tests:
mixed patch 230
spherical shell problem 227
spherical test problem 226
Theory:
large displacement of beams 365
large displacement of thick plates 375
large displacement of thin plates 381
shallow shell 217
two-dimensional of beams 366
Thick box bridge prism 294
Thick plate elements, theory limitations 203
Thick plates 111
large displacement theory 375
mixed formulation for 180
numerical solution for 173
and shells 277
Thick shells, axisymmetric, curved 275
Thick-walled cylinder subject to internal pressure
46
Thin case, axisymmetric shell:
no shear deformation 303
shear deformation 304
Thin membrane box structures 295
Thin plates 111
irreducible approximation 120
large displacement theory 381
theory of 112
thin plate limit 203
Three-dimensional analysis, shells 266
Three-dimensional elasticity 155
Three-®eld mixed ®nite deformation formulation
328
Three-®eld mixed method for general constitutive
models 9
Time-independent plasticity theory, classical 48
Tolerance limits 33
Toroidal shell, under pressure 258
Torsion, variable section circular bar 300
Total increment, use of 7
Tower, axisymmetric, under non-symmetric load
301
Traction boundary 120
Transformation matrix form 4
Transformations:
isoparametric 262
Jacobian 199, 273
orthogonal 220
push forward 340
and rotational stiness 226
and shell element properties 272
to global coordinates 219
Transforms, node 220
Transient heat conduction 14
Transient problems:
computer procedures for 419

non-linear 6
typical examples 14
Transient solutions 401
Translation constraints on couplings 405
Translational constraint joints 407
Transverse shear energy 189
Transverse shear group strains, plates 117
Tretz-hybrid elements 158
Tresca surface expressions 89
Tresca yield conditions 62
Triangles/triangular elements
6 DOF 133
9 DOF 128, 144
12 DOF 144
15 DOF 148
18 DOF 153
21 DOF 153
arbitrarily oriented in space 223
Clough and Toucher 148
and collocation constraints 194
compatible 148
linear 200
mixed 186
Pascal 154
plate bending 151
quadratic 135
simple 145
Twisting moments, plates 118
Two-point tensor 315
UMESHn computer input routine 413
Underground power station, and no-tension
issues 84
Uniaxial stress 49
Unsymmetric solver 313
Unsymmetrical loads 244
Variables:
lagrangian 113
nodeless 255
Variational description for ®nite deformation
319
Variational Galerkin statement 137
Variational principle 162
Variational theorem for ®nite elasticity 320
Vault, cylindrical 282
Vector, nodal 127
Velocity matrices 399
Vibration modes, computer programs for
428
Virtual displacements, ®nite element
approximations to 5
Virtual work 134
plates 121
Virtual work equation 5
Virtual work statement 132

Subject index
Viscoelastic relaxation function 46
Viscoelasticity 39
iterative solution scheme 80
linear models for 39
Viscoplastic laws 80
Viscoplastic model 79
Viscoplastic (or creep) strain rate 78
Viscoplasticity 88
Viscoplasticity/viscoplastic models 78
Volumetric strain approximations 11
Volumetric stress eects 11
Weak form for equilibrium 4
Weighted residual Galerkin form 156
Weighting, Dirac delta 189
Work, internal/external virtual, plates 121

Yield:
and multiaxial stress 49
surface and normality criterion 50
Yield conditions:
Drucker±Prager 62
Huber±von Mises 62
Mohr±Coulomb 62
Tresca 62
Yield functions 50
Yield stress 48
Yield surfaces, isotropic 61
Yielding, erratic 249
Young's modulus 272, 369
Zero stress increment 60
Zone of attraction 26
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